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We propose a probabilistic construction of imaginary Liouville field theory based on a real
(noncompactified) Gaussian free field. We argue that our theory represents the first explicit Lagrangian
field theory that generates the imaginary Dorn, Otto, Zamolodchikov, and Zamolodchikov (DOZZ)
constants without requiring a neutrality constraint. The validity of our theory is backed up by exact results
on the behavior of the imaginary multiplicative chaos on a circle, and by numerical simulations on the
theory on the sphere. In particular, the three point functions of the theory that are in a very good agreement

with the imaginary DOZZ constant.
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Two dimensional conformal field theories (CFT) are
quantum field theories that can sometimes be solved within
the framework of the so-called conformal bootstrap, based
on consistency relations, in a somewhat axiomatic fashion
[1]. Over the past decade, mathematicians have developed a
probabilistic construction of 2D CFTs, thereby providing a
rigorous definition of correlation functions in terms of
averages over random Gaussian free fields (GFF) [2]. The
Liouville field theory (LFT),) is a one-parameter (b) family
of CFT with a continuous family of scaling exponents.
When b €R it appears as a universal building block for
a variety of models for 2D gravity [3]. It also plays a
crucial role in recent statistical physics applications, such as
the derivation of backbone exponents in percolation [4].
The greatest achievement of the probabilistic approach
is the rigorous derivation of the corresponding bootstrap
solutions of LFT,, c g [5]. The analytic continuation b — i
with # € R of the LFT,, c g bootstrap solution is not possible
[6]. This reflects the fact that the LFT;4 ¢ theory, which we
will refer to as imaginary LFT (also called “timelike
Liouville” by string theorists), is inherently ill-defined as
a quantum field theory.

The existence of the imaginary Liouville theory had long
been suggested by quantum gravity models [6—11] and by
geometric statistical models, such as the O(n) loop models
and the related Potts models. Indeed these latter models
have provided a statistical interpretation of 3 the point func-
tion given by the imaginary Dorn, Otto, Zamolodchikov,

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/26/136(3)/031601(6)

031601-1

and Zamolodchikov (DOZZ) constant [12,13], postulated
to be the 3-point function of LFTj; [7,14]. The long-
standing question remains of whether and how the prob-
abilistic formulation of the imaginary LFT can be achieved,
thereby placing the theory on solid footing and resolving
the inherent ill-definedness.

A probabilistic construction of a compactified version of
the LFT;4 [15,16], named compactified imaginary Liouville
theory (CILT), has recently been achieved. This theory,
based on a GFF taking values on a circle, is strictly related
to the Coulomb gas formalism for minimal models [17,18],
and has discrete spectrum. In particular, the central charge
Ccharge < 1 can only take discrete values and the correlation
functions vanish unless they satisfy a selection rule, known
as the neutrality condition. These selection rules impose
strong constraints, making the theory too limited to describe
observables in geometric statistical models or for applica-
tions in quantum gravity.

Here, we propose a probabilistic construction of LFT;,
based on a real (noncompactified) GFF and the theory of
imaginary Gaussian multiplicative chaos (GMC), with a
continuous family of scaling exponents. We show in
particular that our theory is the first explicit Lagrangian
field theory that generates the so-called imaginary DOZZ
structure constant without requiring a neutrality constraint.
The imaginary DOZZ constant governs amplitudes in
geometric statistical models, such as the 3-point connec-
tivity of the random Potts model, and emerges as a
fundamental component of new bootstrap solutions. Our
approach establishes a natural extension of compactified
imaginary LFT and offers a new perspective on CFTs with
central charge ccparee < 1, With potential implications for
statistical physics and 2D quantum gravity.

