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In relativity, relaxation processes are often assumed to undergo time dilation under Lorentz boosts. We
show that this intuition fails generically. Because of relativity of simultaneity, Lorentz boosts can split a
single relaxation mode into a continuum of excitations, with a width set by the maximal signal propagation
speed. Focusing on linearized relativistic (kinetic or rheological) theories with an Onsager-type symmetry,
we derive rigorous bounds on relaxation spectra in arbitrary inertial frames, expressed solely in terms of
rest-frame spectral data at zero wave number. As a consequence, nonhydrodynamic gaps, maximal
relaxation rates, and the convergence radii of hydrodynamic modes obey nontrivial Lorentz-covariant
constraints. These results provide a unified framework for understanding how relativity constrains
relaxation dynamics in many-body systems.
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Introduction—Much of what we know about fluids
follows from the study of their mode structure. Starting
from a homogeneous equilibrium state, one introduces a
small perturbation, and expands it in Fourier modes eikx−iωt

(with k∈R). The resulting complex frequencies ωðkÞ
determine how wave packets propagate and decay, and
thereby characterize the fluid’s response properties.
Consequently, considerable effort has been devoted to
rigorously analyzing and classifying mode spectra in
hydrodynamics, kinetic theory, and holography [1–20].
Such analyses are usually carried out in the reference

frame where the equilibrium state is at rest. In Newtonian
physics, this entails no loss of generality, since the
dispersion relations ωðkÞ and ω0ðk0Þ measured by two
observers O and O0 moving at relative velocity v satisfy

ω0 ¼ ωþ vk

k0 ¼ k
ðGalilei boostÞ: ð1Þ

Since k is invariant (and real, for Fourier modes), phases
and group velocities simply shift by v, while the damping
rate is untouched (Imω0 ¼ Imω).
In relativity, the picture changes qualitatively [21–24].

Relativity of simultaneity causes k0 to depend on ω:

ω0 ¼ γðωþ vkÞ
k0 ¼ γðkþ vωÞ ðLorentz boostÞ; ð2Þ

with γ ¼ ð1 − v2Þ−1=2. As a result, the mapping between
ωðkÞ and ω0ðk0Þ is now implicit, and a mode that appears as
a Fourier excitation toO (i.e., k∈R) no longer corresponds
to a Fourier mode forO0 (i.e., k0 ∉ R) [22]. This can change
most qualitative features of the spectrum, even for the
simplest systems. Consider, for instance, the diffusive
mode ω ¼ −ik2: a single-valued, stable dispersion relation
(i.e., Imω ≤ 0 for k∈R [10,21]), gapless, and analytic
with infinite radius of convergence around k ¼ 0. After a
boost with, say, v ¼ 1=2, one instead finds two branches,

ω0
� ¼ 2k0 þ ffiffiffi

3
p

ið1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffi
3

p
ik0

p
Þ, one of which is unsta-

ble and gapped, and both of which possess only a finite
radius of convergence about k0 ¼ 0.
Recently, the appearance of the unstable branch ω0þ was

shown to be connected to the ability of the diffusion
equation ω ¼ −ik2 to propagate information superlumi-
nally [22]. It was further established that, if the underlying
theory is causal, “stability” (or the lack thereof) is promoted
to a Lorentz-invariant property [25]. This prompts a
broader question: are there additional, physically motivated
assumptions (besides causality) that ensure Lorentz invari-
ance of other spectral features, like the existence of gaps or
the analyticity properties of ωðkÞ?
In this Letter, we demonstrate that, when the equations

governing relaxation to equilibrium obey a certain
“Onsager-type symmetry” (which is a built-in feature of
kinetic theory and rheology), a wide variety of spectral
properties become Lorentz invariant. In particular, one can
place bounds on both magnitudes and convergence radii of
the frequencies measured by a moving observer solely in
terms of rest-frame spectral features at k ¼ 0.
Conventions—We adopt the metric signature

