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In the context of waves in space-time modulated materials, we ask two questions: (1) how much energy
does it cost to break time reversal symmetry (T-symmetry) and transition to a PT-symmetric state? and
(2) can a PT-symmetric system have a “ground state” in the sense that no photons are present? Our model
system is a periodic metamaterial set in virtual motion with velocity cg to become a space-time crystal. We
find that the expectation of energy content is always increased on breaking symmetry. At the same time
breaking T-symmetry introduces photon pairs even when we start from a T-symmetric ground state empty
of photons, except in certain pathological examples that we describe. For a range of velocities, PT
symmetry is broken so that energy must be continuously invested to preserve motion, creating a trail of
photon pairs. Here, energy must be continuously invested to preserve motion. We make an analogy with
acoustic radiation generated from breaking the sound barrier.
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Introduction—PT-symmetric systems are described by a
Hamiltonian that is not Hermitian but nevertheless has real
eigenvalues [1–3]. These do not correspond to energy but to
some other conserved quantity the nature of which depends
on details of the system. In a quantum system [4–6] there is
an expectation value for the energy, hUi, but actual
measurements will vary from one identically prepared
system to another. The question arises, but to our knowl-
edge has not so far been answered, of what is the minimum
value for hUi. In the case of an optical system we can also
ask whether states can be prepared having zero photon
content, the PT-symmetric equivalent of a ground state,
hNi ¼ 0. Since negative occupation numbers do not exist,
this would imply that N ¼ 0 is an eigenstate.
We explore these questions in the context of optical

materials structured in space and time [7]. We consider the
case of a structure set in uniform motion with a velocity cg:
the permittivity and permeability have the form
εðx − cgtÞ; μðx − cgtÞ. By this we do not mean that the
material itself moves, rather that ε; μ are locally modulated
to simulate virtual motion: by analogy with a wave on the
sea that appears to move but the water does not.
Such systems can have a Hamiltonian that is

PT-symmetric with eigenvalues that are real but are not
to be interpreted as energy content. In the system we shall

examine, eigenvalues represent the total spin of all photons
in the system and therefore spin is conserved [8].
We confirm that at lower velocities the system is

PT-symmetric but there is a minimum energy required
to start motion, increasing with cg. Once this energy is
invested the system continues without further input of
energy. In contrast there is a regime of broken PT
symmetry associated with systems where at some point
the local velocity of light is the same as that of the grating.
Here, we find constant emission of photon pairs with
opposite spin (conserving total spin) and a constant supply
of energy is needed to keep the system in motion: a sort of
quantum friction [9,10]. As cg approaches the symmetry-
breaking transition, energy needed for motion diverges in
our model, though including dispersion would give a finite
but large number. An airplane breaking the sound barrier
would be a good analogy, the “sonic boom” comprising a
shower of photon pairs.
In the PT-symmetric region photon content is defined

only as an expectation value that in general is nonzero as
photon pairs fluctuate in and out of existence. However,
there are special cases where the photon number commutes
with the Hamiltonian and is therefore conserved and zero
photon eigenstates can be defined.
PT symmetry in a moving grating—Our model is an

elementary case of a metamaterial in uniform motion,

nc−10 ¼ ε ¼ μ ¼ c−11 =ð1þ 2α cosðgx − ΩtÞÞ; ð1Þ

where n is the refractive index, c0 is the speed of light in
vacuum. The velocity is given by cg ¼ Ω=g and the

impedance
ffiffiffiffiffiffiffiffi
μ=ε

p
is constant, eliminating backscattering
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and simplifying calculations. This profile is invariant under
a simultaneous inversion in space x → −x and time reversal
t → −t. The model is a much used template for study of
virtual motion in the context of classical waves [7,11–15].
We shall mention its limitations in our conclusions.
In the absence of backscattering, time evolution factor-

izes into forward and backward waves. As discussed in
Ref. [6] only waves traveling in the same direction as cg are
of interest as these interact most strongly with the moving
structure. Making this assumption, the displacement field
evolves in time according to [16]