Consider a surface £ with boundary 0% and equipped
with a fixed background metric. We denote by dv and d7

Published by the American Physical Society


https://orcid.org/0000-0002-4087-084X
https://orcid.org/0000-0002-8072-8522
https://orcid.org/0000-0003-2234-7171
https://orcid.org/0000-0002-8975-2545
https://ror.org/00w67e447
https://ror.org/02feahw73
https://ror.org/03xjwb503
https://ror.org/03xjwb503
https://ror.org/03ab0zs98
https://ror.org/03ab0zs98
https://ror.org/035xkbk20
https://ror.org/02feahw73
https://ror.org/042h2y225
https://crossmark.crossref.org/dialog/?doi=10.1103/d723-gk4m&domain=pdf&date_stamp=2026-01-21
https://doi.org/10.1103/d723-gk4m
https://doi.org/10.1103/d723-gk4m
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 136, 031601 (2026)

the corresponding area and length measures on X and 0Z,
and by K and k, respectively, the Ricci and geodesic
curvature of X and 0X. The LFT;; action takes the form

' 1 .
SP(E. ) = [ (40P + 10K+ ue)av +

1 , 2
+§/E (1Qk¢+,uge ¢)df, (1)

where ¢(x) is the fundamental field, u, upz € R are usually
known as, respectively, the bulk and the boundary cosmo-
logical constants. We take the parameter f € R and one sets
O = (B/2) — (2/p), ensuring that the resulting quantum
field theory is conformally invariant with central charge
Ccharge — 1_6Q2 <L

Let us discuss first the simplest case of the imaginary
LFT;s on a circle. The “circle Liouville theory” corre-
sponds to the LFT;; on the flat unit disk, £ = D with the
Euclidean metric and ¢ = 0. We split the Liouville field
¢(x) as p(x) = X(x) + ¢, where c is a constant and X is the
(real) GFF on the disk with covariance E[X(x)X(y)] =
—log |x — y||l —xy| (Neumann boundary condition). As
we show below, the important difference with respect to
previous works is that we allow the constant ¢ to take
general complex values, c €C.

The basic objects in LFT are defined through an ultra-
violet regularization of the GFF X, at scale ¢ > 0. The
primary field of the imaginary LFT are vertex field V, with
scaling dimension A = (a/2)[(a/2) - Q], with a€R.
They are defined by

Vo (x) = lim e~% eleXel2) o)
“ e—0 ’

xeD. (2)

The simplest nontrivial correlation function of the theory is
the 1-point function:

(V) = / Vo(0)e-SE @Dy, 3)

where [D¢ denotes the path integral over ¢. The prob-
abilistic construction of the above correlation function
involves the GMC on the circle S:

1 2z 2, ;
M = lim —/ (e_ﬁ?e‘gxc(e 9))dt9, (4)
0

e—0 271'

and the corresponding moment generating function
G5 () = E[e™"]. (5)

We restrict ourselves to the range of values € (0,1/2). In
that case, the limit in (4) is nontrivial and defines a random
variable with finite Z*> moments, E[|M3]*] < co. Outside of

this range, the limit cannot be given sense as a random

variable. The full phase diagram of the imaginary GMC

was studied in [19]. Furthermore, for & (0, \/E) the
random variable has exponential moments so that the
expectation (5) is well defined [15].

Splitting the integration [Dg¢--- = [dcE[...], and
using the definition (1), the 1-point correlation function (3)
can be expressed as

(Vo) = /c el#-0)eG (uyels ) de. (6)

The crucial point here is the choice of the contour C in the ¢
complex plane. As proposed in [6], the definition of the
LFT;s path integral could, in principle, be understood by
the use of Morse theory. This would involve deforming the
integration path into a sum of Lefschetz thimbles, which are
the infinite-dimensional generalization of steepest descent
contours [20]. Building from this idea, the semiclassical
limit of the imaginary DOZZ function was studied and
found to exhibit an analytic behavior similar to that of the
inverse I function [6]. Note that, in the minisuperspace
approximation where only the constant mode c is integrated
over, Mj =1 and Q?(,uBei(ﬁ/z)C) — exp(uge'?/?)e), the
integrand in Eq. (6) is the same as the I' function.
Taking C as a U-shaped (Hankel type) contour provides
the integral representation of the inverse I" function. It was
showed in [21] that U-shaped integrals are key to perform-
ing the analytic continuation of the lattice LFT, when b
approaches if. Inspired by these results, we set C = U,
where U consists in the lines [0, —ic0), [0, (47/f)], and
[(47/B), (47/p) — ic0), see Fig. 1. It turns out that this

