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Dense neutrino plasmas can develop instabilities that drive collisionless flavor exchange, equivalent to
the emission of flavomons, the quanta of flavor waves. We treat these waves as independent linear degrees
of freedom and develop a quasilinear theory, including backreaction on the neutrino distribution and
nonresonant neutrino-flavomon interactions, while neglecting wave-wave processes. In a statistically
homogeneous, axisymmetric model, the saturated neutrino and flavomon distributions agree closely with
periodic-box solutions of the original quantum kinetic equation. Our results provide the first theoretical
interpretation for the numerical observations. They also show that flavomon phases have little influence on
the final state, supporting the quasilinear theory as a framework for capturing flavor evolution without
resolving nonlinear small-scale dynamics.
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Introduction—In the high-density environments of core-
collapse supernovae and neutron-star mergers, it is neu-
trinos of all flavors that transport energy and lepton number
[1–7]. While their efficiency depends strongly on energy
and flavor, the impact of flavor conversion remains poorly
understood, primarily because collective flavor evolution
[7–12], caused by neutrino-neutrino refraction [13], thwarts
a first-principles implementation. While true conversion,
driven by flavor-violating neutrino mass mixing, is sup-
pressed by matter refraction [14], collisionless flavor
exchange among neutrinos may cause significant effects,
although specific conclusions for now depend on para-
metric numerical implementations [15–23].
Refractive flavor exchange can be efficient even in the

limit of vanishing neutrino masses [24–26]. Recent works
focused entirely on such “fast flavor conversion,” although
mass-driven (“slow”) collective evolution may have been
prematurely dismissed because it need not be slow at all
[27–30] (see also Refs. [31,32]). We still restrict our
discussion to the fast case, which is governed by a
single dimensional scale, the neutrino interaction energy,
μ ¼ ffiffiffi

2
p

GFnν. It sets the scale for collective flavor effects to
be much smaller than relevant hydrodynamical scales. It is
this hierarchy that hinders a straightforward numerical
implementation.

In the mean-field approach, neutrino flavor is encoded in
density matrices ϱp that have the usual occupation numbers
as diagonal entries. In the massless (fast flavor) limit, one
actually studies the density matrices for lepton numbers
(neutrinos minus antineutrinos), following a well-known
quantum kinetic equation (QKE) [33–37],

ð∂t þ v ⋅ ∂rÞϱp ¼ −i
ffiffiffi
2

p
GF

Z
d3p0

ð2πÞ3 ½ϱp0 ; ϱp�ð1 − v0 ⋅ vÞ;

ð1Þ

with Fermi constant GF and neutrino velocity v. One can
solve this QKE in axial symmetry for periodic-box setups and
extract fitting prescriptions for the final flavor distribution
[38–43], which can then be implemented in large-scale
simulations [18–21,23]. One key assumption of this strategy
is locality: each fluid element relaxes independently.
With the ultimate goal of avoiding the numerical small-

scale problem and going beyond purely local solutions, we
have recently developed a new perspective on collective
flavor evolution [27–29,44–49], inspired by traditional
methods of plasma physics. The key ingredient is the
independent role of ϱpðt; rÞ disturbances in the form of
flavor waves and their quanta, flavomons. In a two-flavor
setup, we write

ϱp ¼ 1

2

�
np þDp ψ�

p

ψp np −Dp

�
; ð2Þ

where np ¼ ðfνep − fν̄ep Þ þ ðfνμp − f
ν̄μ
p Þ is the total occupa-

tion number; it does not enter the evolution. The flavor
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content is measured by the DLN, or electron-muon lep-
ton number difference, Dp ¼ ðfνep − fν̄ep Þ − ðfνμp − f

