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The Hadamard test is one of the pillars on which quantum algorithm development rests and, at the same
time, is naturally suited for the intermediate regime between the current era of noisy quantum devices and
complete fault tolerance. Its applications use measurements of the auxiliary qubit to extract information but
disregard the system register completely. Concomitantly, but independently of this development, advances
in quantum learning theory have enabled the efficient representation of quantum states via classical
shadows. This Letter shows that, strikingly, putting both lines of thought into a new context results in
substantial improvements to the Hadamard test on a single auxiliary readout qubit, by suitably exploiting
classical shadows on the remaining n-qubit work register. We argue that this combination inherits the best
of both worlds and discuss statistical phase estimation as a vignette application. At the same time, the
framework is more general and applicable to a wide range of other algorithms. There, we can use the
Hadamard test to estimate energies on the auxiliary qubit, while classical shadows on the system register
provide access to additional features such as (i) the fidelity of the initial state with certain pure quantum
states, (ii) the initial state’s energy, and (iii) how pure and how close the initial state is to an eigenstate of the
Hamiltonian. Finally, we also discuss how anticontrolled unitaries can further augment this framework and

explain how this Letter settles the exploitation of the Hadamard test for intermediate applications.

DOI: 10.1103/cqjw-kI8s

After the recent demonstration of the first logical quan-
tum computations [1-5], we are on the verge of leaving the
era of noisy, intermediate-scale quantum devices [6] and
entering the era of early fault tolerance or intermediate
scale-quantum devices [7] and the megaquop machine [8],
a quantum device that can perform of the order of a million
of quantum operations. With only a few error-corrected
qubits but intermediate-sized quantum devices available, a
natural next step is to combine noisy and error-corrected
registers to implement more and more intricate quantum
algorithms [9]. Thus, the question arises as to which
quantum algorithms best suit these architectures and how
to bridge the gap between noisy devices and a fully fault-
tolerant quantum computer.

Arguably, the Hadamard test and variations thereof—
being among the core primitives of modern quantum
algorithm design [10,11]—are ideal candidates because
they use a single auxiliary qubit that gets entangled with all
other qubits: But then, only this qubit is measured in the
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end. Its ability to be used as a key subroutine in algorithms
that classically combine measurements to reconstruct
expectation values of linear combinations of unitaries has
sparked the development of several quantum algorithms
aimed at resource-efficient energy estimation [12-19],
sampling from matrix functions such as for solving linear
systems [20], quantum dynamics [21], Gibbs state prepa-
ration or properties thereof [20,22-24], estimating dynami-
cal correlations via Green’s functions [20,25], linear
response of quantum systems [26], computing the density
of states [27], entanglement spectroscopy and the estima-
tion of a-Renyi entropies [28,29], estimating matrix ele-
ments of certain unitary irreducible representations of
groups [30], and approximating the Jones polynomial
[31,32], as well as giving rise to the one clean qubit model
of quantum computation [33].

Furthermore, allowing for additional auxiliary qubits and
circuit depth, the Hadamard test can be extended to make use
of the existing resources both in the intermediate fault-
tolerant regime [34] or in the far-term application of the
original quantum phase estimation algorithm [35] or even
simplified using phase retrieval techniques to avoid the
controlled unitary [36]. These algorithms mostly use adap-
tations of the Hadamard test by measuring the auxiliary qubit
to estimate expectation values of the form tr(e'”"p) for some
Hamiltonian H and state p with different evolution times ¢; to
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Cartoon illustration of the proposed adaptation of the Hadamard test: Left: the standard Hadamard test circuit allows for the

estimation of Re[tr(Up)] or Im[tr(Up)] when using ¢ = 0 and ¢ = /2, respectively. Here, V labels the state preparation unitary, but
the state can also be mixed. Right: instead of disregarding the system register, we can perform local or global shadow estimation of the
postmeasurement state by applying random local or global Clifford gates (C) and, thereby, extract so-far-unused information.

construct Fourier approximations F(H, t) of desired spectral
functions in classical postprocessing. However, only infor-
mation from the auxiliary qubit is extracted for this trace
estimation, since the garbled postmeasurement state of the
system register is of no apparent use. Notable exceptions are
applications using system register measurements for error
mitigation within verified phase estimation [37,38] and the
combination of the generalized swap test with shadows on
the copies of the input state [39].

