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The precise measurement of the leptonic CP-violating phase δCP remains one of the major open
challenges in neutrino physics, as current experiments achieve only very limited accuracy. We address this
issue through the lens of quantum estimation theory. A distinctive feature of neutrino oscillation
experiments is that they cannot freely optimize the probe or measurement, since both are constrained
by the production and detection of flavor eigenstates. We therefore examine whether the large uncertainty in
δCP originates from intrinsic properties—either of the neutrino quantum state or of flavor measurements—
or if it instead stems from experimental limitations. By comparing quantum and classical Fisher
information, we demonstrate that the limited sensitivity to δCP originates primarily from the information
content of flavor measurements. Furthermore, we show that, while targeting the second oscillation
maximum, as in the ESSνSB proposal, typically enhances δCP information, this feature in fact strongly
depends on the actual values of δCP.
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Introduction—Neutrinos are among the most elusive
particles in nature, interacting only via the weak force.
Although the standard model predicts them to be massless,
the observation of neutrino oscillations demonstrates
that they possess nonzero masses. These oscillations are
described by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix, parameterized by three mixing angles
(θ12, θ13, θ23) and a Dirac CP-violating phase δCP. While
the mixing angles and mass-squared differences (Δm2

21,
Δm2

31) are now determined with percent-level precision, δCP
remains poorly constrained. The NuFIT v6.0 global analy-
sis reports [1], for the normal ordering (NO) scenario,

δðNOÞCP ¼ 177°þ19°
−20° , based primarily on data from the long-

baseline accelerator experiments T2K [2] and NOνA [3],
which produce intense neutrino beams from proton colli-
sions and measure their flavor composition after propagation
over hundreds of kilometers. The precision on δCP remains
substantially lower than that of the other mixing parameters,
for example, the mixing angle θ13 ¼ 8.52°þ0.11°

−0.11° , highlight-
ing the current experimental challenges in probing CP
violation in the neutrino sector. Next-generation facilities

such as DUNE [4,5], T2HK [5–7], and ESSνSB [8,9] aim to
significantly improve this precision and may provide the first
definitive evidence of leptonic CP violation. A nonzero
Dirac CP-violating phase δCP in the PMNS matrix would
signal CP violation in the lepton sector, a key ingredient for
leptogenesis [10], and thus supports scenarios connecting
low-energy neutrino parameters to high-energy dynamics.
Consequently, understanding the origin of the present
uncertainty is not merely a technical matter; it is a
fundamental inquiry with broad implications for particle
physics and cosmology. In this Letter, we address a critical
new question: whether the poor determination of the
leptonic CP phase δCP arises from intrinsic quantum limits
of the neutrino state or from the flavor-based measurements
employed in oscillation experiments. Quantum estimation
theory (QET) [11,12] provides a rigorous framework to
approach this challenge from both a fundamental and
practical level. Given a quantum state jψλi that depends
parametrically on a parameter λ to be estimated, suppose we
perform a quantum measurement described by a set of
orthogonal projectors fΠxg. (Note that in the most general
scenario one should consider a set of operators forming a
positive-operator valued measure—POVM—but for the
scope of this Letter we can restrict to standard projectors.)
The variance of any unbiased estimator of the parameter λ̃ is
lower bounded by the Cramér-Rao bound (CRB)

Varλ̃ðλÞ ≥
1

MFðλÞ : ð1Þ

Here M corresponds to the number of independent mea-
surements, while
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FðλÞ ¼
X
x

ð∂λpðxjλÞÞ2
pðxjλÞ ; ð2Þ

denotes the (classical) Fisher information (FI), written in
terms of the conditional probability pðxjλÞ ¼ hψλjΠxjψλi.
The FI clearly depends on both the state jψλi and on the
operators fΠxg describing the measurement strategy.
Remarkably one can optimize over all the possible meas-
urement operators, and obtain a measurement-independent
quantity. In turn, the quantum Fisher information (QFI),
defined as HðλÞ ¼ maxfΠxg FðλÞ, is given by

HðλÞ ¼ 4½h∂λψλj∂λψλi − jh∂λψλjψλij2�: ð3Þ

As it is apparent from its definition, the QFI sets a more
fundamental bound, the so-called quantum Cramér-Rao
bound (QCRB)

