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We present results for the dominant light-quark connected contribution to the long-distance window of
the hadronic vacuum polarization (HVP) contribution to the muon g − 2 from lattice quantum chromo-
dynamics. Specifically, with a new determination of the lattice scale on MILC’s physical-mass HISQ

ensembles, using theΩ− baryon mass, we obtain a result of all;LDμ ðconnÞ ¼ 400.2ð2.3Þstatð3.7Þsyst½4.3�total ×
10−10. Summing this result with our recent determinations of the light-quark connected contributions to the
short- and intermediate-distance windows, we obtain a subpercent precision determination of the light-
quark-connected contribution to HVP of allμ ðconnÞ ¼ 655.2ð2.3Þstatð3.9Þsyst½4.5�total × 10−10. Finally, as a

consistency check, we verify that an independent analysis of the full contribution is in agreement with the
sum of individual windows. We discuss our future plans for improvements of our HVP calculations to meet
the target precision of the Fermilab g − 2 experiment.

DOI: 10.1103/d583-yhfs

Introduction—The muon’s anomalous magnetic moment
or “muon (g − 2)” is one of the most sensitive probes of the
standard model of particle physics, with both the exper-
imental results [1,2] and the standard model prediction [3]
reaching precisions well below one part per million.
Tensions between theory and experiment in this quantity
have long captured the attention of particle physicists since
the results of the E821 experiment at Brookhaven [4]. With
forthcoming experimental results from Fermilab [2] and
J-PARC [5,6] expected to improve further the accuracy of
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the muon (g − 2) measurement, concurrent improvements
in the standard model theoretical calculation are urgently
needed.
Although they are a relatively small part of the total

prediction, the contributions to the muon (g − 2) from had-
ronic physics are among the most challenging to calculate
due to strong coupling effects. The muon does not feel the
strong force directly, so these contributions arise from
corrections to either the photon two-point function (hadronic
vacuum polarization, or HVP), or the photon four-point
function (hadronic light-by-light scattering, or HLbL). As
described in detail in Ref. [3], both HVP and HLbL can be
estimated either from dispersive theory relying on exper-
imental measurements of hadronic processes or calculated
ab initio using lattice QCD.
Of these quantities, HLbL represents a smaller contri-

bution to muon (g − 2) but is also more difficult to calculate
precisely. While previous summary reports from the Muon
g − 2 Theory Initiative [3,7] already found good agreement
between dispersive evaluations [8–21] and lattice QCD
calculations [22,23], more recent lattice and dispersive
results [24–54] are rapidly pushing this quantity toward the
precision goals needed for the final muon (g − 2) exper-
imental results.
For HVP, rapid progress on the lattice QCD side [55–67]

has revealed tensions between lattice HVP results and data-
driven dispersive estimates [7,68]. Efforts to understand
these tensions, as well as to cross-check systematic effects
in lattice calculations from different groups, have led to
widespread study of HVP restricted to Euclidean windows
[69], which isolate the contribution from a particular
temporal range. Corresponding dispersive estimates of
HVP restricted to the same windows [68,70–73] can be
studied and compared with lattice results, an approach that
can help shed light on these tensions.
In this Letter, we present results for the dominant long-

distance (LD) window contribution to HVP, specifically the
connected contributions from light (up and down) quarks in
the isospin-symmetric limit, which comprise about 90% of
the total HVP. LD window quantities suffer from large
statistical noise and are sensitive to systematic effects from
finite lattice volume and scale-setting [74] uncertainties.
This work employs the high-statistics lattice datasets that
were used to study the short- and intermediate-distance
contributions in Ref. [67]. As in that work, we set the lattice
scale at high precision using the mass of the Ω− baryon
[75,76]. The combination of high statistics and improved
scale setting allows us to achieve greatly improved pre-
cision for the LD HVP as well as for the full light-quark
connected HVP by summing our LD window result with
the other window observables calculated in Ref. [67], and
updated here with the improved scale setting.
Definitions—The leading-order (LO) hadronic-vacuum-

polarization contribution to the muon anomalous magnetic
moment aμ ≡ ðg − 2Þμ=2 is obtained via

aHVP;LOμ ¼ 4α2
Z

∞

0

dt CðtÞK̃ðtÞ; ð1Þ

where α is the fine-structure constant, the kernel K̃ stems
from quantum electrodynamics (QED) [77,78], and CðtÞ ¼
1
3

