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The strong coupling regime of four-dimensional N ¼ 2 supersymmetric vacua of the heterotic string is
analyzed from a dual domain wall perspective. Using modular invariance, we compute a closed form for the
nonperturbative corrections to the supersymmetric domain wall equations, which enables a quantitative
study of gravitational strong coupling regimes. A strong coupling singularity for the hidden Hořava-Witten
9-brane is resolved, and the domain wall interpolates between the visible 9-brane and a supersymmetric
anti–de Sitter vacuum, thereby realizing a variant of the Randall-Sundrum model.
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Introduction—Quantum field theory provides a
consistent and remarkably successful framework for
describing fundamental particle interactions, yet its
strongly coupled regimes—such as confinement in quan-
tum chromodynamics and strong-field phenomena in
quantum electrodynamics—remain inaccessible to pertur-
bative techniques. A consistent quantum theory of gravity
poses an even greater challenge. While string theory stands
as a leading candidate, it is primarily defined through a
perturbative expansion and thus offers limited control over
nonperturbative and strong-coupling effects. Nevertheless,
assuming spacetime to have sufficiently many spatial
dimensions and backgrounds preserving enough supersym-
metry, certain strong-coupling regimes of string theory can
be reliably described due to strong-weak coupling dualities,
implying that the strong-coupling regime is accessible
using a dual perturbative description.
For theories in four dimensions (4D) that preserve eight

or less supercharges, the web of dualities does not cover all
strong-coupling regimes. Whereas certain strongly coupled
field theory sectors can be described using geometric
engineering techniques associated with string compactifi-
cations, gravitational strong-coupling regimes in 4D the-
ories of quantum gravity are relatively unexplored. For this
reason, most attempts to relate string theory to the observed
Universe either by constructing explicit string vacua or in
the context of the Swampland program [1] (see Refs. [2–6]
for reviews) rely on a perturbative description of string

theory. However, by restricting to the perturbative “string
theory landscape,” we remain blind to potentially interest-
ing gravitational physics associated with the landscape of
strongly coupled 4D string vacua.
In this Letter, we report new results on the nature of

gravitationally strongly coupled string vacua in 4D. By
using a domain wall (DW) as a probe for strong-coupling
physics, we obtain crucial insights into the nature of the
strongly coupled phases of compactifications of heterotic
string theory to 4D. Concretely, we consider the strong-
coupling phase of the heterotic E8 × E8 string theory
compactified on a Calabi-Yau twofold (K3) times a two-
torus (T2) preserving N ¼ 2 supersymmetry in 4D.
Classically, the strong-coupling regime corresponds to
Hořava-Witten (HW) theory, i.e., M-theory on a K3 × T2 ×
S1=Z2 with two 9-branes located at the end of the
interval [7]. In this setup, the heterotic string coupling
gh is identified with the length, ρ, of the interval S1=Z2. For
Calabi-Yau compactifications of the heterotic string, it was
already noticed in [8] that, for generic gauge bundles, one
of the E8 gauge theories (or what remains of the E8 gauge
group after Higgsing) becomes strongly coupled for finite
values of 2πρ, inducing a singularity in the moduli space.
However, in 4D, perturbative and nonperturbative effects
have to be taken into account to fully capture the strong-
coupling physics. In [9] a step in this direction was
achieved by using the results of [10] to study the leading
nonperturbative corrections in a dual DW picture.
Similarly, the 4D N ¼ 2 setups studied here can be