Im(c)
—— -5 < Re[A(e)] <O
—— —10 < Re[A(¢)] < =5

Re[A(c)] < —10

P L{ T Re(c)
_2n 27 6m
B8 B B

FIG. 1. In the ¢ complex plane, the regions where Re[A(c)]

takes smaller and smaller negative values, where A(c)=
ifisc/2 + log Q?(,uei/’/ 2¢), are shaded in different blue tones.
One can see that on the U/ contour (shown in black) the one-
point function (6) is well defined. The parameters used in the
above picture are f = 0.6, s = 0.37, and pup = 1.
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choice of contour is perfectly consistent with the behavior
of the Laplace transform g§ (1) as we show rigorously that

2\ % _4
Q,?(u)”ﬁ“r(H%)ﬂr%H)u 7. (7)

A short proof of Eq. (7) is provided in the End Matter. By
taking C = U, Eq. (6) then perfectly makes sense because
the integral converges on the contour /. It yields a non-
trivial quantity for s = —[2/f](a — Q):

Iy g
2

. 5>
_471. e—msﬂsB F(l—FS/T)
T pIQ 2\ s
B I( +S)r<1+%)

(8)

If seN, the two vertical branches of the contour cancel
each other and we are left with the horizontal contribution
of the contour. This expression is computable with straight-
forward Fourier analysis and yields

v = [ et [0 ac
0
:4_”(—/43)S
p s
_ 47[(—/43)SF(1 + Sl%)

©)

The expression (9) can be seen as the circular version of the
Coulomb gas (CG) integral and it is an evident extension
of (8) for real values of s. Moreover, we also observe below
that, up to some normalization-dependent multipliers,
the (V,(0))-T satisfies the same shift relations as those
satisfied by the real LFT, on the circle. This is not
surprising: the correlation functions of LFT theories are
known to obey shift relations stemming from the insertion
of degenerate states, which are assumed to be present in the
theory. The behavior of these states depends only on the
structure of the Virasoro algebra and is therefore expected
to remain invariant under the analytic continuation of the
parameters b and a. The 1-point function of the real LFT,,
(V,(0))LF o can be computed as the solutions of these shift
relations or via the standard probabilistic expression

- %ﬂ—fr<1 - %2) E1“(5)1“(1 + 5%2), (10)

with § = [2/b](a — Q). There is a simple relation between
the 1-point function of the standard theory (V) Te, which
can be formally continued to b =if, and the 1-point
function of our theory:

< Va> LFT,

ielﬂs

(Vi) Toow = (Vo). (11)

2sinzs

This last expression echoes the relation between the real
DOZZ formula and the imaginary DOZZ formula [22],
the coefficient (ie'™ /2 sin zs) playing the role of the step
function in [23]. We observe also that (V;, )"~ can be
obtained directly from (6) if one chooses as a contour
C =1iR: by standard contour deformation, one has
(1 —e%) [(wdc---= [,dc---, which yields the rela-
tion (11). Notice that the (V;,)"FTo-is for = /2, ie.,
Ccharge = 1, was also derived in [8], while a study of the
solutions of the shift relation for ¢ g < 1 and for non-
vanishing bulk cosmological constant, was considered
recently in [24].

The 1-point function of the imaginary LFT reveals that,
depending on the choice of contour for integrating the
constant mode, one obtains two strictly related theories.
The first one corresponds to the analytic continuation of
the real LFT, under b — if. A characteristic feature of
this solution is that it includes the CG integrals as its
residues when s €N. The second, the LFT;s, is defined
using the contour I/ and constitutes a direct extension of the
s-dimensional CG integrals to s € R. We have also ana-
lyzed and exactly solved a special bulk-boundary 2-point
function. In particular, we checked that thanks to the
asymptotic behavior (A8) the integral over the U/ contour
is well defined in this case as well, see [25] which cites
Refs. [26-32].

The results discussed so far pertain to the simplest
correlation function and rely on the behavior of the
imaginary chaos on the circle. To gain a deeper under-
standing, it is necessary to investigate more complex
correlation functions that depend on the imaginary GMC
on a two-dimensional manifold. Among these, the 3-point
correlation function on the sphere S? is the simplest and
most significant. As mentioned in the introduction, it is
well known that, unlike the 1-point function, the 3-point
function of the LFT;, does not admit an analytic continu-
ation to b — i3 when ?> ¢ Q. However, we show that it is
possible to define a path integral formulation of LFT;,
which extends the CG results and agrees with the alter-
native bootstrap solutions defined for ¢ o < 1, namely,
the imaginary DOZZ structure constant.