At the same time, the advent of classical shadows as a
tool to efficiently construct approximate classical descrip-
tions of quantum states using very few measurements has
impressively showcased the fundamental power of quan-
tum measurements in conjunction with classical post-
processing [40-43], leading to hybrid quantum-classical
algorithms enhancing quantum devices with classical
shadows [39,44-46]. After the recent breakthrough of
Ref. [47] and previous shallow constructions [48], even
global classical shadows are provably accessible with
extremely low-depth quantum circuits.

Equipped with these tools, it is time to revisit previous
quantum algorithms and search for gems in so-far-unmeas-
ured output states by combining insights from quantum
algorithms and quantum learning theory. This is especially
relevant for intermediate-scale quantum experiments,
where we want to get as much information as possible
from a limited number of experiments.

We summarize the Hadamard test and its applications
before showing that the standard presentation of the
Hadamard test can be expanded by including classical
shadows of the system register. In classical postprocessing,
combining the auxiliary register’s measurement results with
the system register’s shadow measurement allows for
estimating additional quantities, inheriting the sample
complexity bounds of classical shadows.

To demonstrate the usefulness of this additional infor-
mation, we sketch three applications: (i) simultaneous
estimation of tr[F(H,t)p| for a Fourier approximation
F(H,t) of some spectral function and fidelities with known
eigenstates (using global shadows), where energy estima-
tion following Refs. [15,16,18] is a specific example,
(i) combining tr[F(H,t)p] with an estimation of tr(Hp)
(using local shadows), and (iii) additionally estimating a
measure of purity and eigenstateness (using local shadows).

Finally, we discuss another modification of the standard
Hadamard test used in Refs. [20,21,49] and how applying
anticontrolled unitaries can lead to further applications in
comparing spectra of unitaries and determining eigenstate-
ness of the input state while providing access to shadows of
new types of quantum states.

The Hadamard test and its uses—To perform the
standard Hadamard test shown in Fig. 1 (left), we repeat
the quantum circuit with ¢ = 0 [i.e., P(¢) = P(0) = I] and
estimate the outcome probabilities of the measurement of
the auxiliary qubit, which are given by

p(0) =5 (w(p) + Re[tr(Up))), (1)

p(1) =5 (r(p) — Re[tr(Up))), (2)

N | — N —

and then obtain Re[tr(Up)] = p(0) — p(1) in classical
postprocessing by effectively estimating the Pauli-Z
expectation value of the auxiliary qubit while tracing over
the system register. Repeating the procedure for ¢ = —7z/2
allows for the estimation of Im|tr(Up)].

The linearity in the unitary U is precisely the reason why
the Hadamard test has led to so many algorithms aimed at
the resource-efficient use of intermediate-scale quantum
devices. Given a linear combination of unitaries (LCU)
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Mycy = a;U;, repetitions of the Hadamard test for the
individual U;’s allow for an estimation of tr(Mycyp) in
classical postprocessing. This bypasses the block-encoding
and amplitude amplification procedures required for a
coherent application of M. Furthermore, the linearity
also allows for importance sampling procedures not only
from M ¢y, but also of the U;’s themselves. This can help
reduce circuit depths and lead to novel algorithms, as
demonstrated in Ref. [16].

Whereas quantum signal processing and qubitization
approaches focus on Chebyshev polynomials as a basis to
construct linear combinations of unitaries to approximate
spectral functions [50-53], the Hadamard test is especially
suited to implement Fourier approximations thereof. As
such, most proposed applications use U; = e!f’i to con-
struct useful Fourier approximations, such as those of step
functions or filter functions that allow projections into
(potentially low-energy) subspaces or for eigenvalue
thresholding [15,16,18]. These applications, thus, combine
the Hadamard test with Hamiltonian simulation to access a
different basis in which to approximate spectral functions
in classical postprocessing.