Varλ̃ðλÞ ≥
1

MFðλÞ ≥
1

MHðλÞ ; ð4Þ

which ultimately depends only on the quantum state jψλi,
and not on the particular measurement strategy imple-
mented. Comparisons between the FI and QFI are therefore
instructive: if they coincide, the precision limit is intrinsic; if
a significant gap exists, the measurement strategy is sub-
optimal. Standard QET applications focus on designing
optimal probes and measurements that optimize and saturate
the quantum Cramér-Rao bound, thereby achieving the
ultimate precision allowed by quantum mechanics. These
approaches have been instrumental in conceiving and
assessing quantum sensing protocols that promise a quan-
tum enhancement in the estimation of physical parameters
[13–17]. Tools from QET have been employed in high
energy physics, for example in the context of the anti–de
Sitter/conformal field theory (AdS=CFT) correspondence
[18–24], or to assess an Unruh-DeWitt detector [25],
universal gravity corrections [26], equivalence principle
[27], and gravitational time dilation [28]. More recently,
they have been exploited to derive and discuss the ultimate
limits on the precision of physical parameters describing a
QED scattering experiment [29] and cosmological param-
eters [30].
This Letter, together with an upcoming paper applying

QET to all relevant neutrino oscillation parameters [31],
aims to provide a quantitative framework for assessing
precision limits in the estimation of the CP-violating phase
δCP, and guiding the design of future experiments.
Unlike typical quantum metrology protocols, neutrino

oscillation experiments operate in a fundamentally different
regime: neither the probe nor the measurement can be
optimized, as both are fixed by the flavor production and
detection processes. This constraint implies that intrinsic
precision limits may arise from both the quantum state and
the measurement. In this context, the central question is not

how to engineer optimal settings, but what precision is
fundamentally attainable under unavoidable constraints in
the design of the estimation protocol. In particular, we
investigate whether the restriction to flavor measurements
imposes an additional limitation, beyond the intrinsic
quantum bound, on the estimation of δCP.
Since we address the CP-violating phase δCP, we focus

our attention to accelerator-based experiments. To evaluate
the impact of the restriction to flavor states and flavor
measurements, we work under a set of simplifying assump-
tions. We consider neutrinos propagating in vacuum and
model their quantum states as pure plane-wave states
[32–35]. This restriction further limits our Letter to experi-
ments where matter effects are negligible, such as T2K,
T2HK [2,36], and the proposed ESSνSB [8,9], and we also
assume a monochromatic neutrino beam at its peak energy
E, which constitutes a reasonable approximation for these
setups.
Under these assumptions, a neutrino produced at time

t0 ¼ 0 in a flavor eigenstate jναi evolves into jναðtÞi at time
t, yielding the transition probabilities Pðjναi → jνβiÞ ¼
jhνβjναðtÞij2. The corresponding expressions for antineu-
trinos, jν̄αðtÞi and Pðjν̄αi → jν̄βiÞ, are obtained analo-
gously. Further details on these, which form the basis of
our analysis, are provided in the End Matter. In general,
these quantities will depend on the parameters entering in
the PMNS matrix, the squared mass differences Δm2

ji ¼
m2

j −m2
i of mass eigenstates, and on the ratio L=E between

the accelerator baseline L and the beam peak energy E. As
we are interested in the precision bounds on δCP, we will
consider all the other parameters fixed according to the
NuFIT best values [1] [as regards the mass differences, we
focus on the normal mass ordering (NO), but our results are
practically identical for the inverted ordering (IO)]. In
particular we will then consider the behavior of the
corresponding QFIs and FIs as a function of the ratio
L=E, as it allows us to properly identify the performances
of the different current and future accelerator experiments
designed to estimate δCP.
Evaluating the QCRB—The CP-violating phase is not