described as a DW solution in 5d N ¼ 2 gauged super-
gravity arising from M-theory on K3 × T2. Crucially, the
parent theory exhibits a modular SLð2;ZÞ symmetry for
the modulus that obtains a nontrivial profile in the DW
solution. Exploiting this modular symmetry we determine
the full nonperturbative corrections to the DW equations of
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motion paralleling the study of cosmic string solutions in
theories exhibiting modular symmetry in [11]. We dem-
onstrate explicitly that in this case the strong-coupling
singularity in the moduli space is resolved, allowing the
DW solution to extend infinitely in the fifth dimension. At
infinity, the DW flows to a supersymmetric anti–de Sitter
(AdS) vacuum realized at the self-dual point of the modular
symmetry. The AdS vacuum thus effectively replaces one
of the HW 9-branes. The strong-coupling regime of the
heterotic string on K3 × T2 thus corresponds to a thick DW
in an AdS5 space that can be interpreted as a top-down
realization of a thickened variant of the Randall-Sundrum 2
model [12]. Importantly, even though the DW extends to
infinity, the graviton is confined to a finite region in the fifth
dimension [13] such that the strong-coupling regime of
the thick DW does not correspond to a decompactification
limit in which gravity propagates in five macroscopic
dimensions.
Classical domain wall solutions and strong coupling—

Consider the heterotic E8 × E8 string compactified on
K3 × T2 with gauge embedding ð12 − n; 12þ nÞ, n ≠ 0,
in the K3, leading to a 4D N ¼ 2 theory of supergravity in
the low-energy limit. We are interested in the strong-
coupling regime corresponding to gh → ∞ at fixed 4D
heterotic dilaton,

Re S4D ¼ volðK3 × T2ÞM6
het

g2h
: ð1Þ

Classically, this limit is best described using the HW
M-theory dual of the heterotic E8 × E8 string [7], i.e.,
M-theory compactified on K3 × T2 × S1=Z2. There are
two parameters of relevance: the length, 2πρ, of the interval
and the overall volume of K3 × T2,

V ¼ volðK3 × T2ÞM6
11; ð2Þ

with M11 the 11D Planck scale. The limit gh → ∞ for the
heterotic string at constant Re S4D corresponds to ρ → ∞ at
constant V. Classically, this limit is thus a decompactifi-
cation limit to M-theory compactified on K3 × T2 with
gravity propagating in five dimensions.
The 5D parent theory preserves 16 supercharges and has

a supergravity and 21 matter multiplets. The massless
scalars span the coset space [14–16]

M5D;N¼2 ¼ Γ5;21

�
Oð5; 21Þ

Oð5Þ ×Oð21Þ ×Rþ: ð3Þ

The physical moduli parametrizing M5D;N¼2 are best
understood in the dual type IIA compactification on
K3 × S1: the Rþ factor is parametrized by the 5D dilaton

e−2ϕ5 ¼ 1

g2s
½volðK3ÞM4

s �ðRS1MsÞ; ð4Þ

where gs is the type IIA string coupling,Ms the string scale,
and RS1 is the S

1 radius. All other moduli reside in the first
factor in M5D;N¼2. In particular, this applies to all other
combinations of gs; volðK3ÞM4

s and RS1Ms such as

V ¼ 1

gs
½volðK3ÞM4

s �ðRS1MsÞ ¼ gse−2ϕ5 : ð5Þ

Using the dictionary between M-theory and type IIA string
theory Ms ¼ g1=3s M11 and ðR11M11Þ3=2 ¼ gs with R11 the
radius of the M-theory circle, we identify

V ¼ ½volðK3ÞM4
11�½volðT2ÞM2

11�: ð6Þ

The scalar V is the real part of a complex scalar,

T ¼ V þ iθ5 ¼ V þ
Z
K3×T2

C6; ð7Þ

with C6 the M-theory six-form. Inside M5D;N¼2, T para-
metrizes a submanifold,

�
SLð2;ZÞ

�
SLð2;RÞ
Uð1Þ

�
T
⊂ Γ5;21

�
Oð5; 21Þ

Oð5Þ ×Oð21Þ ; ð8Þ

to which we restrict in the following.
By compactifying this 5DN ¼ 2 supergravity theory on

an interval S1=Z2 we obtain HW theory. Because of the
orbifold action, there are two 9-branes located at the end of
the interval wrapping the K3. We will refer to the 9-brane
located at y ¼ 0 as 9þ and to the one at y ¼ 2πρ as 9− with
y the coordinate along the interval. Both 9-branes host a
(possibly Higgsed) gauge group contained in E8 for which
the gauge kinetic function f9� is classically given by
f9� ¼ 2πT. In the M-theory picture, the heterotic gauge
bundle with instanton number ð12 − n; 12þ nÞ maps to G4

flux localized in the 9-branes at y ¼ 0 and y ¼ 2πρ given
by [17,18]