ν̄μ
p Þ,

whereas flavor coherence by the complex field ψp.
In linear theory, this field ψpðt; rÞ is small and its

quantized disturbances are what we call flavomons,
whereas those of Dpðt; rÞ would be neutrino plasmons.
A positive imaginary part of the ψ dispersion relation
signifies an instability, leading to fast flavor conversion.
Our new paradigm, which works particularly well for weak
instabilities (small growth rates), interprets the instability as
the stimulated emission of flavomons by an out-of-equi-
librium neutrino distribution. The growth rate corresponds
to the emission rate of flavor Cherenkov radiation [48,49].
The next step is quasilinear theory (QLT), extending this

picture into the nonlinear regime by including backreaction
on the DLN distribution, i.e., the response of Dp to
flavomon emission and absorption [48,49]. For strong
instabilities, this approximation may break down, so that
one could systematically move forward using the weak-
turbulence formalism that includes wave-wave interactions
as we have mentioned earlier [49].
We stress that the role of flavor waves is here entirely

classical and indeed, our earlier treatment of QLT was
formulated as such [48]. Still, we often prefer the notion of
flavomons because it brings out more clearly the under-
lying physical processes and makes a kinetic treatment
more transparent. Notice that flavomons carry flavor so that
an individual neutrino can only emit an individual quantum
by flipping its flavor [49], however not precluding a
classical treatment.
Subsequent to our earlier papers on QLT and flavomon

kinetics [48,49], Johns and Kost [50] have advanced a
similar proposal of treating flavor waves as emergent
degrees of freedom. Their weak-inhomogeneity approxi-
mation relies on a similar linear treatment of flavor-wave
fluctuations. They develop an ambitious vision of the
subject, based on an expansion around a generic space-
time varying neutrino background, which for the moment,
however, remains mostly formal.
In this Letter, we develop QLT beyond the limitations of

our earlier approximations [48,49]. In particular, we
include the nonvanishing flavomon width, allowing for
nonresonant absorption. In this way, neutrinos and flavo-
mons reach self-consistent equilibrium that conserves
global flavor lepton number. Moreover, we now treat the
realistic case of a continuous distribution of unstable
modes, tracking the power in each of them, but not the
amplitude, going far beyond the earlier test case of a two-
beam setup [48]. As we will see, the saturated final state
then matches surprisingly well numerical periodic-box
simulations of the original QKE.
Axisymmetric homogeneous system—Following near-

universal practice, we assume axial symmetry, so that ϱp
depends only on energy jpj and v ¼ cos θ relative to the
symmetry axis z. The fast flavor QKE does not depend on

energy, motivating the integrated density matrix ρv ¼
n−1ν

R
p2djpj=ð4π2Þϱp, which obeys

ð∂t þ v∂zÞρv ¼ −iμ
Z þ1

−1
dv0½ρv0 ; ρv�ð1 − vv0Þ: ð3Þ

In component form, and after absorbing μ in the units of
space and time, our final QKEs are

ð∂t þ v∂zÞDv ¼
i
2
½ðψ0 − vψ1Þψ�

v − ðψ�
0 − vψ�

1Þψv�;
ð∂t þ v∂zÞψv ¼ i½ðD0 − vD1Þψv − ðψ0 − vψ1ÞDv�; ð4Þ

with moments Dn ¼
R
dvvn Dv and ψn ¼

R
dvvnψv.

To determine the final quasisteady state distribution, we
use the initial DLN spectrum,

Dvðt ¼ 0; aÞ ¼ e−2ð1−vÞ2 − a: ð5Þ

For e−8 < a < 1, this distribution has an angular crossing
and is unstable. In Fig. 1, we show three cases, a ¼ 0.9,
0.7, and 0.5, ranging from weak to strong instability. For
yet smaller a values, the situation becomes specular and the
flipped neutrinos, those with DLN opposite to the main
beam, have negative v.
Resonant QLT prediction—In the simplest picture of

flavomons [49], they have a purely real frequency and can
be emitted only by resonant neutrinos that fulfill the
Cherenkov condition precisely. This zero-width approxi-
mation is particularly well justified for a weak instability,
corresponding to a small population of flipped neutrinos.
Only these can unflip (change their flavor) by flavomon
emission. Without further ado, one thus expects that this
process continues until there are no more flipped neutrinos,
whereas the main beam remains unaffected. One therefore
expects the final DLN distributions shown by thick gray
lines in the top row of Fig. 1. The speed of this relaxation
process would require an actual calculation, but the final
outcome is unique.
The backreaction characteristic of QLT is reflected in