ð−;þ;þ;þÞ, and work in natural units, c ¼ ℏ ¼ kB ¼ 1.
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Symmetry assumption—Consider a homogeneous equi-
librium state, and let ΨðxμÞ∈CD (with D∈N) be a list of
linearized fields describing small perturbations about it.
These may represent, for example, fluctuations of the
moments of the kinetic distribution function [26], or a
set of transient hydrodynamic variables. We assume that
their linear evolution is governed by a first-order system of
coupled partial differential equations,

Eμ
∂μΨ ¼ −σΨ; ð3Þ

where Eμ and σ are constant background matrices. Our key
structural assumption is that all these matrices are
Hermitian: Eμ ¼ ðEμÞ† and σ ¼ σ†. Furthermore, we
require that σ be non-negative definite, and E0 be positive
definite in every inertial frame. It follows that the quadratic
forms Ψ†EμΨ constitute a future-directed timelike (or null)
vector, which implies causality [28,29] (if Eμ were non-
Hermitian, one would need to compute the characteristics
explicitly, to determine causality).
The above assumptions seem rather restrictive, but are

satisfied by a very broad class of matter models [12,30–32],
including relativistic kinetic theory [16,33], radiation trans-
port [34,35], Israel-Stewart theory [36–38], divergence-
type theories [28,39], GENERIC [40,41], Carter’s multi-
fluid formulation [42–44], and theories of (super)solidity
[32,45]. Indeed, the constraints on the structure of Eμ and σ
can be traced back to Onsager’s theory [46–48]: E0 and σ
are Hessians of the free-energy density and the entropy
production rate, respectively (and so are positive definite in
all frames), while Hermiticity arises as a reciprocal relation
related to PT symmetry [16,31] (see Supplemental Material
for more details [49]).
We stress that, in the present Letter, we are mostly

interested in models whose nonhydrodynamic sector is
physical. Hence, frameworks like Israel-Stewart should be
regarded here not just as causal extensions of hydrody-
namics [50], but as mesoscopic “quasihydrodynamic”
[3,51,52] models of non-Newtonian fluids [53–58].
Some basic invariant statements—To warm up, we

derive a few elementary Lorentz-invariant features of the
excitation spectrum that follow immediately from our
assumptions. To this end, consider perturbations of the
form Ψ ∝ eikμx

μ
, with complex kμ. Then, Eq. (3) reduces to

kμEμΨ ¼ iσΨ: ð4Þ
Multiplying both sides by Ψ†, we obtain

kμΨ†EμΨ ¼ iΨ†σΨ: ð5Þ
Taking the real and imaginary parts of Eq. (5), and noting
that Ψ†EμΨ and Ψ†σΨ are real, we obtain

ðΨ†EμΨÞRekμ ¼ 0;

ðΨ†EμΨÞ Im kμ ¼ Ψ†σΨ ≥ 0: ð6Þ

Since Ψ†EμΨ is timelike future directed, it follows that
Rekμ is spacelike, and Im kμ lies outside the future light
cone (Ref. [59], Sec. 1.4.2) (it is either spacelike or past
directed). To see what this implies in practice, take
kμ ¼ ðω; k; 0; 0Þ. The real-part equation then gives
jReωj ≤ jRekj, which means that the phase velocity
Reω=Rek never exceeds the speed of light in any of these
models (although the group velocity can). This behavior is
well known from both hydrodynamics [2] and kinetic
theory (Ref. [60], Sec. 9.3.1) [61]. We also recover the
standard result that ω∈ iR at k ¼ 0, a universal feature of
kinetic and transient hydrodynamic theories [12]. Because
of the manifest covariance of (6), we see that these
statements hold in all reference frames.
The imaginary-part equation instead yields

Imω ≤ jIm kj, which expresses the fact that these models
are stable in all inertial frames [25,62] and that their
dispersion relations respect microcausality [63].
Conservation laws—Before presenting our main result,

we must introduce a few relevant concepts.
Let ΦI (I ¼ 1; 2;…; N) be a basis of kerðσÞ. Since

σ ¼ σ† and σΦI ¼ 0, it follows that Φ†
Iσ ¼ ðσΦIÞ† ¼ 0.