directly measurable and its value is inferred from flavor-
dependent detection rates determined by the oscillation
pattern of neutrino propagation. We here proceed to derive
the fundamental limits on its estimation precision by
evaluating the QFIs corresponding to experiments based
on both initial muon-neutrino and muon-antineutrino beams.
This can be directly evaluated via Eq. (3) by considering
λ ¼ δCP as the parameter we want to estimate, and by
replacing jψλi with either jνμðtÞi and jν̄μðtÞi. We denote,
respectively, with HνðδCPÞ and Hν̄ðδCPÞ the corresponding
QFIs. As neutrino and antineutrino experiments are sta-
tistically independent, the ultimate bound on the estimator
variance Varδ̃CPðδCPÞ in Eq. (4), taking into account both
beams, is obtained by replacing the denominator with
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MHν;ν̄ðδCPÞ ¼ M½ξνHνðδCPÞ þ ξν̄Hν̄ðδCPÞ�; ð5Þ

where ξν ¼ Mν=M and ξν̄ ¼ Mν̄=M are, respectively, the
fractions of the total number of measurements M ¼ Mν þ
Mν̄ corresponding to either neutrino (Mν) or antineutrino
(Mν̄) events. Our calculations show that, in the parameter
regime of interest, HνðδCPÞ is approximately equal to
Hν̄ðδCPÞ (see End Matter for more details). Consequently,
we can safely quantify the information contained both in
neutrino and antineutrino quantum states simply as the
average of the individual QFIs: Hν;ν̄ðδCPÞ ¼ ½HνðδCPÞþ
Hν̄ðδCPÞ�=2. We remark that the total number of events M
corresponds to the so-called nonoscillated (anti)neutrinos,
that is the total number of events in absence of oscillation
phenomena, formally obtained by assuming that the PMNS
matrix is the identity, and experimentally efficiently esti-
mated from the number of events obtained at the near
detector.
We find that Hν;ν̄ðδCPÞ exhibits no significant depend-

ence on δCP, indicating that the information content of the
quantum state is largely insensitive to the true value of the
parameter (see End Matter for more details). Figure 1
shows the QFI for δCP, evaluated at the NuFIT best-fit value

δðNOÞCP : we observe that the QFI peaks remain stable under
variations in L=E, demonstrating consistent sensitivity
across oscillation maxima. These peaks coincide with
the oscillation maxima of P½νμðν̄μÞ → νeðν̄eÞ�, as the high-
est appearance probability provides maximal information
on δCP. Both T2K and ESSνSB operate near the QFI
maximum, making them equally well suited for δCP
measurement from the standpoint of the quantum state’s
information content. From the corresponding QCRB, we
obtain a fundamental limit on the achievable precision
of the CP-violating phase: for a total data sample of

M ¼ Oð103Þ neutrino and antineutrino events, representing
a conservative estimate of current statistics, the correspond-
ing QFI yields a lower bound of approximately 3° on the
uncertainty of δCP. If we take the current best-fit value

δðNOÞCP , the resulting uncertainty is at the few-percent level,
indicating that the neutrino quantum state intrinsically
encodes sufficient information to allow precision measure-
ments even with present-day event statistics.
Evaluating the CRB for flavor measurement—The QFI

establishes the ultimate quantum limit for parameter
estimation; an optimal POVM can always be identified
such that the corresponding FI saturates this bound. A
detailed discussion on the construction of these optimal
measurements is provided in the next section. However, in
current neutrino oscillation experiments, the available
measurement basis is fundamentally restricted to projec-
tions onto flavor eigenstates. In the following, we evaluate
the classical FI associated with these flavor-projections via
Eq. (2) and analyze its behavior relative to the quantum
limit. We define the projectors onto the flavor eigenstates as

Πe ¼ jνeihνej ð6Þ

Πμ ¼ jνμihνμj ð7Þ

Πoff ¼ I − Πe − Πμ ¼ jντihντj; ð8Þ

where Πe and Πμ project onto the electron and muon
neutrino states, respectively, and Πoff accounts for all
outcomes other than νe or νμ. As we are here assuming
that the efficiencies in the detection of both electron and
muon neutrinos are equal to one, the last operator does in
fact correspond to the detection of tau neutrinos ντ.
Although ντ cannot always be directly detected, its infor-
mation is still contained in the electron and muon neutrino
detections: given the number of muonic and electronic
neutrinos detected, Mμ and Me, the number of tauonic
neutrinos can in fact be inferred asMτ ¼ M − ðMμ þMeÞ;
as we mentioned before, the total number of neutrinos M
arriving at the far detector of the experiment can be indeed
efficiently estimated from the number of events obtained at
the near detector [37,38]. An analogous construction
applies for a ν̄μ beam, using projectors onto antineutrino
flavor eigenstates.
As before, by exploiting the formula in Eq. (2) we can

evaluate the FIs corresponding to both neutrino experi-
ments, FνðδCPÞ, and antineutrino experiments, Fν̄ðδCPÞ.
In this case one can verify that the corresponding values
may have a non-negligible difference in some regimes, in
particular for values of δCP corresponding to maximum
CP violation. However, it is still true that the two
quantities are approximately equal for values of L=E
corresponding to probability oscillation maxima, that is,
within the regimes probed by current and future neutrino