Q�
G4

¼ TrFð�Þ ∧ Fð�Þ −
1

2
trR ∧ R; ð9Þ

where the first term is the class of the heterotic gauge
bundle in the two 9-branes. The second term is the second
Chern class of K3 such that Q�

G4 ¼ �n [19]. The fluxes
Q�

G4
effectively induce a gauging of the 5D supergravity

yielding an effective potential Veff for the modulus V given
by [20]

Veff ¼ 6eK5D ½3jDTW5D;eff j2 − 4jW5D;eff j2Þ; ð10Þ

where W5D;eff is the flux-induced superpotential

W5D;eff ¼ Qþ
G4
; ð11Þ
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such that

Veff;cl ¼ −6eK5DðT;T̄Þn2: ð12Þ

Where the subscript cl indicates that we used the classical
Kähler potential for the modulus T given by [21]

K5D;cl ¼ − logðT þ T̄Þ: ð13Þ

If Qþ
G4

¼ 0, we have W5D;eff ¼ 0 and the product manifold
K3 × T2 × S1=Z2 ×R1;3 is a solution to the supergravity
equation of motion (EOM). Instead, for Qþ

G4
≠ 0, the

product manifold is not a solution to the EOM. To obtain
a solution, the modulus T has to vary along the interval
S1=Z2 and the spacetime metric has to be nontrivially
warped. To obtain a supersymmetric solution to the EOM,
we make an ansatz for the 5D metric,

ds25 ¼ e2adxμdxνημν þ e8ady2; μ; ν ¼ 0;…; 3; ð14Þ

where xμ are coordinates of R1;3 and y the coordinate along
S1=Z2. Using this ansatz, we can identify solutions that
preserve supersymmetry. In this case, the EOMs are
equivalent to the first-order equations [20,22–25]

∂yaðyÞ ¼ ∓ 1

4
e4ajWjeK=2;

∂yT ¼ � 3

4
eK=2jWjKTT̄ DT̄W̄

W̄
; ð15Þ

which determine how the warp factor a and the modulus T
vary along the interval S1=Z2. The resulting geometry can
be viewed as a DW solution for which the modulus T, i.e.,
the volume of K3 × T2, varies over the interval. A solution
to these equations is given by [17,18]

a0e6a ¼ ReTðyÞ ¼ V0HðyÞ3: ð16Þ

HðyÞ is a harmonic function satisfying

∂
2
yHðyÞ ¼ −

2
ffiffiffi
2

p

3
ðQþ

G4
δðyÞ þQ−

G4
δðy − 2πρÞÞ: ð17Þ

Here, we used that the fluxes localized on the 9�-brane
effectively act as δ sources that trigger a nontrivial profile
TðyÞ. One then finds

HðyÞ ¼ −
2

ffiffiffi
2

p

3
Qþ

G4
jyj þ c0: ð18Þ

For Qþ
G4

≠ 0 we hence obtain a warped spacetime metric
and a nontrivial profile for T along the interval. The
resulting setup can be viewed as a DW solution interpolat-
ing between the 9þ- and 9−-brane. The integration constant
c0 > 0 determines the value of ReT at the location of 9þ.