∂xn−1D ¼ −∂tD: ð2Þ

Since n is spatially periodic in a comoving Galilean frame
X ¼ x − cgt, the eigenstates of (2) are defined by a Bloch
wave vector k, and frequency ω. In this frame (2) becomes a
non–Hermitian eigenvalue problem for ωðkÞ,

−i∂X
�
n−1 − cg

�
D ¼ ωD; ð3Þ

which is symmetric under simultaneous inversion of the X
axis and complex conjugation [we assume n is an even
function, as in Eq. (1)]. If ðn−1 − cgÞ has the same sign
throughout space, (3) can be transformed to a Hermitian
problem in terms of a new field D0 ¼ ðn−1 − cgÞ1=2D,
showing that, in the PT-symmetric phase, the eigenvalue ω
is real.
We can show this general behavior explicitly for the

profile (1). Using the solution to (2) [given in [16] and
reproduced in Eq. (A6) of the End Matter] and demanding
the wave accumulate a phase expð2πik=gÞ over a single unit
cell, the dispersion relation is found to be

ωm¼cðkþmgÞ ¼
�
cgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc1−cgÞ2−ð2c1αÞ2

q �
ðkþmgÞ;

ð4Þ

where m is an integer.
We express ω in the observer rather than Galilean frame.

Note the branch points at cg ¼ c1ð1� 2αÞ. These branch
points arise from the existence of locations in the moving
index profile (1) where the local wave velocity equals cg,
exactly the condition that prevents us from transforming (3)
to a Hermitian problem. In these cases there is an unstable
accumulation of energy over time [6,16,17]. For a grating
velocity cg between these values, the evolution of the D
field breaks the PT symmetry of the system.
In the observer’s frame many frequencies are found

differing by multiples of Ω. Nevertheless, the eigenstates
have the simple form [again see Ref. [16] and Eq. (A6) of
the End Matter] expðikfÞ × ∂XfðXÞ, where

jDkj ¼ ∂XfðXÞ ¼
�
c0n−1 − cg

�−1; ð5Þ

showing that lines of jDkj are most compressed where the
local velocity, c0n−1, comes close to cg and that jDkj is
conserved. Note that jDkj is independent of the wave
vector. A typical eigenstate is plotted in Fig. 1.
Ground state energy and photon content—We now

calculate the properties of the quantum ground state of
the electromagnetic field in this space-time varying
medium. To find the lowest expectation value of the energy
we start from α ¼ 0 in Eq. (1), initially eliminating time
variation from the medium. For a state with wave vector k
we trivially identify the zero photons’ ground state energy
as U0k ¼ ℏc1k=2. To access the moving state, we slowly
increase α. This process conserves the wave vector. If the
system is large but finite and the process is slow compared
to frequency spacing between states, each state will con-
tinuously evolve into an eigenstate for the current value of α
and minimize introduction of photons.
This approach allows us to calculate the eigenstate at

each stage of the process but not to normalize it.
Conservation laws [16] for the lines of force solve the
problem. The integral

g
2π

Z2π=g
0

jDkðα ¼ 0; XÞjdX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðα ¼ 0ÞU0k

c1

s
ð6Þ

is conserved as α is increased. The fields in Eq. (6) have
been normalized to start with the static zero-point energy
content, U0k,

U0k ¼
c1

nðα ¼ 0Þ jDkðα ¼ 0Þj2: ð7Þ

We may now calculate enhancement of the zero point
energy by evaluating Eq. (6) for nonzero α,

Uk ¼
g
2π

Z2π=g
0

jDn;kðα; XÞj2
c1

nðα; XÞ dX: ð8Þ

FIG. 1. Plot of ReDkðXÞ for, α ¼ 0.025; g ¼ 1; c1 ¼ 1;
cg ¼ 0.947; k ¼ 10. A space-time varying refractive index profile
such as that given in Eq. (1) causes the electromagnetic field to
concentrate around regions where the wave speed is closest to the
synthetic velocity cg. Note: cg is close to the singularity at
1 − 2α ¼ 0.95.
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Using Eqs. (5)–(8) the energy cost of motion is calculated
and plotted against cg in the top panel in Fig. 2. Here, we
neglect the contribution of left-going modes, which
although important, does not diverge at the PT-symmetry
breaking point. A more detailed calculation based on a
quantization of the field is given in the End Matter, leading
to the same result and showing that, as demonstrated in
Fig. 2(a), the ground state energyUk of each mode diverges
as we approach the symmetry broken phase where ωmðkÞ in
Eq. (4) becomes complex.
We estimate the change in total energy, ΔU, by integrat-