FIG. 1. The effective QFI Hν;ν̄ðδCPÞ (green solid line) and the
neutrino appearance probabilities Pðνμ → νeÞ (dashed bordeaux

line) plotted as a function of L=E and for δCP ¼ δðNOÞCP . The two
black points correspond to the value of the QFI for the experi-
ments T2K/T2HK and ESSνSB, identified by considering the
peak energy E of the neutrino spectrum.
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experiments. We can thus define an effective FI that
takes into account both neutrino and antineutrino events
as Fν;ν̄ðδCPÞ ¼ ½FνðδCPÞ þ Fν̄ðδCPÞ�=2.
In Fig. 2, this quantity is seen to depend on both δCP and

on the location of the maxima, in contrast to the QFI.
As required by Eq. (4), the FI never exceeds the QFI: for
all δCP values, Fν;ν̄ðδCPÞ remains below the peaks of
Hν;ν̄ðδCPÞ, indicating that flavor measurements are sub-
optimal for estimating δCP and that the achievable precision
is therefore limited by Fν;ν̄ðδCPÞ. This behavior is a specific
and distinctive feature of δCP compared to the other PMNS
parameters. As shown in Fig. 3, where the QFI and classical
Fisher information (FI) are evaluated for the mixing angle
θ13, flavor measurements are optimal or nearly optimal at
the oscillation maximum. In contrast, for δCP, a substan-
tially larger and persistent gap between QFI and FI is
observed across the parameter range, highlighting its
fundamentally reduced information accessibility in flavor
measurements (more details on the other PMNS parameters
can be found in [31]). The strategy centered around the first
oscillation maximum is strongly suboptimal, yielding FI
values that are several orders of magnitude smaller than the
corresponding QFI. In contrast, around the second oscil-
lation maximum the FI is typically enhanced, in agreement
with earlier analyses [39], which pointed out that the
second peak amplifies the relative dependence of the
appearance probability on δCP. This observation suggests
that experiments targeting the second oscillation maximum,
such as ESSνSB, are intrinsically better suited for the
determination of δCP than first-peak setups like T2K or
T2HK, unless the latter can achieve substantially higher
statistics.

A closer inspection of Fig. 2, however, reveals that this
amplification depends sensitively on the actual value of
δCP. For example, in the case of maximal CP violation,
δCP ¼ π=2, the FI decouples from the oscillation proba-
bility and exhibits oscillations with approximately twice the
frequency: it is strongly suppressed at the second oscil-
lation peak and instead reaches its maximum between
probability minima and maxima. Nonetheless, larger over-
all values of Fν;ν̄ðδCPÞ are still attained at peaks corre-
sponding to higher values of L=E. This indicates that
achieving the corresponding estimation precision requires a
more careful experimental design, going beyond a simple
analysis based solely on probability oscillations. This is
illustrated in Fig. 4, where the effective FI is shown as a
function of δCP for three representative choices of L=E: the
first and second oscillation peaks, and the value maximiz-
ing the FI over the first two periods. While the second peak
generally yields higher FI than the first, this enhancement is

significant only at large δCP, particularly near δCP ¼ δðNOÞCP ,
and is strongly reduced around δCP ¼ π=2, where the
maximum shifts away from the peaks.
These features highlight potential “information blind

spots” in fixed-beam configurations. Tunable setups—such
as off-axis sampling (e.g., DUNE-PRISM) or adjustable
magnetic horns—can mitigate this limitation by enabling a
dynamic optimization of the neutrino flux. For ESSνSB, for
instance, a fixed baseline favors a spectrum peaked around
200 MeV, with further improvement near 300 MeV.
On the optimal measurement for δCP estimation—QET

allows us to identify an optimal measurement such that the
corresponding FI saturates the QFI. This measurement
corresponds to the projection onto the eigenstates of the