the removal of the flipped portion of the distribution—the
instability effectively eliminates its own source. On the
other hand, global DLN is not conserved, as evidenced by
the mismatch between the integrals under the black and
thick gray curves. Extending beyond this approximation is
the main goal of this Letter.
Numerical periodic-box solution—As a benchmark for

testing such predictions, we solve the QKE of Eq. (4)
numerically in a periodic box of length L ¼ 100 (in units
where μ ¼ 1) with N ¼ 700 spatial grid points. The
instability is seeded by a small initial value ψv ¼ 1

2
ψ0,

taken independent of v, and expanded as

ψ0ðz; t ¼ 0Þ ¼
X
K

ψ0;Kð0ÞeiKz: ð6Þ
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The discrete wave numbers are Kn ¼ 2πn=L with n ¼
−N=2;…;þN=2 in steps of 1. The Fourier amplitudes
are initialized with a flat power spectrum jψ0;Kð0Þj2 ¼
10−9=L2 with random phases. Concerning normalization,
recall that the continuum Fourier component is ψ̃K ¼ LψK
if ψK is the corresponding Fourier series component on a
box of length L.
We evolve the initial conditions for a time 500 and, for

the final configuration, take an average of 20 realizations of
our random initial conditions. While the time evolution
exceeds the crossing time of the box, the quasistationary
final configuration of our homogeneous setup should not be
influenced much by the box size. We stress that homo-
geneity, in the conventional sense implied by all forms of
turbulence, here refers to statistical homogeneity, which
includes fluctuations that are distributed statistically in a
homogeneous fashion.
We show the numerical solutions thus derived as orange

lines in the upper panels of Fig. 1 and the power spectra as
solid lines in the lower panels. Especially for weak
instabilities (1 − a ≪ 1), the numerical quasistationary
DLN distributions (upper panels) show precisely the effect
of eliminating the flipped part of the distribution that was
explained by resonant QLT.

Quasilinear equations—We next turn to improved QLT
predictions, anticipated in Fig. 1 as dotted lines. To derive
them, we expand ρvðt; zÞ around a homogeneous back-
ground that is taken as the flavor-diagonal configuration,
although more general formulations are possible [50]. We
linearize in the flavor waves, ψvðt; zÞ, the off-diagonals in
Eq. (2). The characteristic backreaction is included through
slowly varying DvðtÞ, which however are taken to be
homogeneous. Neutrino plasmons, disturbances of this
field, are second order in ψ and thus ignored.
We expand ψvðt; zÞ into its spatial Fourier components

ψv;KðtÞ and find from the second line of Eq. (4),

∂tψv;K þ iðkv −D0Þψv;K ¼ −iðψ0;K − vψ1;KÞDv; ð7Þ

where k ¼ K þD1 is the shifted wave number. The formal
solution for ψv;K involves a memory integral over the past
evolution of ψ0;K.
However, assuming that the background evolves on

timescales much longer than the wave period, we can
follow the adiabatic approximation in which each neutrino
direction follows the corresponding eigenmode. If Ω is the
eigenfrequency, this assumption yields

FIG. 1. Comparison of QLTwith simulations of the original QKE, averaged over the full periodic box, as well as over 20 realizations
from the ensemble described in the text. Top: DLN spectrum (electron-muon lepton number difference) derived with the indicated
methods, with an initial distributions defined by Eq. (5), for the shown values of a, left to right ranging from weak to strong instability.
Bottom: final flavomon spatial power spectrum (upper lines) and at an intermediate time step (lower lines), chosen so that jψ̃0;K j2 ¼
10−2 at the maximum.
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ψv;K ¼ ψ0;K − vψ1;K