ing over all the fluctuations up to a cutoff frequency
typically ℏωcut ≈ 4 eV ,

ΔU ≈
1

ð2πÞ3
ZkðωcutÞ

0

ℏω
2

4πk2dk −U0

¼ ℏω4
cutðn3 − 1Þ
16π2c30

≈ 10 Jm−3; ð9Þ

where we choose n ≈ 3. This is not a large number but the
point we make is one of principle: that in PT-symmetric
systems it is nonzero.
Even though there is no physical motion of the medium,

the field energy (8) increases from the stationary system to
the singularity at cg=c1 ¼ 1 − 2α ¼ 0.9 where PT sym-
metry is broken. Equation (4) shows that ω becomes
complex for c1ð1 − 2αÞ < cg < c1ð1þ 2αÞ, indicating a
continual increase in energy. In this PT-broken phase, input
of energy is required to keep the system in motion, a sort of
quantum friction. It was shown elsewhere [6] that photon
pair production is responsible for the increase in energy.
Next we calculate the number of photons present.
As shown in the End Matter (see also Ref. [16]), in

the rest frame of the index profile, the modes of our
system have a conserved frequency ω. The Hamiltonian
in this frame can therefore be written as Ĥ ¼
ð4πÞ−1 R dωℏω½â†�ðωÞâ�ðωÞ þ â�ðωÞâ†�ðωÞ�, where the
“â�” are the annihilation operators for right- and left-going
modes. This indicates that the number of photons is con-
served in the rest frame of the medium, and, assuming the
index profile becomes uniform at infinity, the vacuum state
can be defined as usual as â�j0i ¼ 0. This all holds,
provided that PT symmetry is not broken, at which point
the modes can no longer be defined over the whole of space.
Meanwhile, in the frame where the index profile is in

motion, the Hamiltonian must give rise to the transformed
Heisenberg equations, e.g., ∂tÂþ cg∂xÂ ¼ iℏ−1½Ĥ; Â�. The
Hamiltonian in this frame Ĥ0 thus has an additional term
proportional to the Minkowski momentum,

Ĥ0 ¼ Ĥ þ cg
2

Z
dx½D̂∂xÂþ ∂xÂ D̂�

¼ ε−10
Z

dx n−1D̂2: ð10Þ

The additional term on the first line of (10) is not propor-
tional to the number operator and therefore the photon
number in the j0i state is nonzero in the x; t coordinate
system. This is an example of the known reference frame
dependence of particle number found in, e.g., the Fulling-
Davies-Unruh effect [18,19].
To count the photons in the j0i state we move to

Fourier space in order to identify each frequency com-
ponent of the eigenstates Dm;kðx; tÞ (k the Bloch vector
and m the band index). These Fourier components deter-
mine the Bogoliubov transformation between the crea-
tion and annihilation operators and are defined as
dm;k;m0 ¼ ðg=2πÞ R 2π=g

0 dxD�
m;ke

−iðkþm0gÞx, where Dm;k is
normalized in the same way as in Eq. (6). As our model
system is impedance matched, the displacement and
magnetic fields are related, as they are in free space, by
B ¼ �ðc0ε0Þ−1Dm;k. We can thus imagine instantaneously
“turning off” the index profile and, without this leading to