Crucially, Tðy�Þ ¼ 0 for

y� ¼
3c0

2
ffiffiffi
2

p
Qþ

G4

> 0: ð19Þ

By (16), the warp factor diverges if we position the brane
9− at y ¼ y� signaling the presence of an end-of-the-world
brane (see also Ref. [26] for a recent discussion). Moreover,
since ReTð2πρÞ measures the (inverse) gauge coupling of
the gauge theory on 9−, this gauge theory becomes strongly
coupled if we choose 2πρ ¼ y� (see also Ref. [8]). Recall
that duality to the heterotic string identifies the interval
length, ρ, with the heterotic string coupling. Since the DW
solution can be studied for any ρ, we use this dual DW
picture to study the heterotic string at finite string coupling
in the following.
Quantum corrections to domain wall solutions—To

compute the effect of nonperturbative corrections on the
DW equations, we make use of the SLð2;ZÞT modular
symmetry appearing in (8) [27]. Consider the effective
Kähler covariant superpotential,

Geff ¼ K5D þ log jW5D;eff j2: ð20Þ

This combination of Kähler and superpotential has to be
invariant under the action of the modular group SLð2;ZÞT .
Together with the boundary conditions for T → ∞, namely

Geff ⟶
T→∞

− logðT þ T̄Þ þ log n2; ð21Þ

modular invariance can be used to determine the non-
perturbative form of Geff . The classical Kähler potential
(13) has modular weight −2 under general transformations,

iT →
iaT þ b
icT þ d

;

�
a b

c d

�
∈SLð2;ZÞ: ð22Þ

As in [11], this transformation property is compensated by
suitable factors of the Dedekind eta function ηðiTÞ.
Imposing also the boundary condition at T ¼ ∞, the
invariant form of Geff takes the form [28]

Geff ¼ − log ½ðT þ T̄ÞηðiTÞ2ηð−iT̄Þ2�
þ log jnjðiTÞ−1=12j2; ð23Þ

where the asymptotic behavior in (21) is ensured by the
power of the SLð2;ZÞ-invariant j function [29]. For large
ReT, the corrections can be interpreted as M5-brane
instantons with action SM5 ¼ 2πT. As a result of the
corrections, the scalar potential of the 5D gauged super-
gravity now reads
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VeffðT;T̄Þ¼
6n2

ðTþ T̄ÞjηðiTÞj4jjðiTÞj1=6

×

�
3ðTþ T̄Þ2

���� 12π Ĝ2ðT;T̄Þ−
1

12

∂TjðiTÞ
jðiTÞ

����
2

−4

�
;

ð24Þ

where Ĝ2ðT; T̄Þ is the nonholomorphic Eisenstein series

Ĝ2ðT; T̄Þ ¼ −4π∂T log η −
2π

T þ T̄
: ð25Þ

For T → ∞, the potential scales as (12) and diverges for
iT ¼ ð−1Þ1=3. At T ¼ 1 the derivative of Geff vanishes,

∂TGeff jT¼1 ¼
�
n
2π

Ĝ2ðT; T̄Þ −
n
12

∂TjðiTÞ
jðiTÞ

�����
T¼1

¼ 0;

implying that there is a supersymmetric AdS vacuum at
T ¼ 1 with cosmological constant

ΛAdS ¼ −
12n2

jηðiÞj4jjðiÞj1=6 < 0: ð26Þ

We now return to the DW EOM (15). The point T ¼ 1
being the only supersymmetric vacuum indicates that this
point is a universal attractor for the DW EOM. Including
the quantum corrections, the DW solution differs from
the classical solution discussed around (16). Let us fix
Tðy ¼ 0Þ≡ T0 ≫ 1 such that the DW solution maps the
vicinity of 9þ to a regime in moduli space where all
instanton effects are suppressed. The brane 9þ acting as a δ
source, the solution to the DW equations (15) is locally of
the form (16). If we make the interval large enough, the
effects of the instantons on (15) become important.
Sufficiently far away from y ¼ 0, the profile of the DW
solution is determined entirely by the first-order equations
with the corrected expressions for K5D and W5D;eff . Since
T ¼ 1 is the universal attractor, the DW solution
approaches the vacuum at T ¼ 1 for y → ∞, i.e., TðyÞ ¼
1þ � � � and