P
3
k¼1

P
x hJkðx; tÞJkð0Þi is the Euclidean-time two-point

correlation function of the electromagnetic current
JμðxÞ ¼ P

f qfψ̄fðxÞγμψfðxÞ, summed over all quark fla-
vors f∈ fu; d; s; c; b; tg of electric charge qf. Lattice-QCD
calculations of aHVP;LOμ separately compute the contribu-
tions from each quark flavor and from connected and
disconnected Wick contractions. Additionally, these cal-
culations are performed in the isospin-symmetric limit in
pure QCD where the up- and down-quark masses are taken
to be equal and QED effects are removed. The effects of
isospin-breaking corrections are studied in Ref. [67,79]. In
this Letter, we focus on the dominant isospin-symmetric,
light-quark connected (LQC) contribution allμ ðconnÞ.
We also consider window observables [69] that restrict

the Euclidean-time region over which CðtÞ is integrated,

awinμ ¼ 4α2
Z

∞

0

dt CðtÞK̃ðtÞWwinðtÞ: ð2Þ

Here, we focus on the “long-distance” window defined by

WLDðtÞ ¼ 1

2

�
1þ tanh

�
t − t1
Δ

��
; ð3Þ

with t1 ¼ 1 fm, and Δ ¼ 0.15 fm. This window is com-
plemented by the “short” (SD) and “intermediate” (W)
distance windows, defined in Eqs. (2.9)–(2.12) of Ref. [67]
and studied there in detail, to cover the full integration
region. The functions for the three complementary win-
dows (SD, W, and LD) are shown in Fig. 1. The LD
window covers the tail of the integrand, also shown in
Fig. 1, where statistical errors increase significantly. Our
strategies for alleviating this issue are discussed in detail
below and in Supplemental Material [80].
Physical inputs—This calculation makes use of ensem-

bles of four-flavor gauge-field configurations. Converting
the lattice results into physical units requires the selection
of a set of physical inputs that determine the quark masses
and the lattice spacing (or scale). The masses of the u, d, s,
and c quarks are determined by the masses of the πþ; K0,
Kþ, andDþ

s mesons. Following our previous work [67], we
define the physical point in the isospin-symmetric limit of
pure QCD with Mπþ ¼ 135.0 MeV, MK ¼ 494.6 MeV,
and MDs

¼ 1967 MeV [85]. In this prescription, we work
with the physical light-quark mass ml ≡ ðmu þmdÞ=2.
We set the lattice scale using the Ω− baryon mass

[75,76]. To fix the scale to the pure-QCD world, we use
the value of MΩ ¼ 1.67126ð32Þ GeV [75,76], obtained by
subtracting the QED effects. The error includes statistical,
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correlator-fit-systematic, and continuum-extrapolation un-
certainties. Systematic errors from finite volume, strong
isospin breaking, and charged sea-quark effects are sub-
leading. We also consider a secondary scale setting based
on the pion decay constant fπ [86–88] using the physical
value fπ ¼ 0.130 50ð13Þ GeV [85,89], allowing a consis-
tency check between the two most commonly used scale-
setting observables for allμ ðconnÞ. Values for aMΩ and afπ
on the ensembles used in this work are given in Table I.
Lattice ensembles and correlation functions—The lattice

ensembles and correlation function datasets employed in this
work are described in detail in Ref. [67]. Briefly, this work
employs gauge-field ensembles generated by the MILC
Collaboration [90–93] with light, strange, and charm quarks
in the sea (all tuned to their physical values) spanning the
range of lattice spacings of a ≈ 0.15–0.06 fm, as summa-
rized in Table I [94]. Further details on the quark masses
and corresponding meson masses are given in Table II of
Ref. [67]. The vector-current two-point correlation function
datasets are described in Table IV of Ref. [67] and the
corresponding renormalization factors ZV are taken from
Refs. [96,97] and listed in Table III of Ref. [67]. We use the
“local” and “one-link” current datasets, which correspond to
two different discretizations of the vector current, on the

