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Horizon Edge Partition Functions in A > 0 Quantum Gravity
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We obtain the spectra of codimension-2 horizon “edge” degrees of freedom for gravity and higher-spin
gauge fields in de Sitter space and in the static Nariai spacetime, advancing previous Lorentzian and
Euclidean analyses of one-loop thermodynamics. The edge spectra exhibit universal shift symmetries,
revealing a novel symmetry-breaking structure in one-loop partition functions with a positive cosmological
constant. For the graviton, these modes admit a geometric interpretation as fluctuations of the cosmic

horizon, which also persists in the Nariai case.
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Introduction—An outstanding challenge in theoretical
physics is to construct a UV-complete framework for
quantum gravity in de Sitter (dS)-like spacetimes, which
approximate our Universe at very early [1-4] and very late
[5-9] times. Pending a fully explicit top-down construction,
a natural bottom-up strategy is to study quantities in the
low-energy effective theory that are invariant under diffeo-
morphisms and field redefinitions. In the present context,
one such quantity is the Euclidean gravitational path
integral with A > 0 [10]:

Z= / DgDDeS0:9, (1)

where ¢ denotes the metric and @ denotes other fields. In
saddle-point approximation, the sum runs over closed
Euclidean manifolds of positive curvature. This object
provides a rare infrared probe of microscopic models, much
as in black hole thermodynamics or AdS/CFT. Unlike those
cases, however, without an asymptotic boundary from which
to extract diffeomorphism-invariant correlators, (1) appears
at first sight as a featureless number, obscuring its meaning.
One natural interpretation is that log Z represents a micro-
canonical entropy, as explored in earlier work [11-13]
and more recent developments [14-19]. To make further
progress, additional guiding principles would be valuable for
refining (1) into an interpretable form.
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Quantum corrections about the round S%*! saddle of (1),
interpreted thermodynamically in a Lorentzian dS,, | static
patch (Fig. 1) [20,21], reveal unexpectedly rich structure.
At one loop, the S4! partition function for fields of arbi-
trary mass and integer spin universally factorizes as [22,23]

Zpi PS4 = Zoun (B = Pas) Zeage- (2)

The bulk factor Z, is the thermal partition function of an
ideal bosonic gas in a dS,,; static patch at inverse dS

temperature fyg = 27845 with £4s = +/[d(d — 1)/2A],

_2_”t
odtl+e 7
21—

log Zoux () = / 0. )

Here y(1) is the SO(1, 1) character of the boost generator in
a given SO(1,d+ 1) unitary irreducible representation,

FIG. 1. Round S%*! arises from a dS,, static patch by Wick-
rotating the observer’s proper time and imposing periodicity,
t = —it with 7 ~ 7 4 27¢,s. This suggests interpreting the S+
path integral as a thermal trace, analogous to Euclidean methods
in quantum field theory at finite temperature. Subtleties may
arise, however, at the (Euclidean) horizon or “bolt” [28], the
codimension-2 fixed point set (yellow dot) of Euclidean time
evolution where the thermal cycle degenerates.
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TABLEL 1/Z4, for Maxwell [24,29], Yang-Mills (one-loop)
[30], and p-forms [25,31].

Theory on §9+!

U(1) Maxwell

Yang-Mills with gauge group G
U(1) p-form

Massive p-form

l/Zedge

U(1) scalar
G-valued scalars
U(1) (p — 1)-form
Massive (p — 1)-form

encoding the spectrum of quasinormal modes (QNMs) [26],

2(1) =Y N.el, (4)

QNM

with z being the QNM frequency and N, being its
degeneracy. For scalars, y(7) can also be obtained as a
spatially integrated correlator [27].

Our focus will be on the second factor in (2), Zqs., Which
arises only for spin s > 1. It is termed ‘“edge” because it
takes the form of an inverse path integral on S%~! (radius
¢ 4s), naturally associated with the cosmic horizonof a dS,
static patch. Table I summarizes 1/Zg4,. for several p-form
theories. In the End Matter, we summarize the explicit
formulas (2) and (3) specialized to gravity.