ω − kv
Dv; ð8Þ

where ω ¼ ΩþD0. This expression is fully determined by
ψ0;K if we use lepton-number conservation, which implies
ψ1;K ¼ Ωψ0;K=K [45,51]. We include here only the unsta-
ble modes, their amplitude determined by the initial
condition described in the End Matter. Stable or Landau-
damped modes remain negligible.
To include the backreaction on the homogeneous DvðtÞ,

we average the first line of Eq. (4); the right-hand side
becomes a sum over Fourier modes ψv;K. Passing to the
discrete wave numbers K within the box, we find

∂tDv ¼
X
K

Im ½ðψ�
0;K − vψ�

1;KÞψv;K�: ð9Þ

Substituting Eq. (8), we obtain

∂tDv ¼ −ΓvDv; ð10Þ

where the damping rate is

Γv ¼
X
K

γ

ðωR − kvÞ2 þ γ2

����1 − ðΩR þ iγÞv
K

����
2

jψ0;Kj2: ð11Þ

Here, ΩR and ωR are the real parts of the frequency and
shifted frequency, k ¼ K þD1 is the shifted wave vector,
and γ is the growth rate for the unstable mode with wave
number K. So all of ΩR, ωR, γ, and k depend on K. In
contrast to the earlier periodic-box solution, no ensemble
average is required because the statistical average over
fluctuations is implied by QLT itself. We stress that this
equation also directly coincides with the one obtained from
the quantum theory of flavomons [49] [see, e.g., Eq. (21)
therein], once the energy-conservation delta function is
replaced by the Lorentzian broadened by the width γ.
Physically, flavomon emission and absorption damps the

DLN, since flavomon emission unflips a flipped neutrino,
and vice versa. The coefficient Γv coincides with the
interaction rate derived in Ref. [49], with the crucial
difference that, instead of a delta function, we now include
the Lorentzian that reflects the nonzero width of unstable
modes and therefore includes off-resonant interactions.
The adiabatic approximation itself may become suspi-

cious when the unstable mode approaches stability and its
phase velocity exceeds the speed of light: as shown in
Ref. [45], such superluminal modes generally develop a
branch-root singularity into two branches of undamped
modes. (A concern about singular points of the dispersion
relation was also raised in Refs. [52,53].) However, our
expression for Γv reveals that, as soon as the mode becomes
stable, its contribution vanishes, so that its singular behav-
ior is irrelevant to the damping rate. In reality, the mode
never becomes truly stable: upon instability saturation, the

ambient population of flavomons provides a nonzero wave-
wave interaction rate [49,50].
The evolution of the flavomon field is governed, within

the same adiabatic approximation, by

∂tjψ0;Kj2 ¼ 2γjψ0;Kj2: ð12Þ

Equations (10) and (12) form a closed system describing
the coupled evolution of neutrinos and a bath of linearly
evolving flavomons, without having to solve the small-
scale dynamics. The effect of QLT is entirely encoded in the
DLN relaxation coefficient Γv.
Our quasilinear (QL) method follows the flavomon

number density, encoded in the classical wave action
jψ0;Kj2, while ignoring rapid phase variations. In our simple
setup, this is justified if there is only a single unstable
eigenmode for each K. If there were multiple unstable
modes with comparable growth rates, one could still
disregard interference, provided their frequencies are well
separated. The only potentially dangerous case occurs for
very similar real eigenfrequencies and growth rates at the
same K; we are not aware of any such example.
The QL relaxation term actually respects global DLN

conservation. As a proof, we integrate over directions

∂tD0 ¼ −
X
K

jψ0;Kj2 Im
Z

dvDv

ω − kv

����1 −Ωv
K

����
2

¼ −
X
K

jψ0;Kj2 Im
�
I0 þ

jΩj2I2
K2

−
2ΩRI1
K

�
; ð13Þ

where In ¼
R
dvDvvn=ðω − kvÞ. Modes satisfying the

dispersion relation imply [45,51] I0 ¼ 1þ Ω2=
ðkK − ωΩÞ, I1 ¼ KΩ=ðkK − ωΩÞ, and I2 ¼ −1þ K2=
ðkK − ωΩÞ. Explicit replacement then shows that
indeed ∂tD0 ¼ 0.
So QLT preserves the total DLN in the neutrino sector.