a ≈ 0.12, 0.09, 0.06 fm ensembles, all of which were
generated using low-mode averaging [98–100].
Analysis strategy—Our overall strategy for HVP observ-

ables is described in Ref. [67]. In particular, the lattice
corrections, continuum fit functions and strategy for per-
forming the continuum extrapolations, the Bayesian model
averaging (BMA), and systematic error estimates follow
the detailed description of Ref. [67]. As in Ref. [67], each
individual HVP observable was multiplied with an
unknown blinding factor, which was removed only after
the analysis was finalized.
Long-distance HVP observables are affected by the

well-known, rapid growth of statistical errors in the
vector-current correlation functions [101]. While the exact
low-modes used in the generation of the correlators help to
reduce the statistical errors at large Euclidean times, these
errors are still a significant source of uncertainty. We
address this issue with a correlator-reconstruction strategy
to replace CðtÞ at large times. In Ref. [102], a precise
reconstruction of the vector-current correlator at large
times, obtained from an exclusive channel study of the
two-pion contributions, was used to test the fit method
(described below). The fit was found to provide a reliable,
albeit less precise, description of the vector-current corre-
lator in the long time region. Hence, our results are obtained
with this approach; we also employ the bounding method
[69] as a cross-check (see Supplemental Material [80] and
references).
Fit method—In this approach, the correlation function

data are fit over the range tmin ≤ t ≤ tmax to a function
matching the expected spectral decomposition. The noisy
correlation function data is then replaced with the fit
reconstruction at large Euclidean distances, t ≥ t⋆, where
t⋆ is a hyperparameter that we optimize by minimizing
the overall variance of aμ. Each fit makes use of the full
sample covariance matrix over the fit range, which is well
determined for all lattice spacings and currents.
The spectral decompositions of the staggered correlation

functions employed in this analysis contain two towers of
states, one of which has an oscillating phase, yielding the
following fit function:

TABLE I. Ensemble parameters used in this Letter. The first column lists the approximate lattice spacings in fm using MΩ scale
setting. The second column gives the spatial length L of the lattices in fm. The third column lists the volumes of the lattices in number of
space-time points. The fourth column gives the sea-quark masses in lattice-spacing units. The fifth column lists the Ω− baryon mass in
lattice units, aMΩ [75,76]. The sixth column lists the values of afπ .

≈a=fm LMΩ
=fm N3

s × Nt amsea
l =amsea

s =amsea
c aMΩ afπ

0.15 5.00 323 × 48 0.002 426=0.0673=0.8447 1.3246(26) 0.100 015(39)
0.12 5.95 483 × 64 0.001 907=0.052 52=0.6382 1.0494(17) 0.080 290(62)
0.09 5.70 643 × 96 0.001 326=0.036 36=0.4313 0.75372(97) 0.058 145(63)
0.06 5.48 963 × 128 0.0008=0.022=0.260 0.4834(11) 0.037 526(32)

FIG. 1. The SD (red), W (black), and LD (blue) window
functions as defined in the text, overlaid with raw lattice data for
the LQC vector correlator multiplied by the integration kernel
CðtÞK̃ðtÞ (green crosses) on our 0.06 fm ensemble. Note that the
data points show the characteristic oscillating behavior of
staggered fermions due to parity mixing at finite lattice spacing.
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CfitðtÞ ¼ constþ
XNstates

n¼0

�
Z2
n

�
e−Ent þ e−EnðT−tÞ�	

þ ð−1Þt
XMstates

m¼0

�
Z2
m;osc

�
e−Em;osct þ e−Em;oscðT−tÞ�	; ð4Þ

where the energies ðEn; Em;oscÞ, amplitudes ðZn; Zm;oscÞ,
and constant term are the parameters obtained from the fit.
Here, T ¼ aNt is the temporal extent of the lattice, and the
term that is constant in time separation t incorporates the
leading additional finite-T effects [102,103]. The vector-
current correlators are too noisy to resolve precisely the
low-lying two-pion states that contribute to the correlator at
large times. Hence, the low-lying spectrum obtained with
the fit method is only approximate, representing a mix of
the ρ meson and two-pion states. Tests of the fidelity of the
fit in reproducing the correlator are given in Supplemental
Material.
Rather than using a single fit ansatz, we carry out a