The structure (2) has well-known precedents in Maxwell
theory. Early studies of entanglement entropy revealed a
negative contact term [32]. Later, in calculations of
Maxwell entanglement entropy across a ball in four-
dimensional Minkowski space, one maps the problem to
a dS, static patch and finds that a thermal result [33,34]
differs from the conformal-anomaly expectation [35,36].
Both the contact term and this 4D discrepancy were sub-
sequently understood in terms of “edge modes” localized on
the entangling surface [24,34,37-56]. The factorization (2)
may be viewed as a generalization of this phenomenon to
arbitrary masses and spins in any dimension.

In this Letter, we initiate a systematic study on Zge, for
symmetric tensor fields of arbitrary mass and spin. For
gravity and higher-spin gauge theories, we determine their
explicit edge spectra, which display universal patterns of
shift symmetries. As we shall see, this structure persists for
gravitons on the static Nariai geometry.

Gravitons on S**'—A key obstacle in formulating an
edge-mode interpretation for gravity [5S7-81], analogous to
the Maxwell or p-form cases, is that its Z.q,. receives
contributions from multiple field types. Explicitly, it is not
obvious how to disentangle the “collapsed” expression
obtained in [22],

7 ox /°°dt1+q
x - -
edge p 0 2[1—6]

qd—l +q—l qd+q—2
(e N

X {(d+2)

into interpretable lower-spin contributions. Here g = e~"/%as
and the notation [- - -], is defined in (AS5).

Branching the sphere—We took on the challenge of
analyzing the detailed 8o(d) structure underlying (5). The
starting point is that one-loop S%*! path integrals are
expressed as determinants of Laplacians on S%*!, ie., as
infinite products over spherical harmonics furnishing irre-
ducible representations (irreps) of 8o(d + 2):

Zp"P[s41] ~ T [ (80(d + 2)irreps). (6)

From the viewpoint of $7~!, the edge factor Z4,, similarly
packages an infinite tower of 30(d) irreps. Our strategy
is to apply the branching rule 8o(d 4 2) — u(1) @ 80(d)
[82] to (6),

ZLOP[§4H1] ~ H(u(l) @ 8o(d)irreps), (7)

which makes the 8o(d) content explicit.
Carrying out this analysis, explained in detail in the
companion paper [30], we obtain a refined form of (5),

valid for any d > 3:

1
2

1
x det’

d— d-2
_V(Z)_ 22

ds l’ﬂ?js
x det' (—=V32)2. (8)

Zedge o det’ - V% -

Here —Vj and —V? denote the scalar and transverse-vector
Laplacians on S¢~! of radius #,5. Primes indicate omission
of zero modes, and the subscript “—1” denotes that the
harmonic product is extended to begin at degree [ = —1.
Expression (8) makes manifest the ghostlike contributions:
a tachyonic vector, two tachyonic scalars, and a massless
scalar.

Nonlinear realization of SO(d + 2)—The decomposi-
tion (8) reveals a nontrivial pattern of shift symmetries,
suggesting an underlying nonlinear realization of the de
Sitter isometry group. Specifically, the (inverse of) deter-
minants in (8) are uniquely reproduced by the quadratic
actions

1 d-2
S[A] /S g = A, 9)
d-1
sl e [ 0@, -at v, (0)
Sly] /Sd_I 0, x0'y. (11)

Here F,, = V,A, = V,A,, and the two tachyonic scalars are
grouped into an SO(2) vector ¢* (a = 1, 2) with metric §,,.
We suppress the volume form [ d*"'x,/g to [qu1. For
any d > 3, these actions exhibit abelian shift symmetries,
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SA, =&V, 5¢pt = VAEKYVW sy — constant,  (12)
corresponding to the zero modes of the operators in (8),
where &5V and XV denote Killing and conformal Killing
vectors on the round S$!, respectively. These sym-
metries realize the 80(d) decomposition of the 8o(d + 2)

generators:
— D 2 ® e,
H ~He:0 (13)
so(d)

so(d+2)

with the 8o0(d) irreps on the right side carried precisely by
the shift symmetries (12).

Geometric fluctuations of the horizon—It is natural to
ask whether the explicitly determined spectra (9)—(11)
admit a geometric interpretation. Indeed, the spectra and
the shift symmetries (12) that they display are sufficiently
constraining to infer a natural interpretation in terms of
fluctuations of the Euclidean horizon S¢~! ¢ $9+! a maxi-
mally (totally geodesic) embedded surface that Lorentzian-
continues to the cosmic horizon (Fig. 1).