This is markedly different from resonant QLT, which
neglects nonresonant flavomon absorption, and only the
total DLN of flavomons and neutrinos is conserved. In our
new version of QLT, the DLN lost by resonant neutrinos is
immediately redistributed among nonresonant ones. This
difference comes from a common ambiguity, in that
flavomons are collective excitations of the nonresonant
neutrinos. The same ambiguity exists in plasma QLT for the
bump-on-tail instability [54,55], in which the total momen-
tum of the electron plasma is conserved only if nonresonant
plasmon absorption is included, otherwise the momentum
transported by the plasmons should also be included.
Quasilinear relaxation—To compare this theory with the

earlier examples, we solve numerically Eqs. (10) and (12)
for the same initial spectrum that was used in the periodic-
box solution of the original QKE. The initial fluctuation
spectrum jψ0;Kj2 in QLT should be interpreted as the
coefficient of the exponentially growing mode for every
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K. We extract it from the initial perturbation of the standard
QKE (see End Matter).
Our periodic-box solution of the standard QKE involves

a Gauss-Legendre discretized velocity grid with 100 points,
and a spatial grid of 700 points. For the QL equations, we
use the same velocity grid, and a discretized grid for the
wave numbers involving 600 points equally spaced
between k ¼ −2 and k ¼ 2. We use the shifted wave
number, even though in principle the physical wave number
should be used; this however does not practically impact
the result—in weak instabilities, for which QLT is appli-
cable, the global quantities such asD1 barely change across
the entire evolution. To actually solve the equations, we
need to find the dispersion relation at every stage of the
relaxation process, which requires considerable numerical
effort. In a future more elaborate treatment, one would
probably instead use our earlier asymptotic forms of the
weak-instability dispersion relations [27,45,47].
The results for the final DLN distribution are shown in

the upper panels of Fig. 1 as dotted lines. They agree
remarkably well with the QKE solution, especially for
weak instabilities, where QLT is best justified. Compared
with the prediction of resonant QLT (thick gray lines), the
final spectrum of the main beam is higher, reflecting the
nonresonant absorption of flavomons that was not possible
in resonant QLT. Global DLN conservation means that in
each panel, the integrals under the black (initial) spectrum,
under the orange line (final QLT), and under the blue dotted
line (final QKE) are equal, as we have numerically
confirmed. As stressed earlier, resonant QLT (gray lines)
does not conserve DLN, but still captures the flat part, the
removal of the flipped portion of the spectrum.
For the strongest shown instability, with a ¼ 0.5, the

numerical QKE solution deviates more visibly from QLT.
But even here, in principle outside the range where QLT
applies, the qualitative behavior is well captured. Thus, this
new method, without the need to account for nonlinear
small-scale interactions, is extremely accurate in reproduc-
ing the standard QKE solution.
The flavor evolution not only affects the DLN distribu-

tion, but also leads to the production of flavomons,
measured by the growth of the wave action jψ0;Kj2,
equivalent to flavomon number. In the bottom panels of
Fig. 1, we compare the predictions of the QKE and of QLT.
Initially, during the phase of linear growth, they completely
coincide, as one would expect. The Fourier spectrum
consists of two growing bumps, corresponding to two
separate intervals of wave numbers exhibiting an instability
(see, e.g., the general discussion in Refs. [45–47]).
When the instability saturates, the QLT solution stops

evolving, since flavomons and neutrinos have reached
equilibrium while wave-wave processes are excluded.
Therefore, the final power spectrum always consists of the
two bumps, with one much more prominent than the other.