FIG. 2. (a) Plot of ΔU=U0 versus cg=c1. For these parameters
(α ¼ 0.05; g ¼ 1.0) the system enters the PT symmetry-broken
regime at cg=c1 ¼ 0.9. (b) Average number of photons added to
the ground state versus grating velocity for k ¼ 0.7g. We sum
Eq. (11) overm to get hNi shown in the plots. (c) Average number
of photons added versus wave vector, cg ¼ 0.89c1. Whenever the
wave vector is an integer multiple of g, no photons are created.
Note that in this model, which neglects dispersion, enhancement
is the same for all states irrespective of frequency.
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any additional excitation, measuring the photon content in
terms of these Fourier components,

hNm;ki ¼ h0jâ†m;kðωÞâm;kðωÞj0i ¼
2

ℏjωm;kjε0
X
m0

��dm;k;m0
��2;
ð11Þ

where âm;k is an annihilation operator for the free space
mode with wave vector kþmg and frequency ωm;k. This
tells us that we can always count the number of photons in
our system by dividing the square of the Fourier coef-
ficients by ℏjωþmΩj, and summing over all Fourier
components. This approach is described further in
[20,21]. Note that if we make the same calculation except
using ℏðωþ nΩÞ, i.e., without taking the modulus, we
calculate the spin. It has been shown [8] that spin is
conserved in this system. It follows that any increase in
photon number is associated with transitions between
positive and negative frequencies during the increase of α.
The middle panel in Fig. 2 shows the total number of

photons produced as the grating velocity approaches c1, the
lower critical velocity. Comparing the middle and upper
panels we note that photon production makes a minimal
contribution to energy that is mainly vested in modifying
the original ground state.
Dependence of photon production on wave vector is

presented in the bottom panel of Fig. 2. Photon production
is heavily biased toward low values of k and is strictly zero
when k is an integer multiple of g. To understand this result
we note that photons can only be created in � frequency
pairs, which in the absence of backscattering is the only
way to conserve spin. Matrix elements of the Hamiltonian
coupling frequencies are proportional to frequency [21] and
frequency changes in single steps of Ω in consequence of
Eq. (1). If ω ¼ mΩ the route to negative frequency passes
through ω ¼ 0, and is therefore barred: no photons can be
created. Furthermore, starting from a large positive value of
ω means a longer journey to ω ¼ 0 and matrix elements,
weighted by frequency as they are, favor migration to even
larger ω.
This result opens the possibility of systems which have

PT zero point energy and no photons.
Consider a wave on a ring, in which the field obeys

periodic boundary conditions requiring k ¼ 2πn=L. Then
choosing g ¼ 2π=L in Eq. (1), no state can have pho-
tons added.
With the exception of this pathological case we argue

that even in the lowest energy state, photons will always be
present. Suppose that instead of creating states of the
moving system by slowly acting on the initial ground state,
we suddenly start the motion. Immediately after the start
there are still no photons present. This state is not an
eigenstate of the time evolution operator but can be
expanded in terms of the complete set of eigenfunctions.
In reciprocal space this looks like

Dm;k ¼
X
m0

Fm0meiðkþmgÞx−iðωm0þmΩÞt; ð12Þ

where subscript m0 labels the eigenfunctions and m the
Fourier component of that eigenvector. The eigenfunctions
will be in phase only at points in time when they sit in that
exact relationship to the grating. At other times they will
represent a state with nonzero photon expectation value. On
average the photon occupation will be the sum of the
component eigenvalue contributions. All eigenstates have
the same velocity, c, and have velocity

�
c − cg

�
relative to

the grating. Therefore, photon content will oscillate in time
with a periodicity 2π=ðgðc − cgÞÞ, where 2π=g is the
grating period.
Conclusions—Our simple model demonstrates the main

features of energy and photon minimization in a system that
transitions from separate Tand P symmetries to a combined
PT symmetry. Namely that it always costs energy, even if
the starting point is the ground state. During the process,
photon production cannot be avoided except for certain
special cases, one of which we have demonstrated. This
necessary investment of energy means that the systems we
consider here cannot spontaneously crystalize into the PT-
symmetric state.
In the velocity range c1ð1 − 2αÞ < cg < c1ð1þ 2αÞ, PT

symmetry is broken and a regime of friction ensues. In our
model, to cross this threshold requires an infinite invest-
ment of energy, a consequence of neglecting dispersion.
Nevertheless, even in a more sophisticated model crossing
the threshold would require major investment of energy.
The main limitation of our model is the absence of