The construction of further interesting Fourier functions
in a highly relevant and ongoing research topic, and any
findings in this direction, fit the following discussion of
adding system register measurements to the Hadamard test.

The Hadamard test in the light of shadows—While the
standard application of the Hadamard test ends with the
computation of tr(Up), the adaptations of Refs. [20,21]
have shown that appropriate measurements of the system
register can lead to the estimation of so-far-unavailable
quantities, making better use of the output state of the
Hadamard circuit before measurement, given by

1 . ,
Powt = 7 (|0 0] @ (I + Ue?)p(I + Ue'?)T

+10)

+11)

)
(1] ® (I + Ue?)p(I — Uei?)t
(0l ® (I -Ue?)p(I + Ue?)!

+ || ® (I - Ue?)p(I - Ueif/))f)' (3)

Thus, we would like to consider the additional possibilities
the Hadamard test circuit offers, including estimating
different Pauli expectation values on the auxiliary qubit,
tracing out the auxiliary register, and adding observable
measurements (that can also result in classical shadows) to
the system register.

While a thorough, step-by-step discussion of all of these
cases is presented in Sec. II in Supplemental Material [54]
and a list summarizing all available quantities is shown
in Appendix A, we would like to focus on two specific
applications using the postmeasurement (potentially non-
normalized) states

1 . .

P(Z) = tan (Zawspou) = 5 (Upe'? + pUte ),  (4)
1 .

p(]) :traux<p0ut) :z(p+ UPU )v (5)

where p,,; denotes the output state of the Hadamard test
before any measurements.

Although we could instead perform several Hadamard
tests in parallel and physically linearly combine their
postmeasurement states depending on the measurement
outcome, classical shadows allow a direct use of these
postmeasurement states, one that is available for all of the
algorithms mentioned above, at the (negligible) cost of also
measuring the system register. Furthermore, the well-
established literature on classical shadows provides rigor-
ous error bounds and guarantees that are directly applicable
here as well, as summarized in Sec. IV in Supplemental
Material [54].

Using system register measurements for fidelity
estimation—To showcase the use of obtaining classical
shadows of such postmeasurement states, we turn toward a
concrete example: combining the estimation of expectation
values of linear combinations of unitaries with fidelities
with pure eigenstates of H.

We begin by first discussing the setting of using only a
single, fixed U within the Hadamard test. Combining the
measurement of the auxiliary qubit of the output state p,,
in the Pauli-Z basis [see Eq. (A12)] results in a statistical
estimator for

(z®1%"),,, =tlp(Z)] =Re(tr(e’Up))  (6)

and, consequently, in a statistical estimator of Im (tr(Up))
for ¢ = —z/2 and, thus, an effective Pauli-Y measurement,
as before.

However, we can also measure some observable O on the
remaining n-qubit system register, resulting in

(Z® 0), = t[0p(2)] = Re(tr(c?0Up)).  (7)

Note that a measurement of O still allows for disregarding
that measurement information, thus effectively tracing over
the system register, and, therefore, does not affect the
original goal of estimating tr(Up).

Now, just as we use separate estimations of the real and
imaginary part of tr(Up) for its estimation in classical
postprocessing, we can combine the system register mea-
surements to obtain tr(OUp) and, consequently, classical
shadows of Re(U)p, Im(U)p, and Up. Since this quantity is
still linear in U, we can again extend these results to linear
combinations of different unitaries, thereby obtaining the
same for My cy = > o;U;. Thus, when randomly choosing
which U; of the linear combination to implement and
further randomizing the observable O, we can obtain
information about the (non-normalized) state p = M cyp.
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Let us make this more concrete for U; = el by
restricting to rank-one observables O = |1) (4] to obtain

(Z & |){Al),,,.i = wllA){lpi(Z)]
—Re (tr(|/1> <,1|ei<Hff+1fﬁ>p)). (8)

Besides restricting to a single |1), which may or may not be
preparable with a shallow circuit, we can also use global
shadows on the system register, which are now available
with shallow circuits thanks to Ref. [47] or Ref. [48] to
estimate this quantity for arbitrary product states.