e−4a ⟶
y→∞

�
n2

ðT þ T̄ÞjηðiTÞj4jjðiTÞj1=6
�

1=2

yþ c̃; ð27Þ

for some constant c̃. Inserting this solution in the metric
(14) we indeed realize an AdS5 geometry for y → ∞. If we
choose ImT0 ¼ 0, the path described by the DW in the
fundamental SLð2;ZÞ domain is a straight line along the
real axis ending at T ¼ 1. If instead we turn on the axion
along 9þ, i.e., ImT0 ≠ 0, the DW solution is not a straight
line in the fundamental domain but eventually bends
toward the universal attractor at ReT ¼ 1 and ImT ¼ 0.
Phases of 4D N ¼ 2 heterotic M-theory—From the

perspective of the heterotic E8 × E8 string on K3 × T2,

we consider a particular sector of the moduli space spanned
by the complexified 4D dilaton (1) and overall volume
modulus T het. As discussed in [9], the heterotic variables
can be translated into the parameters of the HW setup using

ReT0 ¼ ReS4D; ρ ¼ 1

ðReS4DÞ1=3
T het; ð28Þ

where T0 is the value of the complex T field defined in (7)
at y ¼ 0, i.e., the position of 9þ. We now discuss the
interpretation of the strong-coupling regime of the heterotic
string using the quantum corrected DW solution described
in the previous section.
Strong-coupling phase: In the classical heterotic

moduli space, we can consider the limit T het ≫ ReShet,
i.e., the large volume limit while keeping the 4D dilaton
finite. By (28), this limit corresponds to the regime ρ ≫ 1.
Comparing (28) with (1) we find ρ ¼ g2=3het , such that
T het ≫ ReShet is the strong-coupling regime for the 10D
heterotic string coupling. Classically, one expects the
strong-coupling limit of the heterotic string to correspond
to a decompactification limit to a theory in which the
massless graviton propagates in five dimensions. However,
for the 4D heterotic string, this is not necessarily the case
since perturbative threshold corrections induce a strong-
coupling singularity for one of the perturbative heterotic
gauge groups [9]. In HW theory this singularity corre-
sponds to choosing 2πρ ¼ y� which yields an end-of-the-
world defect as aðyÞ → −∞ [8,17].
The nonperturbative instanton corrections to the DW

solution smooth out the singularity in the warp factor and
the moduli space extends to larger ρ. Classically, the length
of the interval determines the region along which the
graviton propagates in the fifth dimension. For large ρ,
the DW solution can be viewed as smoothly connecting the
HW solution valid for y ≪ y� with a thick supergravity DW
for y ≫ y� asymptoting to the AdS5 vacuum at T ¼ 1. For
such a thick DW, the massless graviton is confined to a
region corresponding to the thickness of the DW [13]. The
thickness of the DW can be estimated by the region in
which the profile of TðyÞ varies significantly before the
nonperturbative corrections enforce it to asymptote to its
critical value at T ¼ 1. As the nonperturbative corrections
become important at T ∼Oð1Þ, using (16) the thickness of
the domain wall can be estimated to be Oðc0=nÞ.
Recall that in the weak-coupling phase, the fifth dimen-

sion is an interval obtained as a Z2 orbifold of a circle. For
large ρ, the 9−-brane is replaced by the supersymmetric
AdS5 vacuum. Still, the Z2 symmetry remains intact at the
quantum level such that the supersymmetric AdS5 vacuum
is realized on both sides of the 9þ-brane in a Z2 symmetric
way. The resulting setup is thus a variant of the model
discussed in [12], commonly referred to as Randall-
Sundrum Model 2. However, instead of an infinitely thin
wall as in [12], here we have a domain wall of finite
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thickness of Oðc0=nÞ. Therefore, gravity is not completely
confined to the world volume of a brane as in [12] but
extends into a finite region of the fifth dimension similar to
the discussion in [13].
In summary, for finite c0, the region to which gravity is