Contracting (3) with Φ†
I then yields a set of linearized local

conservation laws:

∂μJ
μ
I ¼ 0; ð7Þ

for the currents JμI ¼ Φ†
IE

μΨ. This set is complete.
Indeed, suppose that there exists another conserved

current of the form Jμ ¼ AμΨ, where Aμ ∈ ðCDÞ† are
constant. Introduce Bμ ¼ AμðE0Þ−1, which is well defined
because E0 is positive definite. Then,

∂μJμ ¼ 0 ⇒ BμE0
∂μΨ ¼ 0: ð8Þ

Subtracting B0× (3), we get ðBjE0 − B0EjÞ∂jΨ ¼ B0σΨ.
For this relation to hold for arbitrary initial data Ψð0; xjÞ,
we must require B0σ ¼ 0, which implies B0 ¼ P

I λ
IΦ†

I for
some constants λI, and BjE0 ¼ B0Ej, which then gives

Jμ ¼ B0EμΨ ¼
X

I

λIJμI : ð9Þ

Hence, all linearized conserved currents are linear combi-
nations of those generated by the basis ΦI.
Nearby equilibria—The vectors ΦI play an additional

key role. One immediately verifies that any constant state of
the form

ΨðxμÞ ¼
X

I

cIΦI; cI ¼ const∈C ð10Þ

solves (3). Such configurations have the property that the
associated conserved density,
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X

I

ðcIÞ�J0I ¼
X

I

ðcIÞ�Φ†
IE

0Ψ ¼ Ψ†E0Ψ; ð11Þ

is nonzero for Ψ ≠ 0. Since Ψ parametrizes linear depar-
tures from the background equilibrium, the states in (10)
may be viewed as nearby equilibria obtained by infinitesi-
mally shifting the conserved densities.
Nonhydrodynamic spectrum—Fix an observer O with

four-velocity uμ, and look for exponential solutions Ψ ∝
eikμx

μ
that are spatially uniform (i.e., have k ¼ 0) in the

frame of O, so that kμ ¼ ωuμ, with ω the frequency
measured by O. Substituting this ansatz into (4) yields

ωð−uμEμÞΨ ¼ −iσΨ: ð12Þ

This can be solved by working on a basis in Ψ space [64]
such that −uμEμ ¼ 1 and σ ¼ diagðσnÞ, with σn ≥ 0. In this
basis, (12) reduces to σΨ ¼ iωΨ. The eigenmodes are
therefore the unit vectors Ψn ¼ ð0;…; 0; 1 at n; 0;…; 0ÞT ,
with eigenfrequencies ωn ¼ −iσn. Among them, N modes
have ω ¼ 0, and correspond to the equilibria (10). The
remaining D − N modes have iωn ¼ σn > 0, and define
the nonhydrodynamic spectrum (at k ¼ 0) relative to O.
Main theorem—We can finally state our main result.
Theorem 1—Consider two inertial observers O and O0

moving at relative speed v ≥ 0. Suppose that the non-
hydrodynamic spectrum (at k ¼ 0) relative toO is confined
within some interval a ≤ iω ≤ b (with a non-negative).
Then, the nonhydrodynamic spectrum (at k0 ¼ 0) relative to
O0 is confined within the interval

að1 − vÞ
γ

≤ iω0 ≤
b

γð1 − vÞ : ð13Þ

Proof—We carry out the analysis in the rest frame of O,
and choose a basis in Ψ space such that E0 ¼ 1 in such a
frame. Then, the nonhydrodynamic modes relative to O
fulfill the equation

iωΨ ¼ σΨ ðwith iω > 0Þ: ð14Þ

Multiplying both sides by Φ†
I (I ¼ 1;…; N), we find that

Φ†
IΨ ¼ 0. Hence, the nonhydrodynamic frequencies are the

eigenvalues of σ restricted to ðker σÞ⊥. A theorem of spectral
theory (Ref. [65], Theorem 2.19) states that the extremal
values of Ψ†σΨ=ðΨ†ΨÞ are eigenvalues of σ, so that

inf
ðker σÞ⊥

Ψ†σΨ
Ψ†Ψ

¼ inf
ðker σÞ⊥

SpectrumðσÞ ≥ a;

sup
ðker σÞ⊥

Ψ†σΨ
Ψ†Ψ

¼ sup
ðker σÞ⊥

SpectrumðσÞ ≤ b: ð15Þ

Now, if we orient the axes so that the four-velocity of O0 is
u0μ ¼ ðγ;−γv; 0; 0Þ, then the nonhydrodynamic modes

relative to O0 fulfill the equation iγω0ð1þ vE1ÞΨ ¼ σΨ
(with ω0 > 0). Multiplying both sides by either Ψ† or Φ†