Now, if we assume that |4) is a pure eigenstate of H with
known eigenvalue E, we find

(Z ® A, = Re(F ) (2lp]3))
= cos(Et; + ))F(p. (2. (9)

which, since we know the factor cos(Et; + ¢), allows us to
estimate the fidelity F between the initial state p and
known, pure eigenstate |1). Consequently, using this
extended version of the Hadamard test, we can use the
auxiliary qubit to estimate the usual Hadamard test output
tr(Up) and use system register measurements to, at the
same time, extract additional information such as fidelities
tr(p|A)(4]) with certain states |1). More generally, when
My = a;el’i, we can obtain Re[M ¢y (4)]F(p,|A) (A]),
Im[M; cy(A)]F(p, |2)(A]), and linear combinations thereof.

Thus, when M|y is a Fourier series of a threshold
function projecting the initial state p into a (potentially low-
energy) subspace, fidelities with pure eigenstates of H with
known energy within the same subspace can be estimated.
However, since the threshold function yields one for all
eigenstates within the selected subspace, we do not need to
know the energy explicitly but only that it is within the
subspace.

The only additional cost of obtaining these additional
estimates is the cost of estimating the required observables
on the system register, which, due to recent shallow
constructions for global shadows, does not constitute a
bottleneck in practice.

In general, the same procedure can be used for extended
Hadamard test circuits with more than a single auxiliary
qubit and a single controlled unitary. However, it is
essential to note that the number of measurement outcomes
scales exponentially, decreasing the resolution for each
postmeasurement shadow. The advantage remains that only
a single quantum circuit is required to extract both the
original information of these circuits and the information
tractable with linear combinations of the postmeasurement
shadows.

It is further important to note that stochastic phase
estimation achieves Heisenberg limit scaling and, thus,
requires only O(e~!) samples to obtain phase knowledge

with an error of at most ¢ [15,18]. In contrast, classical
shadows or even simple observable estimation by meas-
urement are sampling procedures, requiring O(e~?) sam-
ples to achieve the same error guarantees. Thus, when
focusing on stochastic phase estimation, the additional
quantities accessible via system register measurements can
only be estimated up to an error of O(/e).

Using system register measurements for energy
estimation—So far, we have used global shadows of the
postmeasurement state p(Z) to extract information about
fidelities. However, as discussed in the Supplemental
Material [54] summarized in Appendix A, we can also
trace out the auxiliary register to obtain

pU1) = Canlpo) =5 (0 + UpUT). (10)
For local Hamiltonians and linear combinations of
U; = €'’ local classical shadows, or any other measure-
ment scheme for energy estimation, of the system register
can then be used to obtain an additional estimate of the
state’s energy, since for O = H, obtainable in classical
postprocessing due to the linearity in O, we have

tr[Hp;(1)] = % (tr(Hp) + tr(Helipe=H11)) = tr(Hp).

Consequently, as a by-product of estimating tr(M; cyp), we
can obtain an energy estimate of p, requiring only addi-
tional random Pauli measurements of the n-qubit system
register. Similarly, the expectation value of other operators
commuting with the Hamiltonian can be estimated.

It is important to stress that one of the main early
applications of the Hadamard test is stochastic phase
estimation [15,18], whose goal is the estimation of a state’s
eigenenergies and, more importantly, ground state energies.
As such, these applications already generate energy infor-
mation with a Heisenberg scaling of O(e~!) samples. In
contrast, the above use of shadows requires O(e~2) samples
to achieve the same accuracy. However, we envision using
statistical phase estimation for ground state energy estima-
tion with simultaneous estimation of the guiding state’s
energy tr(Hp). Therefore, we view this application as an
add-on to more intricate phase estimation procedures and
an enhancement of Hadamard circuit applications, whose
purpose is not foremost in energy estimation.

Using system register measurements for purity and
eigenstateness—Less practical but still conceptually inter-
esting, we can further use exponentially many local
shadows of p(I) to estimate its purity [44], given by

1
w(p(1)?) =5 (wlp?) + wpUpUY), (1)
which is one if and only if p is a pure eigenstate of U.
Tracing out the auxiliary system, thus, adds these two
quantum states, allowing for another quantity to be
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estimated, albeit not efficiently in this case, since purity
estimation is known to require exponentially many copies
of the state [55].