The simplest fluctuations are transverse displacements of
§9-1, described by two scalar fields ¢“. The induced metric
on the fluctuated surface takes the form [83—87]

G;w [¢a} - fzg/w + Buw (14)

where g, is the round $9~! metric (radius Z4s) and [30]

f2 =1- ¢u¢a’ B;w = fﬁsaﬂ¢aau¢a + 0(¢4) (15)

The worldvolume action,

S[¢] /Sd_l d'x\/det G[¢"]. (16)

expanded in small ¢¢, reproduces (10). Geometrically, the
tachyonic mass —(d — 1)/£3%¢ reflects that the $7! is a
maximal embedding: constant transverse translations
reduce its area.

A second class of fluctuations corresponds to intrinsic
diffeomorphisms generated by a vector field A,,. In fact, the
quadratic action (9) can be written as

S[A] x MM, — (M*))?, (17)
Sd—l

in terms of the Lie derivative,
MﬂIJ = ‘CAg/w = VﬂA,, + VDA”,

of the round metric g,,.

Sd+l

S4=L(a)

FIG. 2. Z.g,. of gravity encodes geometric fluctuations of the
Euclidean horizon S9~! C S9+!: transverse bendings ¢, intrinsic
diffeomorphisms A,, and normal-bundle twists y.

Finally, the S9! carries a two-dimensional normal
bundle inside S?*! with structure group SO(2). The
massless scalar y can be interpreted as an angle field
parameterizing a flat connection d,y on this bundle, with
minimal action (11). A summary of the three fluctuation
types is shown in Fig. 2.

We close with a brief remark. The determinants (8) can
equally be obtained from quadratic actions for a Euclidean
horizon embedded in Lorentzian de Sitter, S7! C dS,. ;.
The actions (9)—(11) reappear with a relative minus sign
between ¢! and ¢?, and a careful evaluation of the S¢!
path integrals yields the first factor in (8) with a dimension-
dependent overall phase [30].

Symmetric tensor fields on S“T'—We now consider
massless higher-spin gauge fields, central to various pro-
posals for de Sitter holography [88-91]. The quadratic
action for a spin-s gauge field is invariant under the gauge
transformations [92],

5. = Vi Eu) (18)

The corresponding one-loop S¢*! partition functions [93]
factorize as in (2), with edge contributions appearing in a
“collapsed” form in Ref. [22], directly analogous to the
unrefined graviton result (5).

The branching rule method sketched in the last section
can be applied directly to this case. Alternatively, following
the graviton analysis, one may use shift symmetries as a
guiding principle. For instance, the global gauge trans-
formations of a massless spin-3 theory are generated by
spin-2 Killing tensors, transforming in the two-row (2,2)
irrep of 80(d + 2). For any d > 4 this decomposes as

——
s0(d+2)

—>o@2[]@3[[]@5@2 o

so(d)

(19)
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TABLE II.  Field contents of Z4, for various classes of theories on S9+1. For massless fields, totally symmetric and antisymmetric
tensor gauge fields give rise to two distinct types of edge theories: shift-symmetric and gauge theories. Question marks indicate cases

whose edge content is presently unknown.

p-form [25,31]

Rank-s totally symmetric tensor [30]

Mixed symmetry

Massive Massive (p — 1)-form
Partially massless [94-103] Not applicable
Massless Massless (p — 1)-form

Massive spin < s — 1 77

Shift-symmetric + massive spin < s — 1 7?

Shift-symmetric spin < s — 1 Not applicable

Summing over spin-0, 1, and 2 fields whose actions are
invariant under shifts by the corresponding spherical
harmonics on $%~! reproduces (the kinematic part of) the
collapsed formula of Ref. [22]. This reasoning extends to
arbitrary spin and all d > 3, further reinforcing the link
between Z.y,. and shift symmetries. In Table II, we
summarize the field contents of Z,4, for a range of massive
and (partially) massless theories. With the 8o(d +2) —
u(1) @ 8o(d) branching rule method sketched above and
developed in detail in Ref. [30], a natural next step is to
extend this summary to more general mixed-symmetry
tensor fields in arbitrary dimensions.