However, the QKE solution reveals that wave-wave
processes do play a role, broadening the bump with an
exponential decline on both sides. This intriguing finding
may pave the way to a weak-turbulence treatment [56] of
the wave-wave interactions introduced in Ref. [49] (see also
Ref. [50]), suggesting a direction for future work.
For now, we notice that the broadening of the power

spectrum cannot be reproduced in QLT, yet the overall
strength and wave number of the peak are both reproduced
reasonably well. We also notice that the numerical power
spectrum shows an intriguing dip that may coincide with
the position of the second unstable bump. Whether this
observation has any significance requires methods beyond
QLT, so we leave this question for the future.
Discussion—We have applied QLT to the saturation of

fast flavor instabilities for a continuous angular distribu-
tion, for the first time introducing the random phase
approximation (in comparison to Ref. [48]) and going
beyond the resonant limit [49], thus ensuring global DLN
conservation. QLT thus becomes as predictive as conven-
tional numerical approaches, while providing a transparent
physical interpretation.
In a periodic-box setup, the computational effort is

comparable to direct QKE solutions, as QLT requires
solving the dispersion relation at each time step.
However, this cost can be mitigated: during the linear
phase, the eigenmodes are stationary, and accurate approx-
imations for the growth rates are available [27–29,44–47].
In our proof-of-principle implementation, we chose a brute-
force approach, but significant optimization is possible.
Alternatively, one can avoid the dispersion relation by

numerically evolving the linearized equations for the
Fourier-mode amplitudes [57]; this also matches with the
formal proposal in Ref. [50]. The main advantage of
evolving the squared amplitudes, rather than the Fourier
amplitudes themselves, is that we need not follow the
phase, which changes over timescales of the order of
ReðΩÞ−1. Instead, the squared amplitude only changes
over timescales of the order of ImðΩÞ−1, which for weak
instabilities is much longer [27–30,47] and thus more
manageable. This is indeed the conventional approach in
plasma physics. The main advantage emerges beyond
periodic boxes, when QLT naturally accommodates scale
separation by removing the flavomon amplitude altogether.
We thus anticipate that future applications will be to
inhomogeneous and slowly evolving systems.
Even for fast instabilities, evolving backgrounds can

invalidate local approximations based on periodic-box sol-
utions, as flavor waves retain memory of their past evolution
[48,58] and through propagation may induce nonlocal
effects [28,30,50,53]. In principle, QLT can capture such
effects, since the wave degrees of freedom are explicitly
followed, and their propagation in inhomogeneous environ-
ments can be treated within a Wentzel-Kramers-Brillouin
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framework. Whether QLT then maintains its quantitative
accuracy remains to be seen.
The main advantage of QLT is conceptual. The resonant

approximation explains the saturated state as a consequence
of detailed balance: in regions dominated by flavor con-
version, flavomon emission ceases once Dv ¼ 0, while
outside the crossing region the distribution remains largely
unaffected. Our full QLT treatment captures the nonresonant
effects—flavomons emitted by flipped neutrinos are off-
resonantly absorbed by unflipped ones. The saturated state
predicted by QLT coincides with the erasure of angular
crossing that was numerically found [40–43,59–62].
However, through our method, the outcome of collective
flavor conversion becomes physically transparent rather than
purely empirical.
This picture closely parallels the classical bump-on-tail

instability in plasma physics [54,55], where unstable wave
emission leads to diffusion in momentum space and
saturation through the formation of a velocity plateau. In
our case, flavomons transport flavor rather than energy, and
the evolution is governed by a DLN relaxation coefficient
Γv in place of a momentum diffusion coefficient. The
vanishing of the DLN in the unstable region is therefore the
direct analog of plateau formation in plasma QLT.
QLT relies on modes with many wave numbers contrib-

uting incoherently to relaxation, causing irreversibility
despite the absence of collisions. This assumption can
break down in highly symmetric configurations, such as
flavor pendula [52,63–69], although such symmetries are
unlikely to occur in astrophysical environments. A more
relevant limitation arises for very weak instabilities, where
the unstable spectrum is narrow and a single mode may
temporarily dominate, leading to coherent evolution [51].
Realistically, this phase will be transient, eventually revert-
ing to incoherent dynamics captured by QLT.
Moreover, QLT provides direct access to the spectrum of

unstable modes. While it reproduces the dominant wave
number and overall power spectrum, deviations at late
times (Fig. 1) arise from wave-wave interactions [49].
Incorporating these effects represents a natural direction for
future work.
Another intriguing aspect that deserves future study is

the question of seeding. While one often seeds inhomo-
geneous modes at the same level as homogeneous ones, in
reality there is much more power in large-scale than small-
scale fluctuations. For fast instabilities, this issue is likely
unimportant, since weak instabilities usually do not involve
large-scale modes unless fine-tuned neutrino distributions
are considered. Therefore, small-scale modes would always
grow much larger than large-scale ones even if the latter
start with a larger initial amplitude.
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End Matter