Since the system register can be traced over even when
measured, we can again combine the estimation of this
quantity with the estimation of energy. Furthermore, even
though this quantity is no longer linear in U, if U; = !’
the simulation time does not impact whether p is an
eigenstate of U,. Since the introduced phases of e*i#
for an eigenstate p = |1)(4] with energy A cancel, we can
again use measurement outcomes for different #; to estimate
the same quantity.

Adding anticontrolled unitaries to the Hadamard test—
Stepping away from system register measurements, we
want to discuss another component of the Hadamard test
that has not been explored much: the addition of an
anticontrolled unitary W (applied when the auxiliary qubit
is zero instead of one), as shown in Fig. 2. Proposed in
Ref. [56] to add two unitaries and further discussed in
Refs. [20,21,49], this helps to linearize the problem of
applying two linear combinations of unitaries in a ran-
domized fashion as required for quantum dynamics or
sampling from matrix functions.

This generalization changes the output state of the
Hadamard test from Eq. (3) to

Pout = (|0> <0| ® (W+ Ue‘¢) (W+ Uei(/))T

+10)(1] ® (W + Ue?)p(W — Ue'?)?
+|1)(0] ® (W — Ue)p(W + Ue'?)T
(1] ® (W= Ue)p(W - Ue)' ), (12)

effectively replacing the (I & Ue'?) of the unmodified
Hadamard test with (W 4 Ue'?), which leads to additional

obtainable postmeasurement states and observables,
H X X HP@O)H B HA
: VR RUE w i
out

FIG. 2. The Hadamard test with an additional anticontrolled
unitary W can help in quantum dynamics and sampling from
matrix functions by linearizing the output to allow for random-
ized approaches [20,21], or to compare spectra of unitaries,
determine eigenstateness of a state, and access new types of
quantum states, as discussed in the main text.

summarized in Appendix B. Besides the applications of
Refs. [20,21,56], we envision another use in obtaining
shadows of so-far-inaccessible quantum states, further
strengthening the point that small changes to existing
algorithms can yield interesting new outcomes.

As an example, consider U = ¢'"' and W = ¢! and
¢ = 0. Then, executing the modified Hadamard test of
Fig. 2 yields

,D(Z) ( 1Ht|pe—1Ht2 + elthpe—lHt])
Now, if p = |y)(y| with energy (y|H|y) = E

wlp(Z)] =

However, if p is not an eigenstate of H, e.g., when
p = ) (w| with

Re(e(172)) = cos[E(1; —1,)].  (13)

lw) = alu) + plv) (14)

for two different eigenstates |u) and |v) with energies E,
and E, # E;, we obtain

tr[p(Z)] = Re (tr(eiH’I pe—inz)>

= o cos[E, (1) — 13)] + f cos[Ex (1, — 1)), (15)
since tr(|u)(v|) = (u|v) = 0. While the above discussion,
due to the cyclic property of the trace, also holds for the
standard Hadamard test with U = e#(2="1) such a con-
struction further provides access to new types of quantum
states of the form p = UpW" for different unitaries U
and W. Although we did not find practical uses for such
shadows, we invite further study of the capabilities of this
extension of the Hadamard test and a careful examination
of using the phase shift P(¢) to construct new algorithms
and discover new applications.

Discussion and outlook—In this Letter, we have
improved the Hadamard test by bringing it into contact
with advances in quantum learning theory, suitably exploit-
ing recently developed algorithmic subroutines in mind
to show that classical shadows of the system register can
extract—strikingly so far unused, but highly useful—
information: accepting that accessible information has
been left ignored so far that can be exploited to improve
schemes adds an exciting new twist to the Hadamard test.
Furthermore, we have discussed how mild modifications of
this well-known circuit can lead to many new applications.
Especially for early fault-tolerant quantum devices with
only a few error-corrected qubits (and, thus, a limited
number of auxiliary qubits) and sampling-based quantum
algorithms, this approach enables the extraction of addi-
tional information without requiring additional quantum
circuits and enhances previous applications using only
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auxiliary qubit measurements. Additionally, we have revis-
ited the modification of the Hadamard test to incorporate
anticontrolled unitaries, demonstrating that this slight
adaptation also leads to new capabilities.