I
(I ¼ 1;…; N), we obtain

iγω0 ¼ Ψ†σΨ
1þ vΨ†E1Ψ

; Φ†
IΨ ¼ −vΦ†

IE
1Ψ; ð16Þ

where we have normalized Ψ such that Ψ†Ψ ¼ 1. Since
Ψ†EμΨ is timelike or null, we have that
jΨ†E1Ψj ≤ Ψ†E0Ψ ¼ 1. Hence, the denominator in (16)
is bounded between 1 − v and 1þ v. To bound the
numerator, we take ΦI to be orthonormal, and define the
matrixP ¼ 1 −

P
I ΦIΦ

†
I , which is the orthogonal projector

(P2 ¼ P† ¼ P) onto ðker σÞ⊥. Clearly,Ψ†σΨ ¼ Ψ†P†σPΨ,
so we can use (15) to derive the following inequalities:

aΨ†PΨ ≤ Ψ†σΨ ≤ bΨ†PΨ ≤ b: ð17Þ

The upper bound in (13) is immediately recovered. To obtain
the lower bound, we invoke the definition of P and the
second condition in (16):

Ψ†PΨ ¼ 1 −
X

I

jΦ†
IΨj2 ¼ 1 − v2

X

I

jΦ†
IE

1Ψj2

≥ 1 − v2jjE1Ψjj2 ≥ 1 − v2: ð18Þ

Here, we used Bessel’s inequality and the spectral
norm identity jjE1jj≡ supjjΦjj¼1jΦ†E1Φj ≤ 1 [Ref. [65],
Eq. (2.65)]. ▪
Note that, to simplify the presentation, we have been

working with a finite-dimensional Ψ (see Ref. [26]). The
argument, however, extends directly to the case where Ψ
lives in a Hilbert space, up to standard functional-analytic
subtleties [65,66]. For illustration, Supplemental Material
provides a complete proof of Theorem 1 within linearized
kinetic theory [49].
Two quick examples—To test the bounds, we examine

two representative models with a ¼ b ¼ 1, in some units.
Our first example is Cattaneo’s theory of diffusion [67],
which in the rest frame takes the form

∂tT þ w∂jqj ¼ 0;

∂tqj þ w∂jT ¼ −qj;
ð19Þ

and satisfies all of our hypotheses, provided jwj ≤ 1. In a
boosted frame, this model features three nonhydrodynamic
modes, with eigenfrequencies

iω0
1 ¼

1

γð1 − v2w2Þ ; iω0
2;3 ¼

1

γ
: ð20Þ

Our second example is kinetic theory in the relaxation time
approximation (RTA), pμ

∂μδf ¼ pμuμðδf − δfeqÞ, where
δfðxμ; pαÞ is the perturbed distribution function. In a
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boosted frame, this model exhibits a continuous family of
nonhydrodynamic excitations of the form

iω0 ¼ 1

γð1þ vwÞ ðwith w∈ ½−1; 1�Þ: ð21Þ

This splitting arises due to relativity of simultaneity: in the
rest frame, particles travel different intervals Δx ¼ wΔt in
the same amount of time Δt ∼ τ. When we boost, we
have Δt0 ¼ γðΔtþ vΔxÞ ∼ γð1þ vwÞτ ¼ 1=ðiω0Þ.
In Fig. 1, we graph the modes of these two models

against bounds (13). RTA saturates the upper bound. We
are not aware of a theory saturating the lower bound.
Some applications—We now discuss some important

consequences of Theorem 1, starting with two corollaries
that are particularly relevant for kinetic theory.
Corollary 1—If the nonhydrodynamic spectrum pos-