FIG. 2. Classical effective FI corresponding to flavor detection
Fν;ν̄ðδCPÞ as a function of the effective baseline L=E and for

different values of δCP: black solid line, δCP ¼ δðNOÞCP ; red long-
dashed line, δCP ¼ π=2; blue dash-dotted line, δCP ¼ 0. The
short-dashed green line corresponds to the effective QFI
Hν;ν̄ðδCPÞ, while the two black points correspond to the value
of the FI for the experiments T2K/T2HK and ESSνSB. These
have been identified by considering the peak energy E of the
neutrino spectrum.

FIG. 3. Classical effective FI corresponding to flavor detection
Fν;ν̄ðθ13Þ as a function of the effective baseline L=E and for

different values of δCP: black solid line, δCP ¼ δðNOÞCP ; red long-
dashed line, δCP ¼ π=2; blue dash-dotted line, δCP ¼ 0. The
short-dashed green line corresponds to the effective QFI
Hν;ν̄ðθ13Þ, while the black point corresponds to the value of
the FI for the experiments T2K/T2HK. These have been
identified by considering the peak energy E of the neutrino
spectrum.
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symmetric logarithmic derivative (SLD) operator Lλ, which
for pure-state statistical models jψλi takes the explicit
form [11]

Lλ ¼ 2ðj∂λψλihψλj þ jψλih∂λψλjÞ: ð9Þ

As is apparent from this expression, the SLD operator is
defined primarily on the two-dimensional “informational”
subspace S ¼ spanfjψλi; j∂λψλig. In this pure-state sce-
nario, the optimal measurement is not unique; one can
prove that any projective measurement corresponding to
a rotation of the eigenstates of Lλ within S is optimal
[40], and thus for example the one including a projection
on jψλi. Furthermore, since the orthogonal complement
S⊥ contains no information regarding the parameter, one
can always identify a locally optimal “on/off” measure-
ment characterized by the projectors Πon ¼ jψλihψλj
and Πoff ¼ I − Πon.
Regarding the estimation of the CP-violating phase δCP,

the optimal measurement corresponding to the eigenstates
of the SLD operator LδCP generally requires a projection
onto a superposition of flavor eigenstates. In particular the
mathematically optimal “on/off” measurement discussed
above only coincides with a standard flavor measurement if
the evolved neutrino state jναðtÞi aligns with a flavor
eigenstate. This occurs only when the neutrino oscillates
back into its initial flavor, the disappearance channel.
However, at these specific points, the state’s sensitivity
to the phase vanishes, leading to a vanishing QFI, and thus
also to a vanishing FI. This confirms the well-known result
that the disappearance channel is fundamentally insensitive
to δCP, and that the information instead resides in the

interference terms accessible only via the appearance
channels or non-flavor-diagonal measurements.
Conclusions—We applied QET to study the estimation

of δCP via neutrino oscillations experiments, computing
both the corresponding QFI and classical FI, in order to
assess whether the current experimental uncertainty is
limited by the information encoded in the neutrino quantum
state itself or by the restriction to flavor measurements,
which constitute the only feasible detection strategy. The
QFI is insensitive to δCP and follows the oscillation pattern
of the appearance probability. The corresponding Cramér-
Rao bound yields σ ∼ 3°, roughly an order of magnitude
smaller than the current best-fit value [1], indicating that
present uncertainties are not limited by the information
encoded in the neutrino quantum state. Instead, we find that
the restriction to flavor measurements constitutes a limiting
factor for the achievable precision. The FI varies with δCP
and grows at higher-order oscillation maxima, revealing
enhanced sensitivity at the second and third peaks. At the
first maximum, where current experiments operate, the FI is
orders of magnitude below the QFI, underscoring the
suboptimal nature of flavor measurement strategies. The
planned ESSνSB experiment, targeting the second peak,
achieves a FI approaching the QFI, demonstrating near-
optimal extraction of the available quantum information.
Although the largest limitation to the precision originates
from the measurement strategy rather than the quantum
state itself, it should still be regarded as an intrinsic
impediment at the first oscillation peak, unless a substantial
increase in statistics becomes feasible. Building on the
present results, an upcoming paper will compute the QFI
and FI for additional neutrino oscillation parameters,
providing a unified framework to compare their respective
sensitivities [31]. This Letter, part of the growing effort to
connect high-energy physics with quantum information
theory and quantum sensing [41–43], provides a quantita-
tive foundation for optimizing future neutrino oscillation
experiments. Our analysis shows that achieving precise δCP
measurements does not require fundamentally new quan-
tum states, but rather a strategic experimental configura-
tion, specifically, targeting higher oscillation maxima, that
maximizes the extraction of existing information.
Although our Letter is primarily focused on the founda-