Gravitons on S* x S4~'—We now examine whether the
shift-symmetry structure of the gravitational edge sector
persists in a subleading saddle of (1), namely S% x §%-1.
The Lorentzian version of this geometry is the static Nariai
spacetime [104], the extremal limit of Schwarzschild—de
Sitter, where the black hole and cosmological horizons
coincide at radius ry = +/[(d — 1)(d — 2)/2A]. The space-
time factorizes as dS, x S9~! with dS, and S9! radii being
¢y = (ry/vd —2) and ry, respectively, and Wick rotation
maps the two horizons to the poles of the S? factor,
yielding $? x §¢-1.

In a companion paper [105] (see also Ref. [106]),
we computed the complete one-loop graviton partition
function for any d > 3. The result is the analog of (2), (3),
and (8):

Zpi°P[82 x §47) = Zyue (B = ) Zeager  (20)

with Zy being the thermal partition function of an ideal
graviton gas in the Lorentzian Nariai background at inverse
temperature f}y = 2z¢y. Equation (4) is replaced by the

corresponding Nariai character, summarized in the End
Matter. The edge factor in (20) is

d-2

% 2
Zegge <det’_ | =Vv2- det/(—vg)%> . (21)

receiving ghostlike contributions from two identical sets of
fields on S¢~! (radius ry), each a tachyonic vector plus
three massless scalars. As before, —V(z) and —V% are the
scalar and transverse-vector Laplacians, primes indicate
omission of zero modes, and the subscript “—1" extends the
spherical-harmonic product to [ = —1. The doubling nat-
urally reflects the two Nariai horizons of equal radius.

Examining one copy, the effective masses differ from the
pure dS case (8), showing that the dynamics of graviton
edge modes is sensitive to geometry beyond the intrinsic
§9=1. This contrasts with p-forms, whose spectra are
insensitive to such details [24,25]. Table III compares
the edge spectra on S?*! and §? x S9!,

Shift symmetries and the geometric interpretation—In a
single copy, the tachyonic vector has the same mass (in
units of the round S¢~! radius) as in the S¢*! case, while the
two tachyonic scalars of (8) are replaced by two massless
scalars. This spectrum reflects that Z,q.. again nonlinearly
realizes the background isometries: the number of shift
symmetries [the SO(d) generators from the vector plus
three constant shifts] equals the dimension of the isometry
group SO(3) x SO(d).

In terms of geometric fluctuations of the horizon S¢~!,
the vector has the same mass (in units of ) as in the round
S9! case and continues to describe diffeomorphisms
intrinsic to S~!', while another massless scalar continues
to encode the SO(2) normal-bundle connection, i.e., local
rotations of the two transverse directions.

TABLEIIL  Field content of Zg, for gravitons on $*' and §? x $9~!. Here k labels the shift-symmetry level [107,108]. The last line
shows the contribution of each edge field type to the 4D logarithmic coefficient, defined by 10g Zeggeiog -iv. = Feage 10g(1€), With p the

UV mass scale and # the S%! radius.

Round S9! (d > 3)

§2 x S (d > 3)

Isometry
Lorentzian geometry
Zegge coONtent

SO(d+2)
dS,., static patch

+ one k = 0 scalar

4D log-coefficient st _ 16 _1_
g aedge - 3 3

one k = 0 vector + two k = 1 scalars

7 _1
3X2-3

SO(3) x SO(d)
Static Nariai
(one k = 0 vector + three k = 0 scalars) x2

SPx§? 8 _ (_1_1
aedge - 3_( 3 3X3)X2
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The remaining question is whether the two other mass-
less scalars can be viewed as coordinates transverse to the
Euclidean horizon. Indeed, embedding a round S4-1 into
5% x §9-1 gives the induced metric (14), but with

fz =1, B,ub = flzvaﬂd’aauqba + 0(4)4) (22)
The trivial dependence of f? on ¢“ makes these scalars
massless: constant shifts of the S9! along the S? factor
leave its radius unchanged.