model average over multiple values of tmin using the
Bayesian Akaike information criterion with the data-subset
penalty [104,105], holding tmax fixed at a value beyond
which the noise-to-signal rises above 85%. The value of
tmin is allowed to vary over a restricted range. Log-normal
priors are employed for the energies and amplitudes,
following Ref. [106]; the prior for the constant term is
set based on the energy and amplitude priors to match the
leading constant contribution of Z2

0e
−EπT . Choices of fit

hyperparameters and results for ground-state energies are
given in Supplemental Material.
Our final CðtÞ, which enters into Eqs. (1) and (2), is

constructed by taking the raw data CðtÞ for t < t⋆ and
CreconðtÞ for t ≥ t⋆; the latter corresponds to the prediction
of the fit model Eq. (4) evaluated in the limit T → ∞. Other
variations of the analysis choices, such as changing the
number of states, have been tested and have negligible
impact on the results.
Following the correlator reconstruction, to calculate aμ,

we extend the independent time range of our correlation
function dataset from Nt=2þ 1 to 2Nt using the infinite-T
correlator reconstruction and then integrate Eqs. (1) and (2)
using the trapezoidal rule. All error propagation is carried
out using GVAR [107], cross-checked using jackknife
resampling.
Lattice corrections—We perform explicit corrections for

finite volume (FV), pion-mass (Mπ) mistuning, and (option-
ally) taste breaking (TB) in that order, using the effective
field theory based correction schemes described in Ref. [67];
details are shown in Supplemental Material. Finite-time
corrections, computed using next-to-leading order chiral
perturbation theory (NLO χPT) [55], on the contribution
from t < t⋆ are negligible at the current level of precision.
Continuum extrapolations—The continuum extrapola-

tions of our all;LDμ ðconnÞ and allμ ðconnÞ data are based on

the form aμða;MAÞ ¼ aμ½1þ FaðaÞ þ FMðMAÞ�, where
FMðMAÞ accounts for residual sea-quark mass-mistuning
effects and is given in Eq. (3.7) of Ref. [67] and

FaðaÞ ¼ Ca2;nðaΛÞ2αns þ
Xm
k¼2

Ca2kðaΛÞ2k; ð5Þ

where n ¼ 1, 2 (n ¼ 0) for the local (one-link) current, and
m ¼ 2, 3. As described in Ref. [67], the Gaussian prior
Ca2m ¼ 0ð2Þ is imposed on the highest-order terms. In joint
fits to data obtained from the local and one-link currents,
the parameters in FMðMAÞ and aμ are shared.
We first employ the empirical Bayes procedure discussed

in Sec. III.C of Ref. [67] to obtain guidance for the choice
of scale Λ and the relevant terms in the continuum fit
function. The procedure is performed for both currents
independently and jointly, and separately for data corrected
and not corrected for TB effects. After varying the
correction schemes and windows, as well as correlator-
reconstruction methods, we find Λ ≈ 0.5 GeV for data
corrected for TB effects and Λ ≈ 1.0 GeV for uncorrected
data, reflecting the fact that discretization effects are larger
in the uncorrected allμ ðconnÞ data. The empirical Bayes
analysis further reveals that the data corrected for TB is
sensitive to discretization terms up to a4, whereas the
uncorrected data is sensitive to terms up to a6. Hence, we
consider variations of the functions FaðaÞ where m ¼ 2
(quadratic) or m ¼ 3 (cubic). For the quadratic fits, we
consider a variation where the 0.15 fm data point is
dropped. For datasets not corrected for TB effects, we
perform only joint fits and fix n ¼ 2 for the local current to
account for the dominant TB effects [59].
Continuum extrapolation BMA—Systematic uncertain-