sesses a fastest relaxation timescale at k ¼ 0 in one inertial
frame, then the same is true in all inertial frames.
Corollary 2—If the nonhydrodynamic spectrum is

gapped at k ¼ 0 in one inertial frame, then the same is
true in all inertial frames.
Both results follow directly from Theorem 1, by choos-

ing a ¼ 0 and finite b in the first case, and finite a with
b ¼ ∞ in the second.
Corollary 2 has an important implication. In [68] it was

shown that, in kinetic theory, a gap in the nonhydrody-
namic spectrum guarantees that all hydrodynamic
dispersion relations admit expansions as power series in
k with a finite radius of convergence. The proof does not
rely on the background being at rest, and therefore
the result persists under boosts. Combining this with
Corollary 2, we obtain the following statement.

Corollary 3—If the nonhydrodynamic spectrum of a
kinetic theory is gapped at k ¼ 0 in one inertial frame, then
the hydrodynamic dispersion relations possess nonvanish-
ing convergence radii in all inertial frames.
This means that, if a genuine separation of scales exists,

density-frame hydrodynamics [69–71] is well defined up to
infinite order in derivatives in every inertial frame [72].
Convergence radius of boosted hydrodynamics—

Consider a kinetic description of a system admitting a
single conserved current, ∂μJμ ¼ 0. Assume that its non-
hydrodynamic spectrum is gapped in the rest frame, with
slowest relaxation rate a. In a frame boosted with velocity
v, the corresponding spectral gap is a0 ≥ að1 − vÞ=γ. In
that boosted frame, the unique hydrodynamic mode ω0ðk0Þ
propagating along the x direction solves

ðσ þ E1ik0ÞΨ ¼ iω0Ψ; ð22Þ

where we work on a basis for which E0 ¼ 1. Upon
complexifying k0, this equation defines an eigenvalue
problem for the perturbed family σðik0Þ≡ σ þ ik0E1.
Since both σ and E1 are Hermitian (with jjE1jj ≤ 1), and
0 is a nondegenerate eigenvalue of σ, standard results from
analytic perturbation theory apply (Ref. [73], Secs. 3 and
5). In particular, there exists a unique, analytic hydro-
dynamic mode fω0ðk0Þ;Ψðk0Þg in a neighborhood of
k0 ¼ 0, whose radius of convergence R0 satisfies the lower
bound [74]:

R0 ≥
a0

2jjE1jj ≥
að1 − vÞ

2γ
: ð23Þ

About time dilation—It is natural to expect that, as the
velocity of the fluid approaches the speed of light, all
nonhydrodynamic modes should effectively “freeze” due to
time dilation. From this viewpoint, one would predict that
the upper bound on iω0 should vanish as v → 1. Figure 1
shows that the opposite happens: the upper bound diverges.
Where does our intuition fail?
The time-dilation argument implicitly assumes that

signals are advected with the fluid element. Indeed, if,
in the rest frame, a signal propagates from ðt; xÞ ¼ ð0; 0Þ to
ðt; xÞ ¼ ðΔt; 0Þ before decaying, then in a frame where the
medium moves at velocity v, the signal travels from
ðt0; x0Þ ¼ ð0; 0Þ to ðt0; x0Þ ¼ ðγΔt; γvΔtÞ. Under this
assumption, one finds that iω0 ∼ 1=ðγΔtÞ, which tends to
zero as v → 1, in line with expectations. The problem
appears if the signal has a nonzero rest-frame propagation
speed w. If in the rest frame it moves from ðt; xÞ ¼ ð0; 0Þ to
ðt; xÞ ¼ ðΔt;−wΔtÞ, then in the boosted frame it travels
to ðt0; x0Þ ¼ ðγΔt − γvwΔt;−γwΔtþ γvΔtÞ, which leads
to iω0 ∼ 1=½γð1 − vwÞΔt�. Differentiating with respect to v
then shows that, for v < w, the boosted frequency increases
with v, in sharp contrast with the simple time-dilation
picture. Only once v > w does time dilation dominate,