We conclude this Letter by making three “meta points”
that emphasize the significance of this Letter. First, these
results further demonstrate the power of quantum meas-
urement and motivate the continued study of quantum
algorithms that disregard qubit registers without measure-
ments. Then, it further shows that relevant progress is often
achieved by charting the territory between established
fields of research, here quantum algorithm design and
learning theory. This mind set opens up novel possibilities,
especially with recent breakthroughs that enable both
global and local classical shadows with shallow circuits.
Third and finally, the gap between the noisy, intermediate-
scale quantum and fault-tolerant regime seems painfully
large. It is the hope that the tools and ideas presented here
will help chart a road map connecting these realms.
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End Matter

In the following, we summarize the quantities
available with the Hadamard test and its extension.
Derivations thereof and a more thorough discussion can
be found in Secs. I-III in Supplemental Material [54].

Appendix A: Summary of quantities accessible with
the Hadamard test—To summarize, with the Hadamard

test applied to an initial state p, we can obtain the
postmeasurement (observable) states and observables
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p1) = tanllpow) = 5 (0 + UpUY). (A1)

(1 0),,, = w(0p(1)) = 3 w(0p + UpU)). (A2

(1@ 197, = w(p(1)) = trp). (A3)

PX) = s Kawpo) = 5 (= U, (A4)

(X ® 0),,, = w(0p(X)) = 3x(0p ~ UpU").  (A5)

(X @ 197, = w(p(x)) =0, (A6)
P(Y) = o (YauxPour)

= - % (Upe — pU'e™?), (A7)

(Y @ 0),, = w(0p(¥)) = Im (ir(0*Up)).  (AB)

¥ @ 197),,, = w(p(¥)) = I (tr(eUp)), (A9)
P(Z) = traux (ZansPou)

- % (Upei + pUieit)), (A10)

(Z®0),, = w(0p(2)) = Re(r(04Up)).  (Al1)

(2@ 197, = t(p(2)) = Re(tr(e¥Up)). (A1)

Appendix B: Summary of quantities accessible with
the extended Hadamard test—Similarly, for the extended
Hadamard test, including the anticontrolled application
of the unitary W, where the output state is given by

Pout = % (IO 0| @ (W + Ue?)p(W + Uei?)t
+10)
+[1)
+1){(1| @ (W = Uel®)p(W — Ueirl))T),

1| ® (W+ Ue?)p(W — Uel?)t

)
(
0] ® (W —Ue?)p(W + Uei?)t
(

(B1)

we obtain the postmeasurement (observable) states and
observables

(WpW' + UpU"), (B2)

N[ =

p(I) = Tux (Ipout) =

(I®0), =tu(0pl)= %tr(O(W/)W"' + UpUY)),

(83)

(1® 1), = u(p(1)) = u(p) (B4)
PX) =ty Xupoa) = 5 WpW' = UpU'),

(85)

(X®0), =t(0p(X))= %tr(O(WpWT - UpU")),

(B6)

X ®1%"),  =u(pX))=0. (B7)
P(Y) = e (YauxPout)

- —% (UpWieit — WpUTe ), (BS)

(Y ® 0),,, =tw(0p(Y)) =Im (r(W O’ Up)), (BY)

(Y @ 1%"),  =tr(p(Y)) =Im (w(eW'Up)).  (BI0)
P(Z) = g (ZauxPout)

= % (UpW'el? + WpUTe™ 7)), (B11)

(Z® 0), =1u(0p(Z)) =Re(r(W'0e?Up)), (B12)

(z@1®"), =tr(p(Z)) =Re(tr(e?WiUp)).

Pout

(B13)

For these modifications, it can also be beneficial to
consider randomized approaches where U and W are
both drawn from the same ensemble {p;, U;}, which
produces some interesting linear combination Y p;U;
in expectation, such as approximations of the time
evolution operator [21].
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