confined is compact, and our results have the following
interpretation from the perspective of the heterotic string:
Perturbative effects remove the classical infinite distance limit
ρ → ∞, inducing a finite distance strong-coupling singular-
ity. This singularity gets resolved by nonperturbative effects
since thewarp factor remains finite everywhere allowing for a
smooth transition into a compact strong-coupling phase in
which the perturbative heterotic gauge theory associatedwith
the E8 factor realized in 9− is expected to confine.
Spectrum of states: From the analysis of the quantum-

corrected DW solution, we infer that we can smoothly
transition between the weakly coupled phase corresponding
to the perturbative heterotic string and the strong-coupling
phase where the HW 9−-brane is replaced by a super-
symmetric AdS vacuum. In the weak-coupling phase, the
spectrum of states is determined by the excitations of the
perturbative heterotic string. Since one of the gauge groups
G ⊂ E8 becomes strongly coupled in the strong-coupling
phase, the light states associated in this phase can no longer
be the perturbative string excitations electrically charged
under the E8.
Instead, there is a monopole string that determines the

strong-coupling physics. At weak coupling, this string
corresponds to the M5-brane wrapping the K3 factor
localized in the brane 9− with tension [30],

TM5j9−
M2

pl;4

¼ ðeK5DðT;T̄ÞTÞ2=3jy¼2πρ; ð29Þ

We can trace this string into the strong-coupling phase [31],
where its minimal tension is

TM5jAdS
M2

pl;4

¼ ðeK5DðT;T̄ÞTÞ2=3
���
y¼∞

¼ Λ2=3
AdS

4 × 32=3n4=3
: ð30Þ

Here, we used Tðy → ∞Þ ¼ 1 and inserted (26).
Accordingly, the minimal tension for this string is of the
order of AdS5 scale.
Whereas the weak-coupling phase is characterized by the

perturbative string excitations, the strong-coupling phase is
governed by a string with tension of order the 5D AdS
scale. In particular, even though the DW solution extends to
y → ∞, there is no tower of KK modes becoming massless
reflecting that the graviton is confined to a finite region in
the fifth dimension.
Conclusions—In this Letter, we analyzed the strong-

coupling phase of 4D N ¼ 2 heterotic string vacua from a
dual DW perspective. In this dual description, which we
reviewed below (13), we were able to explicitly compute
the nonperturbative quantum corrections by exploiting the
modular invariance of the five-dimensional parent theory of

quantum gravity. Our results show that the nonperturbative
effects resolve a strong-coupling singularity in the moduli
space. Moreover, the closed form for the nonperturbative
corrections allowed us to study the nature of the strong-
coupling phase of 4D N ¼ 2 heterotic string vacua.
Concretely, the DW solution revealed that in the strong-
coupling phase, one of the HW 9-branes is replaced by a
supersymmetric AdS5 vacuum. We interpret this as the
gravitational version of the brane-flux transition used
in [32] to describe confinement for gauge theories in the
absence of gravity. Interestingly, the quantum-corrected
DW solution provides a concrete top-down realization for
the Randall-Sundrum 2 model [12] with a thick DW
embedded in AdS5 and gravity confined to a finite region
in the five-dimensional spacetime.
It would be very interesting to extend this analysis to the

setup with minimal supersymmetry studied in [9]. A key
difference in this case is that the metric on the moduli space
of the 5D parent theory itself receives (non)perturbative
corrections such that the effect of M5-brane instantons
cannot be written as a Kähler transformation as in (23).
Still, it would be interesting to unveil the nature of the
strong-coupling phase of 4D N ¼ 1 compactifications of
the heterotic string. Given the duality between the heterotic
string on K3 × T2 and Calabi-Yau threefold compactifica-
tions of type II string theory [33] (see also Refs. [34,35]), it
would further be interesting to understand the type II dual
of the strong-coupling phase discussed here. Understanding
the type II dual of the heterotic strong-coupling phase can
also shed new light on strong-coupling regimes in 4D
N ¼ 1 F-theory [36] that are dual to the heterotic strong-
coupling regimes studied in [9].
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