frequency dispersion in ε; μ, which is always present in real
systems. This will remove infinities from the solutions due
to infinite compression of waves. This cannot happen when
dispersion is present.
We neglect backscattering, which even outside the

transluminal region can break PT symmetry by introducing
band gaps in k. However, backscattering can be minimized
by avoiding sharp interfaces, much as a camera lens can be
“bloomed” to avoid reflections.
These limitations are discussed in the End Matter but

neither backscattering nor dispersion affect the main
qualitative conclusions of energy investment required for
motion and a critical value of cg beyond which PT
symmetry is broken.
There is already literature on realizing artificial event

horizons for surface water waves (among other kinds of
waves, e.g., in Bose-Einstein condensates, or spin waves)
[22–24]. Some further comments may be found in the End
Matter.
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End Matter

Appendix—Here, we provide more details to show
how the electromagnetic field can be quantized in this
moving index profile and the calculation of the ground
state energy. In the case where ε ¼ μ ¼ n, Maxwell’s
equations reduce to

∂E
∂x

¼ ∂B
∂t

∂

∂x

�
n−1B

� ¼ c−20
∂

∂t
ðnEÞ; ðA1Þ

where we assume propagation along the x axis and E ¼
Eez and B ¼ Bey. In terms of the potentials, the first of
the above equations is trivial, whereas the second reduces to�

∂

∂x
− 1

c0

∂

∂t
n

��
1

n
∂

∂x
þ 1

c0

∂

∂t

�
A ¼ 0: ðA2Þ

Considering only right-going waves, which propagate with
the motion of the index profile, we can take the right-most
part of this factorized wave equation,�

∂

∂x
þ n
c0

∂

∂t

�
Aþ ¼ 0: ðA3Þ

As described in the main text, in the comoving frame
X ¼ x − cgt, the refractive index is time-independent and

the above wave equation can be written for a fixed
frequency ω,

∂Aþ
∂x

¼ iω
c0

n
1 − ncg=c0

Aþ; ðA4Þ

with the solutions

AþðX; tÞ ¼ exp

2
4iω
c0

ZX
nðX0ÞdX0

1 − nðX0Þcg=c0

3
5: ðA5Þ

The corresponding displacement field Dþ is defined in
terms of a time derivative of the vector potential in the
observer frame. Thus, in terms of the comoving frame
coordinates,

DþðX; tÞ ¼ −ε0n
�
∂Aþ
∂t

þ cg
∂Aþ
∂X

�

¼ iωnε0
1 − ncg=c0

exp

2
4iω
c0

ZX
nðX0ÞdX0

1 − nðX0Þcg=c0
− c0t

3
5:

ðA6Þ
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In terms of the comoving frame coordinates, we have thus
found the modes of the system, with −Dþ being the
conjugate momentum to the vector potential Aþ. We write
these operators as

Â ¼ Âþ þ Â−
D̂ ¼ D̂þ þ D̂−; ðA7Þ

(with “�” indicating right and left propagation). The
quantum theory of light requires the following commutator
between these operators:h

ÂðX; tÞ;−D̂ðX0; tÞ
i
¼ iℏδðX − X0Þ: ðA8Þ

We now look for the expansion of Âþ and D̂þ such that
this commutation relation is fulfilled. Without assuming any
periodicity we can write

Âþ¼
Z∞
0

dω
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ

2ε0ωc0

s
e

h
iω
c0

R
X nðX0ÞdX0
1−nðX0Þcg=c0−c0t

i
âþþH.c.; ðA9Þ

where the displacement field operator follows from
Eq. (A6). Assuming ½âþðωÞ; â†þðω0Þ� ¼ 2πδðω − ω0Þ, the
commutation relation between Âþ and D̂þ is

h
ÂþðX; tÞ;−D̂þ

�
X0; t

�i ¼ iℏ
2
δ
�
X − X0� ðA10Þ

in agreement with the required commutation relation. The
factor of 1=2 arises because we are only considering right-
going waves. Performing an identical analysis for left-going
waves produces the same result, with the sum equaling
(A8). Combining (A6) and (A9) shows that, as described in
the main text, each mode in the expansion of the
displacement field has a fixed normalization