ties are estimated using BMA [104,108], following the
procedure and formulas detailed in Refs. [59,67]. In the
BMA, we include variations for all FV, Mπ-mistuning,
and TB correction schemes discussed in Supplemental
Material, namely next-to-next-to-leading order chiral
perturbation theory, chiral model (CM), and Meyer-
Lellouch-Lüscher-Gounaris-Sakurai. We always correct
both currents using the same scheme. Extrapolations using
Meyer-Lellouch-Lüscher-Gounaris-Sakurai exclude the
coarsest data point (0.15 fm) as discussed in Ref. [67].
FV and Mπ-mistuning corrections are always included,
along with a 10% associated uncertainty to capture
differences between effective field theory based and
data-driven corrections [55,63,65]. Variations with and
without TB corrections are considered.
We perform continuum extrapolations using all fit

function variations described above, including fits that
exclude one of the two currents entirely [67]. Sample
individual results from the continuum extrapolation BMA
for all;LDμ ðconnÞ are shown in Fig. 2. Additional results and
plots are shown in Supplemental Material.
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Results—Here, we report our main results, which useMΩ
scale setting and the fit method for correlator reconstruc-
tions. Error budgets for all listed quantities below are given
in Table II. Additional results for fπ scale setting or the
bounding method are given in the End Matter. Note that
Tables II and V list the scale error, which is useful for
comparisons of results for scheme-dependent flavor-
specific quantities from different lattice groups. Finally,
the Supplemental Material (Table II) contains comparisons
of all isospin-symmetric observables obtained here and in
Ref. [67] withMΩ, fπ, and w0 scale setting [109], including
their correlated differences.
First, we take our results for all;SDμ ðconnÞ and all;Wμ ðconnÞ

from Ref. [67], which we restate here for convenience,

all;SDμ ðconnÞ ¼ 48.139ð11Þð91Þ½92� × 10−10; ð6Þ

all;Wμ ðconnÞ ¼ 206.90ð14Þð62Þ½63� × 10−10: ð7Þ

The uncertainties are statistical (second column of Table II),
systematic (third to sixth columns of Table II), and total.
For the long-distance window we obtain

all;LDμ ðconnÞ ¼ 400.2ð2.3Þð3.7Þ½4.3� × 10−10: ð8Þ

Summing the LQC contribution in the three windows,
Eqs. (6)–(8), with the correlation matrix given in Table IV,
yields

allμ ðconnÞ ¼ 655.2ð2.3Þð3.9Þ½4.5� × 10−10: ð9Þ

Finally, from the independent analysis of the full integra-
tion region we obtain all;Fullμ ðconnÞ ¼ 654.2ð2.4Þð4.7Þ×
½5.3� × 10−10, a result that is completely consistent with
Eq. (9) with a correlated difference of 1.0ð5.5Þ × 10−10.
Summary and outlook—As part of our ongoing lattice

QCD project to calculate the complete HVP with few-
permille precision, we have calculated all;LDμ ðconnÞ at 1.1%
precision, while we obtain allμ ðconnÞ with a total uncer-
tainty of 0.69%, the most precise determination of this
important quantity from lattice QCD to date [110]. These
results are made possible by the high-statistics correlation
function dataset we have generated to date [67], as well as
the new high-precision scale setting using the Ω− baryon
mass [75,76].
A comparison of our results for all;LDμ ðconnÞ, using both

MΩ and fπ scale settings, with those of the RBC/UKQCD
[63] and Mainz [65] collaborations as well as a data-driven
evaluation [68] is shown in Fig. 3. Using the same scale
setting in the comparisons, we find that our result is lower
than RBC/UKQCD 24 (MΩ) and Mainz 24 (fπ) by 1.7σ
and 3.6σ, respectively, while being higher than the data-
driven evaluation of Ref. [68] by 2.2σ, if using MΩ. In
Fig. 4 we compare our result for allμ ðconnÞ with previous
lattice-QCD calculations as well as the data-driven evalu-
ations of Ref. [68]. Focusing on the three most precise

FIG. 2. Continuum extrapolations of the long-distance window
observable all;LDμ ðconnÞ. Data points shown are corrected for FV
and Mπ mistuning using the CM scheme. Blue unfilled (purple
filled) points are from the local (one-link) current. Squares
(circles) represent data corrected (uncorrected) for TB using
the CM scheme. Different extrapolations are obtained from
variations of the fit functions and ensembles included.