We identify S* with the extended complex plane ¢ =
CU {0} that we equip with the background metric
|z|7*|dz|*, where |z|, = max(|z|,1). The area form dv
and the scalar curvature K are, respectively, given by dv =
|z|7*dxdy for z = x +iy and K = 45,_;. We split ¢(x)
as ¢(x) = X(x) + ¢, where ¢ is a complex constant and
X(x) is a real centered GFF on € with covariance
EX(x)X(y)] = —log|x — y| +log|x|,|y|.. The vertex
operator V,(x) is still defined as in (2), where one replaces
the disc GFF by X. The n-point correlation function is

031601-3



PHYSICAL REVIEW LETTERS 136, 031601 (2026)

expressed as

<H Va,-(xi)> = / [[Va (e C0Dg. (12)
i=1 i

In this Letter, we restrict our focus to the 3-point functions
Cy = (V,(0)V,,(1)Vg,(00)), a= {a;}, which are the
structure constants of the theory. The main object entering
the definition of the functions C, is the imaginary chaos
with insertion of charges:

— |2/ |z - 1|ﬁ g ipX, (x)
M g iy [ P St e, 13

where @ = a; +a, + a3 and X
larization of the GFF at scale ¢.

g 18 an ultraviolet regu-

The imaginary chaos M Cﬂ is well defined and nontrivial
[19] when a; > Q, > < 2. Both conditions are needed to
make the random variable probabilistically well defined,
with finite L? moments [15]. Again, these conditions also
ensure that Mﬁé,a has finite exponential moments in such a
way that the corresponding generating function

G5 () = E[e7Mia] (14)

is well defined [15]. Analogously to the circle case, we
define the LFTj; by integrating the constant mode ¢ over
an U-type contour, U, consisting in the lines [0, —ico),
[0, (2z/p)], and [(27/p), (27/pB) — ico)—see Fig. 2. The
structure constants of the theory are

Imec
. . ) A- 20
-3 3 = Rec
—0.5 A
10
A Y
FO
F—10
L 20

FIG. 2. Contour lines of the real part of i(@— Q)c+
log[Gy,(€”°)], as from numerical simulations with N =

12000 independent samples of the chaos, f =04, a; = a, =
—4.0, a3 = -2.4.

Ca:Aei(&_zg)cgga(ueiﬁc)dc. (15)

We conjecture that the gé’a(u) behaves similarly to the
circle case g§ (1). We computed numerically the function

g_a (u), for different values of §§ and the a;’s, satisfying the
conditions above.
In Fig. 2, we show the contour lines of i(a — Q)c +

log Q};‘a(eiﬁ"), supporting our conjecture that the definition

(15) perfectly makes sense.
Let us rewrite Eq. (15) in a more suggestive form:

Cp = (=1 + e72im) /_ ” e‘iﬁscgga(ueiﬁc)dc+
0
Z A .
+ /)ﬁ e—lﬁscg}ia(ﬂelﬁc)dc’ (16)

with s = (20 —a/p). When s€N, the definition (16)
includes as a special case the diagonal sector of the
CILT for which the structure constants are given by the
Dotsenko-Fateev integrals given below (29). The LFT;g, as
defined above, represents an extension of the Coulomb gas
correlation functions—and hence of the CILT—to real
values of the parameter s. Fortunately, we can compare
numerically the 3-point function (16) to the imaginary
DOZZ structure constant CI"POZZ This constant was
introduced in [7,14,22,33] as the unique solution to a pair
of shift equations at ¢ parpe < 1. Moreover, it can be derived
as the unique analytic continuation of the Dotsenko-Fateev
integrals with 3 electric charges [12,14,33] consistent with
the duality # — —(4/p). This is precisely why our theory
should satisfy

C, = ClDO72, (17)

Our numerical simulations exhibit excellent agreement
with Eq. (17). The quality of that agreement is illustrated
in Fig. 3. Further details about numerical simulations are
given in [25], including a discussion of their range of
validity.