tional aspects of the quantum metrology applied to neutrino
physics, our results provide a fundamental, model-inde-
pendent benchmark for the precision achievable by current
and future experiments. By deriving the Cramér-Rao bound
in an ideal scenario (assuming perfect detector efficiency
and no matter effects), we provide a hard limit. A violation
of this bound in a proposed experiment would indicate a
flaw in design or a biased estimator. Having such ultimate
limits is a crucial tool for the quantification of such bias.
Furthermore, our framework acts as a diagnostic tool for
prioritizing experimental upgrades. While this Letter estab-
lishes the ideal scenario, the formalism is designed to

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.00

0.01

0.02

0.03

0.04
FI

FIG. 4. The effective FI vs δCP for three representative L=E
values. Black solid line: optimized over the first two oscillation
periods; red dashed line: first oscillation peak taken in corre-
spondence of the peak energy and baseline of T2K/T2HK
(L=E ≈ 490 km=GeV); blue dash-dotted line: second oscillation
peak taken in correspondence of the peak energy and baseline of
ESSνSB (L=E ≈ 1440 km=GeV). The FI are plotted over the
interval ½0; π�, since the results are symmetric with respect to π,
and the corresponding values over ½π; 2π� are obtained by
reflection.
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incorporate experimental imperfections, in a systematic and
relatively simple way. This will allow experimentalists to
quantify exactly how specific factors (such as detector
inefficiencies, matter effects, and nonmonochromatic spec-
tra) degrade the FI relative to the ultimate quantum bound.
Consequently, our approach has the potential to guide the
community on where to focus: it will allow us to identify
which specific experimental limitations are the primary
bottlenecks preventing the saturation of the quantum limit.
More generally, QET thus emerges as a powerful tool for
benchmarking and guiding experimental design in high
energy physics, shifting the focus from sheer statistics to
strategic information use.
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mixing in the lepton sector lies in the mismatch between
the orthonormal basis of interacting flavor eigenstates
(jνei; jνμi; jντi) and the orthonormal basis of mass
eigenstates (jν1i; jν2i; jν3i).
The unitary transformation relating the left-handed

flavor eigentstate neutrino fields to the left-handed mass
eigenstate neutrino fields is the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix:

0
B@

νeðxÞ
νμðxÞ
ντðxÞ

1
CA

L

¼

0
B@

Ue1Ue2Ue3

Uμ1Uμ2Uμ3

Uτ1Uτ2Uτ3

1
CA
0
B@

ν1ðxÞ
ν2ðxÞ
ν3ðxÞ

1
CA

L

: ðA1Þ

Considering neutrinos as Dirac fermions, the PMNS
matrix can be parametrized by three mixing angles (θ12,
θ13, θ23) and oneCP-violating phase δCP. The explicit form
of the PMNS matrix is

U¼

0
B@

cosθ12 cosθ13 sinθ12 cosθ13 e−iδCP sinθ13
− sinθ12 cosθ23− eiδCP cosθ12 sinθ13 sinθ23 cosθ12 cosθ23− eiδCP sinθ12 sinθ13 sinθ23 cosθ13 sinθ23
sinθ12 sinθ23− eiδCP cosθ12 sinθ13 cosθ23 −cosθ12 sinθ23− eiδCP sinθ12 sinθ13 cosθ23 cosθ13 cosθ23