TABLE II. Approximate absolute error budgets (in units of
10−10) for the uncertainties reported in Eqs. (6)–(9). From left to
right, the contributions to the error are Monte Carlo statistics and
tmin variations in the correlator reconstructions for all;LDμ and allμ ,
continuum extrapolation and TB corrections, FV and Mπ-mis-
tuning corrections, scale setting (due to the uncertainties in aMΩ
and in the input MΩ mass in physical units), and current
renormalization.

Contribution
Statistics,

tmin

a → 0,
ΔTB

ΔFV,
ΔMπ

a ZV Total

all;SDμ 0.011 0.060 — 0.028 0.063 0.092

all;Wμ 0.14 0.37 0.34 0.31 0.18 0.63

all;LDμ 2.3 2.8 1.4 1.9 0.2 4.3
allμ 2.3 2.9 1.7 1.8 0.3 4.5

FIG. 3. Comparison of our lattice determinations for
all;LDμ ðconnÞ (filled red circles) labeled “Fermilab/HPQCD/MILC
24” with nf ¼ 2þ 1 (black squares) lattice-QCD calculations by
Mainz/CLS 24 [65], RBC/UKQCD 24 [63]. The inner error bar
shown for our result is from Monte Carlo statistics. Also shown is
a data-driven evaluation of all;LDμ ðconnÞ using eþe− cross section
data (green triangle) by Benton et al. 24 [68].
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lattice-QCD results, we find significances in the differences
of 0.4σ with BMW 21 (MΩ), 1.6σ with RBC/UKQCD
24 (MΩ), and 3.5σ with Mainz 24 (fπ). We find a difference
of 1.4σ with our previous result of Ref. [106], if using the
fπ scale. For a more direct comparison with Ref. [106]
we take our result from the direct analysis of the full
integration region obtained with fπ scale setting of
all;Fullμ ðconnÞ ¼ 650.5ð2.4Þð4.4Þ½5.0� × 10−10, which yields
a significance of 1.3σ. Finally, we find that our result in
Eq. (9) differs from the data-driven evaluation of Ref. [68]
by 3.8σ (2.7σ) if using the KNT (DHMZ) compilations,
confirming the tensions between lattice-QCD and data-
driven evaluations seen previously and in windowed HVP
observables. More precise lattice-QCD calculations are
clearly needed.
Looking toward future improvements of our HVP

calculations, we are generating correlators on ensembles
with both a finer lattice spacing a ≈ 0.04 fm and with a
larger spatial length L ≈ 11 fm at a ≈ 0.09 fm, both of
which will help to address significant sources of uncer-
tainty (as shown in Table II.) We also plan to add exclusive
two-pion channel correlator data, which is expected to
greatly improve the statistical precision for LD HVP, even
for staggered fermions [102], as well as parallel improved
calculations of subleading contributions due to quark-
disconnected diagrams and isospin-breaking effects [67].
Taken all together, we expect that these improvements will
allow us to meet the target precision set by the Fermilab
g − 2 experiment.
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End Matter

Here, we collect additional results for the various
scale-setting schemes and correlator-reconstruction strate-
gies considered. We compare our updated results for

all;SDμ ðconnÞ and all;Wμ ðconnÞ to previous determinations
in Fig. 5. Final results for the scale-setting and correlator-
reconstruction variations considered are listed in Table III.