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

v

FIG. 1. Splitting of a single nonhydrodynamic frequency
iω ¼ 1 into multiple frequencies iω0 induced by a boost of
speed v. The black curves show the bounds (13), with a ¼ b ¼ 1,
and they delimit the allowed region. The dashed curves refer to
Cattaneo’s eigenfrequency iω0

1, see Eq. (20), with w ¼ 0 (red
curve), 0.9 (magenta curve), and 1 (blue curve); the red curve also
captures the modes iω0

2;3. The yellow region covers the con-
tinuum of modes (21) of RTA.
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forcing the frequency downward. In the limiting case of a
luminal signal (w ¼ 1), we recover iω0 ∼ 1=½γð1 − vÞΔt�,
which has the same v dependence as the upper bound in
(13), and diverges as v → 1.
The argument above suggests that, if the medium

supports signal propagation only inside an “acoustic cone”
narrower than the light cone, then the boosted nonhydro-
dynamic spectrum should obey bounds sharper than (13).
This is made precise in the following theorem.
Theorem 2—Consider a medium whose k ¼ 0 nonhy-

drodynamic spectrum lies within some interval a ≤ iω ≤ b
(with a ≥ 0) in the rest frame. Assume further that signal
propagation in the rest frame is bounded by a maximal
speed w ≤ 1. Then, for an observer moving at speed v ≥ 0
relative to the medium, the corresponding k0 ¼ 0 non-
hydrodynamic frequencies are confined within the interval

að1 − vwÞ
γ

≤ iω0 ≤
b

γð1 − vwÞ : ð24Þ

Proof—The characteristic propagation speeds vn of
signals traveling along the x direction are determined by
the condition detðE1 − vnE0Þ ¼ 0 [37]. In a basis where
E0 ¼ 1, the vn coincide with the eigenvalues of E1, so
imposing that no signal exceed the maximal speed w is
equivalent to the operator bound jjE1jj ≤ w. With this iden-
tification, the derivation of Theorem1 carries over unchanged
when O is chosen to comove with the medium. The only
modification is that, in Eq. (16), the denominator is now
bounded between 1 − vw and 1þ vw. Likewise, in the final
step of (18), we can replace 1 − v2 with 1 − v2w2. ▪
In Fig. 2, we plot the bounds (24) with a ¼ b ¼ 1, for

various values of w. In Supplemental Material we test such
bounds with some randomly generated models [49].
Nonrelativistic media—In the regime where the micro-

scopic dynamics are nonrelativistic in the rest frame (so that
w ≪ 1), the usual time-dilation intuition is recovered: the
bounds collapse to a=γ ≤ iω0 ≤ b=γ. Indeed, in this limit,
the boosted eigenvalue equation iγω0ð1þ vE1ÞΨ ¼ σΨ
simplifies to iγω0Ψ ¼ σΨ, implying that γω0 matches a
corresponding rest-frame nonhydrodynamic frequency.
Conclusions—We have set rigorous foundations for a

relativistically covariant spectral theory of moving fluids,
which applies to a wide variety of substances, including
gases, solids, superfluids, and supersolids [32,45]. The
resulting physics departs sharply from naive time-dilation
expectations: in fully relativistic media, the equilibration
timescale of some modes can become infinitely fast under
large boosts (see Fig. 1). This divergence, however, is
avoided if the medium has a strictly subluminal signaling
speed w (see Fig. 2). Moreover, the usual time-dilation
intuition is recovered in substances that are nonrelativistic
in the rest frame, for which w ≪ 1.
Our results point to several promising directions for

future investigation. A particularly natural extension

concerns the applicability of quasihydrodynamic
[51,52,57,58,75] at large boosts. One can show that there
exist systems where a parametrically slow mode is
absorbed into the continuum past a critical velocity (see
Supplemental Material [49]), raising the question of which
additional assumptions are required for quasihydrodynam-
ics to exist in all reference frames. Another important
question is whether the bounds derived here extend to
electrically charged fluids or to holographic quasinormal
modes, neither of which obey the symmetry principle
assumed in this Letter [12,19]. It is tempting to conjecture
that conclusions such as Corollaries 1 and 2 remain valid in
these broader settings, but establishing them without
symmetry constraints is likely to require substantially more
sophisticated techniques.
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