1
CA: ðA2Þ

In the case in which neutrinos are Majorana fermions two
additional phases appear but they do not affect oscillation
probabilities.
From Eq. (A1), considering the quantum excitations of

the fields—i.e., the quantum state of the particles—we can
write

jναi ¼
X
i

U�
αijνii with α ¼ e; μ; τ; ðA3Þ

where jνii denotes the mass eigenstate with eigenvalue mi.
In vacuum, each mass eigenstate jνii is an eigenstate of

the free Hamiltonian with eigenvalue Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
,

where p is the momentum of the neutrino beam, which
without loss of generality is assumed to be identical for all
mass eigenstates:

jνiðtÞi ¼ e−iEitjνii; ðA4Þ

thus propagation modifies the original coherent super-
position in Eq. (A3), which is no longer a pure flavor
eigenstate. Assuming that the neutrino is generated at time
t0 ¼ 0 in a flavor eigenstate jναi, the neutrino state at a
generic time t can be written as

jναðtÞi ¼
X
i

U�
αie

−iEitjνii ¼
X
i

U�
αie

−iEit
X
β

Uβijνβi;

ðA5Þ

where we have rewritten the evolved state in the flavor
eigenbasis since in this Letter we are interested in flavor
measurements. From this expression we observe that the
neutrino state at time t depends on the parameters of the
PMNS matrix, as well as on Ei and t.
The probability that at time t the neutrino of flavor α has

oscillated into a neutrino of flavor β is given by

Pðjναi → jνβiÞ ¼ jhνβjναðtÞij2 ¼
����
X

i
UβiU�

αie
−iEit

����
2

:

ðA6Þ

Since neutrinos are ultrarelativistic, the approximation Ei ≈
pþm2

i =2E with E ≈ p is valid and the probability can be
rewritten as

Pðjναi → jνβiÞ ¼
X
i;j

UβiU�
αiU

�
βjUαjei

Δm2
ji
L

2E ; ðA7Þ

where Δm2
ij ≡m2

j −m2
i and L ≈ ct. Thus the oscillation

probability depends on the PMNS parameters, on the
squared mass differences Δm2

ij, and on the ratio L=E
between the distance traveled by the neutrino and its
energy. In experiments L is referred to as the baseline,
i.e., the distance between the production and detection
points of the neutrino beam.
Expanding Eq. (A7) we obtain

Pðjναi→ jνβiÞ ¼ δαβ

− 4
X
i<j

Re½UαiU�
βiU

�
αjUβj�sin2

�Δm2
jiL

4E

�

þ 2
X
i<j

Im½UαiU�
βiU

�
αjUβj� sin

�Δm2
jiL

2E

�
:

ðA8Þ

We can clearly see that the term “neutrino oscillations” is
used since the probability of flavor changing is a sum of
sinusoidal and sine squared functions of the variable L=E.
Moreover we observe that the phase δCP enters through the
imaginary parts of the PMNS matrix combinations.

On the properties of the QFI—In the Letter we
mentioned that we observe no strong dependence of
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Hν;ν̄ðδCPÞ on the value of δCP. In order to justify this
claim, in Fig. 5 we plot the values of HνðδCPÞ as a
function of δCP and of L=E, with the other parameters
evaluated at the NuFIT best-fit values. We can clearly see
that for fixed value of L=E, the QFI shows little to no
dependence on the value of δCP. In the Letter, we also
affirm that within the parameter regime of interest the
quantum Fisher information for neutrinos and anti-
neutrinos satisfies HνðδCPÞ ≃Hν̄ðδCPÞ. The validity of

this claim is shown in Fig. 6, where we show the
relative difference of these two quantities Δν;ν̄ ¼
2jHν −Hν̄j=ðHν þHν̄Þ as a function of δCP and L=E. In
the region of interest, corresponding to the oscillation
peaks, this difference is at the level or below Oð1 ×
10−1Þ and is thus not significant, particularly in view of
the small absolute value of the QFI (see Fig. 5).

FIG. 6. Relative difference of Hν;ν̄ as a function of δCP and
L=E. The relative difference is of the order or below 5% for
almost all parameter space. The peaks in the relative difference
are due to the smallness of the QFI in those region rather than on
an actual significant difference in the QFIs.

FIG. 5. Contour plot showing the dependence of the QFI
HνðδCPÞ on the value of δCP and on the value of L=E. Analogous
plot is obtained for Hν̄ðδCPÞ.
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