FIG. 5. Comparison of our lattice determinations for all;SDμ ðconnÞ (left) and all;Wμ ðconnÞ (right) (red circles) labeled “Fermilab/
HPQCD/MILC 24 (MΩ)” and “Fermilab/HPQCD/MILC 24 (fπ)” to nf ¼ 2þ 1þ 1 (black circles) and nf ¼ 2þ 1 (black squares)
lattice-QCD calculations by Spiegel & Lehner 24 [64], BMW 24 [61], Mainz/CLS 24 [62], RBC/UKQCD 23 [60], Mainz/CLS 22 [58],
Aubin et al. 22 [56], χQCD 22 [117], ETMC 22 [57], and Lehner &Meyer 20 [111]. Our previous result, Fermilab/HPQCD/MILC 23, is
shown in light red. BMW 21 [55], Aubin et al. 19 [112], and RBC/UKQCD 18 [69], shown in gray, have been superseded. The inner
error bar shown for our result is from Monte Carlo statistics. Also shown is a data-driven evaluation of all;SDμ ðconnÞ and all;Wμ ðconnÞ
using eþe− cross-section data (green triangles) by Benton et al. 24 [68] and Benton et al. 23 [68,71], respectively.
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For the correlated differences in Table III, we take the BMA
systematic contributions to the uncertainties to be 100%
correlated for a given window observable across each scale.

For the fit method, we give the correlation matrices for
these results usingMΩ and fπ scale setting in Table IV, and
error budgets for results using fπ are given in Table V.

TABLE III. Final results for aμ (in units of 10−10). The first column lists the specific LQC contribution. Columns two and three give
results using the fit method [or just raw data in the case of all;SDμ ðconnÞ and all;Wμ ðconnÞ] based on scale setting via MΩ and fπ ,
respectively. The correlated difference between these values is given in column four. The final two columns list the results corresponding
to columns two and three using the bounding method. The small differences in continuum-extrapolated results between the fit and
bounding methods are predominantly driven by a fluctuation in the finest a ∼ 0.06 fm data, which is discussed further in Supplemental
Material.

Fit (or raw data) Bounding

Contribution MΩ fπ ΔMΩ;fπ MΩ fπ

all;SDμ 48.139(11)(91)[92] 48.126(15)(100)[101] 0.013(78) — —

all;Wμ 206.90(14)(61)[63] 206.94(15)(46)[49] −0.03ð43Þ — —

all;LDμ 400.2(2.3)(3.7)[4.3] 396.6(2.2)(3.3)[4.0] 3.6(3.9) 405.1(3.6)(4.0)[5.3] 401.0(3.4)(3.6)[5.0]

all;Fullμ 654.2(2.4)(4.7)[5.3] 650.5(2.4)(4.4)[5.0] 3.7(4.5) 659.5(3.8)(5.3)[6.5] 655.3(3.7)(5.2)[6.4]
allμ 655.2(2.3)(3.9)[4.5] 651.7(2.2)(3.5)[4.1] 3.5(4.0) 660.1(3.1)(4.5)[5.4] 656.0(3.1)(4.0)[5.0]

TABLE IV. Correlation matrices for the LQC contributions to the window observables usingMΩ (left) and fπ (right) scale setting and
(where applicable) the fit method correlator-reconstruction strategy.

all;SDμ all;Wμ all;LDμ all;Fullμ all;SDμ all;Wμ all;LDμ all;Fullμ

all;SDμ 1.00 0.09 0.01 0.01 all;SDμ 1.00 0.19 0.02 0.02

all;Wμ 0.09 1.00 0.18 0.18 all;Wμ 0.19 1.00 0.16 0.15

all;LDμ 0.01 0.18 1.00 0.33 all;LDμ 0.02 0.16 1.00 0.31

all;Fullμ 0.01 0.18 0.33 1.00 all;Fullμ 0.02 0.15 0.31 1.00

TABLE V. Approximate absolute error budgets (in units of 10−10) for the uncertainties reported in Table III for the fπ results using the
fit method. From left to right, the contributions to the error are Monte Carlo statistics and tmin variation in the correlator fits (where
applicable), continuum extrapolation and TB corrections, FVandMπ-mistuning corrections, scale setting (due to the uncertainties in afπ
and the input fπ value in physical units), and current renormalization.

Contribution Statistics, tmin a → 0, ΔTB ΔFV, ΔMπ
a ZV Total

all;SDμ 0.015 0.072 — 0.009 0.069 0.101

all;Wμ 0.15 0.21 0.34 0.14 0.19 0.49

all;LDμ 2.2 2.7 1.4 1.4 0.2 4.0
allμ 2.2 2.7 1.7 1.4 0.3 4.1
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