Results from linear theory—We briefly review some
key results from the linear theory of fast flavor
instabilities, primarily drawn from some of our earlier
papers [44,45,49]. We then use these expressions to
fully deduce the quasilinear relaxation in the resonant
approximation, allowing us to express the final flavomon
field in terms of the initial strength of the instability.
Initial conditions for QLT: As derived in the main text,

the off-diagonal perturbations of the density matrix evolve
according to

∂tψv;Kþ ikvψv;K− iD0ψv;K ¼−iðψ0;K−vψ1;KÞDv; ðA1Þ

where k ¼ K þD1 is the shifted wave number. In the linear
regime, D0 and D1 can be taken to be constant.
To derive the evolution of a given initial condition, we

may perform a one-sided Fourier transform,

ψv;ΩK ¼
Z

∞

0

eiΩtψv;KðtÞdt: ðA2Þ

The inverse transformation is given by

ψv;KðtÞ ¼
Z þ∞þiΛ

−∞þiΛ
e−iΩtψv;ΩK

dΩ
2π

; ðA3Þ

where the integration is over a line parallel to the real axis,
with Λ large enough to pass above all singularities of the
integrand function.
Applying the Fourier transform to the kinetic equation,

we directly find a solution,

ψv;ΩK ¼ iψv;Kðt ¼ 0Þ
ω − kv

þDv
ψ0;ΩK − vψ1;ΩK

ω − kv
: ðA4Þ

The evolution of ψ1;ΩK is connected to that of ψ0;ΩK
through lepton number conservation in the form

∂tψ0;K þ iKψ1;K ¼ 0: ðA5Þ

This result directly descends from the continuity equation
for the integrated lepton number; a dedicated discussion
can be found in Refs. [45,51,69]. Its temporal Fourier
transform leads to

ψ1;ΩK ¼ −
iψ0;Kðt ¼ 0Þ

K
þ Ωψ0;ΩK

K
: ðA6Þ

Therefore, we finally find

ψv;ΩK ¼ iψv;Kð0Þ
ω− kv

þψ0;ΩKDv

ω− kv

�
1−

vΩ
K

�
þ ivDv

ω− kv
ψ0;Kð0Þ

K
;

ðA7Þ

where for brevity we now shorten the specification t ¼ 0 to
the argument in parenthesis.
Integrating this equation over all directions, we finally

find the solution

ψ0;ΩK ¼ i
εðΩÞ

�Z
dv

ψv;Kð0Þ
ω − kv

þ I1ψ0;Kð0Þ
K

�
: ðA8Þ
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In the denominator, we have introduced the dielectric
function

εðΩÞ ¼ 1 − I0 þ
I1Ω
K

: ðA9Þ

When we perform the inverse Fourier transform to
deduce the time evolution of ψ0;K , the contour integration
over Ω can be pushed down below the real axis, but only if
εðΩÞ has no zero in the upper half-plane, i.e., no instability.
Otherwise, if there is an unstable solution, the inverse
Fourier transform collects a pole contribution that equals
−2πi times the residue of the integrand function. Since the
pole is in the upper half-plane, this contribution is expo-
nentially growing in time, and reads

ψ exp
0;KðtÞ ¼

e−iΩt

∂ε=∂Ω

�
I1ψ0;Kð0Þ

K
þ
Z

dv
ψv;Kð0Þ
ω − kv

�
; ðA10Þ

where the entire expression is to be evaluated forΩ equal to
the frequency of the unstable mode.
Hence, for any given initial condition, we discover that

the coefficient of the exponentially growing term is not
directly ψQKE

0;K ð0Þ, the initial condition for the QKE, but
rather its projection over the unstable mode. For this reason,
when we solve our QLT equations, rather than initializing
them with a spectrum ψQLT