Discussion—We have uncovered rich codimension-2
structures in one-loop partition functions around the
S9! and §? x $9-! saddles of the Euclidean gravitational
path integral (1). For gravity and higher-spin gauge fields,
these structures exhibit novel shift symmetries. In the
gravitational case, the resulting spectra admit a geometric
interpretation as fluctuations of the de Sitter or Nariai
horizons. Below we highlight several broader connections,
with further discussion in [30,105].

Cornering gravitational edge modes—A natural ques-
tion is whether these explicit edge spectra admit a direct
Lorentzian, Hamiltonian description. In the gravity case,
there has been substantial progress in understanding the
classical phase space of gravity in a finite region. It is found
that the codimension-2 corner S of any causal diamond has
an extended corner symmetry group [57,59,64-66,77]

Diff(S) X SL(2,R)S X (R?)S, (23)

where Diff(S) are diffeomorphisms intrinsic to S,
SL(2,R)S acts on its normal bundle, and (R?)S represent
corner translations. In both the dS,, static patch and the
Nariai black hole, the relevant corners are the cosmic and
black hole horizons, each with topology S

Our gravitational edge spectra (Table III) can be
viewed as the Euclidean realization of (23). In the static
patch, the vector A, parametrizes surface diffeomorphisms
Diff($%-!), the tachyonic scalars ¢“ the translations (R2)5"",
and y parametrizes the Euclidean analogue U(1)5"" of the
boost subgroup SO(1,1)5”" c SL(2,R)5"". The Nariai case
admits an analogous mapping.

Edge modes as Goldstones?—For gravity and higher-
spin gauge theories on S¢*!, the relation between Zegge and
shift symmetries suggests that edge modes may be under-
stood as Goldstone-like excitations of a symmetry breaking
mechanism.

From the dS,,, perspective, specifying a static patch
restricts the full diffeomorphism group to the subgroup that
preserves it. The split (2) can then be seen as the Euclidean
imprint of this mechanism. Defining Z, presumably
involves selecting a reference S9-1_ the Euclidean horizon,
which reduces the diffeomorphisms to those leaving this
surface fixed, while Z.4,. acts as a compensating dressing
that restores invariance of the full partition function Zp;.

One may further speculate that the edge modes represent
diffeomorphisms that deform the Euclidean horizon,
reflecting the degrees of freedom of a quantum reference
frame [69,72,109-116], and can be gauged away once a
physical observer, clock, or frame is introduced [117-121].
A natural question is whether this perspective can be
developed into a systematic derivation of the factorization
(2), ideally in a form extendable to interacting theories,
where one might not expect a clean bulk-edge factorization
of the S?*! path integral.

Revisiting the Gibbons-Hawking prescription—The
appearance of Z.4,. motivates reexamining the heuristic
argument that S+ path integrals compute thermal traces in
a dS,., static patch. The subtleties lie precisely at the
codimension-2 fixed point sets (Fig. 1): the Lorentzian
bifurcation surface and the Euclidean horizon where the
U(1) thermal circle degenerates.

Beyond one loop, the trace interpretation of the full
gravitational path integral (1) is even less clear. It has never
been derived from a Hamiltonian framework, and the
conformal factor problem—responsible for the one-loop
phase [93,105,121-125]—has led to renewed scrutiny of
the Euclidean configuration-space path integral [126,127]
and proposals of Lorentzian formulations [128]. Another
approach to clarifying the thermal interpretation of (1) is
to introduce a finite boundary [129-131]. These direc-
tions may ultimately be compatible with the no-boundary
Euclidean path integral studied here, and extending them to
one loop would provide a sharper basis for comparison.

More general spacetimes—Beyond S?*! and S? x %1,
the path integral (1) admits other saddles. Ind + 1 = 4, see
Ref. [132] for a recent discussion. Notable examples
include the Page manifold [133] with topology CP?#CP?
and its higher-dimensional generalizations [134], corre-
sponding to Euclidean continuations of rotating Nariai
black holes with special complexified parameters. For odd
d+ 1, further saddles arise as smooth quotients of the
round S9!, A canonical case is the Lens spaces L(p, q),
the Z, quotients of §3, interpretable as grand canonical
partition functions in a dS; static patch with chemical
potential [135]. Analogues of (2), (3), and (8) for massive
higher-spin fields on L(p, g) were obtained in Ref. [136].