In summary, we have proposed a probabilistic definition
of the imaginary LFTj; correlation functions based on the
imaginary GMC, giving sense to a path integral in which
the zero mode is integrated along a Hankel-type contour.
In the case of the 3-point function, this leads to the
expression (15). The validity of our construction relies
on the asymptotic behavior of the moment generating
function of the imaginary GMC, which we confirmed in
the case of imaginary chaos on the circle, where exact
results are available. Furthermore, we did test our theory
through a highly nontrivial comparison between numerical
simulations and the imaginary DOZZ structure constant.
Our results not only provide a direct probabilistic definition
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FIG. 3. Overview of the match between the imaginary DOZZ

formula and the numerical simulations of LFTj; three-point
function. The relative deviation is shown in the inset. The area
ay < Q is shaded in gray, and the poles and zeros of C'™PO%Z are
marked by vertical lines. See [25] for further details.

of the imaginary DOZZ structure constant, but also high-
light the existence of a CFT that arises as the analytic
continuation of CILT. An important open question raised
by our results concerns the factorization properties of the
4-point function. Notably, the only known noncompact
bootstrap solution featuring C"™P9%Z as structure constants,
introduced in [23], is not an extension of the Coulomb
gas integrals [25]. We leave this question for future
investigation.
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End Matter

Imaginary GMC on the circle: Exact results—We give
a derivation of Eq. (7). We use the following property of
the GFF under consideration:
lim e =5 E [eigxc@w‘ )eigxc@"’?)]

e—0

= |ei91 - ei92|ﬂ72. (A1)
An explicit implementation of the UV regularization € is
provided in Supplemental Material [25]. By Wick’s
theorem, the n th moment of the imaginary chaos
E[(M})"], n€N is expressed in terms of the integral:

Sy do

[EMSn:/ i(i_i&kﬁ _l
[( ﬂ)] (0.22]" 15/1191’6 e ‘2 2z

i=1

(A2)

This is a Selberg-type integral whose value is given

by [31]
E[(M5)"] = <1+£) < +ﬂ;)_". (A3)

This allows us to give an integral representation of the
moment-generating function g/? (1):

(A4)

for fi=u/T[1 + (6*/4)], where we use the integral
expression of the I" function.

In the limit 4 — —o0, the above integral is dominated by
its saddle-point: g§ grows exponentially in this u direction,
see [25]. In the limit 4 — oo, the integral has no real saddle
point, but a change of variable produces

_s o B %
=ar e IR gy
0

and expanding the term exp(—i~*/#")r) in power series
leads to the asymptotics (7). We have also solved the case
where one inserts in the correlation function, besides the
vertex V,(0) at the origin, a vertex V, (1) at the boundary,
with # = /2. In the bulk-boundary correlation function
the main role is played by

G5 () (A3)

G5, (k) = E[e], (A6)

where

1 2r . i
Setting # = /2, we have when y — oo:
4 4 /32 i2 41
G, (1) NEFCEJF 1>r<1 +Z>” w7 (A8)
Imaginary DOZZ structure constant—The CImMPOZZ g

expressed in terms of functions (4, (x), which are

strictly related to the double I' function, see Sec. 7 of
[15]. Using the same field normalization as in [15],

C{{‘Egozz is
s b_a
cimpozz _ 27 [ —# (é) 0ps T/%(Q +3 z) 8
2
PuE)) N
L Ty(6-5+ )
x (BI)
I Tg (% + “i)
where y(x) =T'(x)/I'(1 —x). Using the recursion
properties of the Y (45)(z) functions:
P\ _ (B ()
2 2\ [B\F!
n(e+5) =G 6) e e

one can show that when s €N, Eq. (B1) yields the value
of the Coulomb gas integral with three electric charges:

seN —ifs 2”( ) K
cgo g / G, -5 E[(Mf,)] =
s NZ”
= [Tigie; = 1=
xIIm—@W=
i<j=1
s s . 3%
_27z —u j:17<.]%>
_ = - . ,
p 7(’%) pat] ?:17( P 4)
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