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ð2ωε0c0Þ

p
that is independent of the grating velocity cg.
The argument given in the main text uses the fact that the

normalization of the modes (A6) necessary to fulfil the
commutation relation (A8) requires a fixed amplitude
independent of both the index profile and the grating
velocity. This normalization leads to an energy for each
mode that does depend on the grating profile and velocity.
This means that there is an energetic cost for setting the
grating into motion: for making the transition between a
T-symmetric and a PT-symmetric vacuum state.
From the above equation for Aþ (A3), we can see that,

for right-going waves the magnetic field and the displace-
ment field are related as follows:

Bþ ¼ − 1

c0ε0
Dþ ðA11Þ

(an identical relation holds in free space). Therefore, the
energy (in the observer’s frame, where the grating is in

motion) can be written as

U ¼ 1

2

Z
dx

�
ε0εE2þ þ μ0μH2þ

�
¼ 1

2

Z
dx

�
D2þ
nε0

þ B2þ
nμ0

	
:

¼ 1

ε0

Z
dx

D2þ
n

ðA12Þ

Taking the case where the index profile is uniform at
infinity, the modes in Eq. (A9) reduce to plane waves at
large jXj, with the Doppler shifted dispersion relation
nðωþ cgkÞ=c0 ¼ k due to the use of a Galilean trans-
formation. The vacuum state can thus be defined by
âþj0i ¼ 0, and the ground state energy (A12) is

h0j 1
ε0

Z
dx

D̂2þ
n

j0i ¼
Z

dX
Z∞
0

dω
2π

ℏω
2c0

n
ð1 − ncg=c0Þ2

;

ðA13Þ

an energy that increases with cg and diverges when the
index profile contains points where cg ¼ c0=n. Note that
when the medium is homogeneous and its velocity is zero
cg ¼ 0, the integral over frequency can be replaced with
one over wave vector dk ¼ ndω=c0, and (A13) reduces to
the usual result for the vacuum energy. When restricted to a
single mode and single period of the moving index profile,
this is expression (8) given in the main text.
Our model can be extended to 3D through numerical

studies. The wave vector then becomes three dimensional,
k ¼ ðkx; ky; kzÞ, where we assume that the grating travels

in the z direction, and the frequency, ω ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y þ k2z

q
,

is only asymptotically linear in kz. Breaking of PT
symmetry now occurs at values of cg closer to cweakening
the effect of motion. The same argument can be made when
dispersion is present. This also removes the linearity of
ωðkzÞ, weakening the effect of motion but not removing it.
Turning now to dissipation, PT symmetry is lost when

dissipation is present and motion requires continuous input
of energy at all values of cg. Emission of photons will
commence smoothly as a function of cg rather than with a
sharp transition.
Our model neglects backscattering eliminating all band

gaps. The system remains PT-symmetric with real eigen-
values at low values of cg. Weak backscattering removes
the linearity of ωðkzÞ but only substantially in the vicinity
of the gaps, only slightly weakening the effect of cg, which
must come closer to c to break PT symmetry. However,
when cg > c band gaps change their nature to gaps in k
rather than ω, breaking PT symmetry. Since the gaps arise
from hybridization of positive and negative frequencies
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emission of photon pairs can occur without violating spin
conservation.
The most likely candidates for experimental realization

have to do with propagation of intense pulses in optical
fibers. It has been shown that a modulation of the refractive
index created by an intense pulse of light can propagate
with the speed of light [25] and compress radiation through
the “push broom” effect [26]. More recently pulse propa-
gation in fibers has been used in the search for a laboratory
analog of Hawking radiation [27], which is precisely the
radiation we expect in the symmetry broken phase of our
system. Observation of radiation would be evidence of
PT-symmetry breakdown. Most recent progress is reported
in [28] where details of this experimental approach can
be found.
To give a specific example: imagine a train of pulses in