Beyond the A > 0 setting, formulas such as (2) and (20)
extend to static black hole spacetimes [137,138]. Here Z,
follows from the black hole versions of (3) and (4), while
Zcqge» present only for spin s > 1, captures QNMs that do
not Wick-rotate to Euclidean modes with low Matsubara
frequencies [139-142]. For rotating BTZ black holes, Z4q.

is essential for reproducing the nonlocal T3/ correction
to the one-loop graviton partition function in the low-
temperature limit [143].
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Here —V3i and
Laplacian and the symmetric transverse-traceless spin-2
Laplacian on S9! respectively. A prime indicates
omission of zero modes of the corresponding Laplace-
type operator, and the subscript “—1” denotes that the
product over spherical harmonics is extended to start at
the SO(d+2) label L =—1. The isometry group is
G = 50(d + 2), whose volume is

—V3 denote the transverse vector

dim SO(d+2)

Vol($%1)£ds!

Vol(G)PI:Vol(G)C<m) )

measured in the Gy-dependent metric induced by the
path-integral measure. The “canonical” volume of
SO(d +2) is defined using the invariant group metric
normalized so that the minimal SO(2) orbits have
length 27:

d+2 el
2
Vol(G), = [ [ Vol(s*1),  Vol(s") = - (’,f i - (A3)
= 2
After some manipulations [22], one finds the

factorization (2). In the bulk sector (3), the Harish—
Chandra character for a graviton takes the form

2 o
A0 =323 (B )
I=0 n=0 [=2
_[@+2)@-1) ¢’ +1 qd+1+q—'] (Ad)
2 [1-g|! [1—ql* ]

where g =e/%s. On the first line, the exponents
encode the physical QNM frequencies for a graviton in
the dS,,, static patch [153]. Here / =0, 1, 2 label
scalar, vector, and tensor modes, respectively; n is the
overtone number; and [ is the total SO(d) angular
momentum. The degeneracy D , ; is the dimension of a
two-row representation of SO(d) [154,155]. The
notation [---], in the second line denotes the following
“flipping” operation on a small-g expansion:

[chqu} chq —Co— ch g +q7%).

k<0

(AS)

For completeness,
contribution (5) is

the full expression for the edge

dim SO(d+2)

s i3 327Gy 2
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Gravitons on S* x S9~'—The one-loop path integral
for gravitons on S§? x S9! (d > 3), with radii £y =

V(d=1)/2A and ry=+/d-2¢y, can be written in

terms of functional determinants [105,152]:

1 d—1\3
Vol(G)p \ 4A
det' (V3 — &2

FN)E. (B1)

2408?5071 =

det | D22

Here —V?, is the transverse vector Laplacian on

S2 x §91 while

Doy = ~Gua9upV? = 2Ry (B2)
is the kinetic operator acting on the transverse—traceless
part of the graviton. The isometry group is G =
SO(3) x SO(d), whose path-integral volume is related to
the canonical volume,

d—1
Vol(G), = 8z [ ] Vol(s"), (B3)
=1
through
A ANY A BANTT
Vol(G)p = (87[GN7N> (SﬂGN NdN) Vol(G),,
(B4)

where A =2 x r§'Vol(§97!) is the total area of the
black-hole and cosmological horizons of the Nariai
spacetime.

One finds the factorization (20). The bulk part takes the
same form as (3), but with
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On the first line, the exponents encode the graviton QNM
spectrum in the Lorentzian Nariai geometry [156—159]:

AI_I—FI’I
ty

. _A1’1—|—n

PN
i, =—5 and iw,, =
N

- 1
where A;; =1—-A4;;, = 3 + vy, with

UUE\/l(l+d—2)—(2—l)(d—2+l) 1 (B6)

d-2 4

Here I = 0, 1, 2 labels scalar, vector, and tensor modes, 7 is
the overtone number, / is the total SO(d) angular momen-
tum, and D;{ ; gives the degeneracies.

On the other hand, the edge partition function is

v

d-2
{det’_ { 5

1 ; NE
Zed e — det’(—Vz)i] .
£ Vol(G)py % 0
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