0;K ð0Þ corresponding to the QKE
case, we consider only the projection of the initial condition
on the unstable mode, i.e.,

��ψQLT
0;K

��2 ¼��ψQKE
0;K

��2
��� I1K þ R

dv ψv;Kð0Þ=ψ0;K

ω−kv

���2
j∂ε=∂Ωj2 : ðA11Þ

The dispersion relation itself, determining the unstable
pole, reads εðΩÞ ¼ 0.
Resonant QLT: For weakly unstable configurations,

corresponding to resonant instabilities, we may determine
the growth rate directly from an expansion Ω ¼ ΩR þ iγ
with γ ≪ ΩR. For γ ¼ 0, the dielectric function is complex,
due to the specific prescription of dealing with the
singularity at ω ¼ kv [44,45,66]. Therefore,

εðΩRþ iγÞ¼Re½εðΩRÞ�þ∂ΩR
iRe½εðΩRÞ�γ

− iπ
Z

dv Dv

�
Ωv
K

−1

�
δðω−kvÞ; ðA12Þ

where we have neglected the derivative of the imaginary
part with respect to ΩR, since the growth rate itself is rather
small, and therefore so should be the imaginary part
Im½εðΩRÞ�. Hence, if we set to zero the imaginary part
of this expression, we finally find the approximate expres-
sion for the growth rate,

γ ¼ π

∂Reε=∂ΩR

Z
dv Dv

�
ΩRv
K

− 1

�
δðωR − kvÞ: ðA13Þ

This expression was derived in more detail in Ref. [45] by a
similar approach, and in Ref. [49] by determining the rate
of flavomon emission and absorption through the
Feynman rules.
This expression for the growth rate allows us to immedi-

ately understand the dynamics of quasilinear relaxation in
the resonant approximation. In this approximation, we
associate with each neutrino velocity v a resonant wave
number and frequency satisfying ωR ¼ kv. Since the
growth rate in this approximation is assumed to be
infinitesimal, we may neglect here the suffix to denote
the real part. In this case the evolution of jψ0;Kj2 is given by

∂tjψ0;Kj2 ¼
2π

jkj∂ε=∂Ω
�
Ωv
K

− 1

�
Dvjψ0;Kj2; ðA14Þ

where by the same approximation we also write Reε ≃ ε,
and v is interpreted as the resonant velocity. Meanwhile, the
evolution of the DLN itself can also be obtained by the
resonant approximation, taking the limit γ → 0 in Eq. (11),
so that

∂tDv ¼ −
π

j∂kω − vj
�
1 −

Ωv
K

�
2

Dvjψ0;Kj2: ðA15Þ

Assuming that the unstable eigenmode itself, measured by
Ω and K, is not strongly affected, as is true for weak
instabilities, these equations can be simply solved. They
admit a conserved invariant, which is interpreted as the total
lepton number that is conserved in the reaction ν̄e → ν̄μψ ,

2j∂kω − vjDv þ jkj ∂ε
∂Ω

�
Ωv
K

− 1

�
jψ0;Kj2

¼ 2j∂kω − vjDvðt ¼ 0Þ: ðA16Þ

This result shows that the final squared amplitude jψ0;Kj2,
which is reached when Dv ¼ 0 is directly determined by
the initial resonant DLN value Dvðt ¼ 0Þ, i.e., the number
of flavomons is simply the number of originally flipped
neutrinos that have converted. Furthermore, after replacing
jψ0;Kj2 in Eq. (A15), we find

∂tDv ¼ −
γðt ¼ 0Þ
Dvðt ¼ 0ÞDv½Dvðt ¼ 0Þ −Dv�: ðA17Þ

We thus find that in QLT, the timescale for saturation of the
instability directly coincides with the initial growth rate.
This result is valid, of course, for very weak instabilities,
while for stronger instabilities, the wave-wave coupling
acting after QL saturation will delay the formation of a true
steady state.
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