a fiber propagating at the minimum dispersion wave-
length of λ ¼ 1.3μ. Silica fiber has a damage threshold of
around 103W and assuming pulses approaching this limit
would create a moving modulation in the refraction index
of around δn ¼ α ≈ 0.005 [29]. Modulation of n is modest
but the advantage of a fiber is that it can be very long if
need be. Vacuum modes accompanying the grating are
slowly transformed into grating modes by the weak
modulations, acquiring the extra energy we predict.
Our theory neglects dispersion and in the PT broken
symmetry case would predict exponential growth of
energy with fiber length achieved by compressing the
frequencies in a mode. Inclusion of dispersion would
halt this process once those frequencies were outside the
PT-broken regime.
Dispersion is very small indeed in a silica fiber so let us

make the modest assumption that compression continues
until it has doubled the amount of energy in the mode. This
assumes a fiber long enough that saturation occurs. The rate
of increase of energy is given by Eq. (4) of our manuscript,
ℑk ¼ 4αk, so a doubling of the energy content can be
expected after

eþ4αkl ¼ 2; l ¼ 7.4 × 10−6m: ðA14Þ

Now calculate the number of extra photons emerging,

Ṅ0 ¼
c0
2π

Zk2
k1

dk
2

¼ 2.2 × 1014 s−1; ðA15Þ

where ðk2 − k1Þ ¼ 4.7 × 106 m−1. We have populated
the original modes with half a photon and assumed
that this number doubles for each mode within a
range ðk2 − k1Þ. It seems that this number is highly
observable.

Other possible experimental realizations have been
referenced in the main text. For example, the classical
fluctuations of these water waves referenced in [22,23]
can be used as an experimental investigation of the
Hawking spectrum [24]. For shallow, stationary water,
the dispersion relation is linear, ω ¼ k

ffiffiffiffiffi
gh

p
, where g is

the acceleration due to gravity, and h is the water depth.
If the depth is a function of x, and the water is flowing
at velocity cg, this will look formally almost identical to

our electromagnetic system, with 1=
ffiffiffi
h

p
playing the role

of, e.g., the index. Although this fluid system will also not
be impedance matched, so long as we change

ffiffiffi
h

p
slowly

enough in space, we can ignore reflections, except
for the very lowest frequency parts of the wave. This
assumption was already made in the above references,
including in the experiment, which was well described by
the theory.
We present a simulation comparing propagation through

a nondispersive system with modulated profile,

nðx; tÞ ¼ nb þ
1

2
δn
�
1þ cos

�
ωgðt − x=cgÞ

��
;

nb ¼ 2; c ¼ 1; cg ¼ 0.5; ωg ¼ 2=π; δn ¼ 0.2; ðA16Þ

and through a dispersive profile,

nðx;ω; tÞ¼ nbþ
αðωÞ
2

δn
�
1þ cos

�
ωgðt−x=cgÞ

��
; ðA17Þ

where αðωÞ is given in Fig. 3, αðωÞ satisfies the Kramers-
Kronig relations, with a real part that is approximately
constant up to a frequency ωc.
Dissipation and dispersion are intimately connected

through Kramers-Kronig so we cannot have one without
the other and their effects are entangled. Roughly speaking,
dispersion will ultimately limit the degree of compression
experienced by a pulse when velocities at higher frequen-
cies disperse out of the PT symmetry-broken range.

FIG. 3. Real and imaginary parts of αðωÞ the function
used to modify the space-time-dependent index from the non-
dispersive form.
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Absorption on the other hand limits the increase in
amplitude of a pulse by competing with the gain
mechanism.
Figure 4 shows propagation through six periods of the

“grating.” The main effect of the dispersion is that
localization saturates and the pulse amplitude stops
growing, compared to the nondispersive situation.
Where this starts to happen is entirely dependent
on the frequency at which dispersion or loss becomes
important. This phenomenon makes our divergent results
finite: at the onset of symmetry breaking the fields no
longer have a divergent amplitude with increasing propa-
gation distance.

FIG. 4. Propagation through six periods of the grating defined
in (A14) and (A15). Left: nondispersive; right: dispersive. Blue
lines present the incident profile, red lines the transmitted profile
of jEj. T is the period of the grating. The scale shows an incident
pulse of maximum amplitude of unity.
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