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We report on a calculation of open heavy-flavor production at hadron colliders which extends to next-to-
next-to-leading order (NNLO) accuracy the classic NLO-accurate formalism developed almost 30 years
ago under the acronym FONLL. The approach retains the exact heavy-flavor mass dependence at low
transverse momentum, pr, and resums collinear logarithms through next-to-next-to-leading log (NNLL) at
high p;. Provided are predictions for B hadrons as well as B-decay products like J/¥ and muons. The main
features of the NNLO + NNLL results are reduced scale dependence and moderate NNLO correction,
consistent with perturbative convergence in a wide range of kinematic scales from few GeV up to
asymptotically large values of p;. The new calculation significantly improves the agreement with data for
B hadrons and muons. We uncover an intriguing discrepancy in J/¥ final states which may point to a lower

value of the B — J/¥ decay rate.
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Introduction—The inclusive production of identified
heavy-flavored hadrons at hadron colliders is a process
of special interest. First of all, this process has one of the
highest production rates. Furthermore, due to the mass m of
the underlying heavy quark being sufficiently larger than
Aqcp, the process can reliably be described with perturba-
tive methods. The precise theoretical description is essen-
tial in this case because it influences all measurements
involving heavy hadron decays which, in turn, are a
window to understanding standard model (SM) physics
and many searches for new physics. Extensive heavy-flavor
production measurements exist, starting almost four dec-
ades ago at the CERN SppS collider and continuing
through the Tevatron and LHC programs. The measure-
ments span an impressive kinematic range and various
hadronic states.

The modern foundation for the theoretical description of
the process goes back to the classic work of Mele and
Nason [1] who introduced the so-called perturbative
fragmentation function (PFF) formalism. Combining this
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formalism with the then-newly-developed next-to-leading
order (NLO) QCD calculation [2,3] of differential heavy-
flavor production, and the massless NLO coefficient
functions [4], the so-called FONLL formalism emerged
[5]. It is the most widely used description of fragmentation
processes with heavy flavors at hadron colliders, see for
example Refs. [6-10]. Alternative approaches have also
been developed and are actively explored [11-17].

Heavy-flavor production at low transverse momenta,
pr ~ m, is reliably described in fixed order perturbation
theory where the heavy flavor is neither included in the
running of the strong coupling constant ag nor in the
evolution of the parton distribution functions (PDFs). In the
opposite kinematic regime, pr > m, the heavy flavor is
essentially massless and is included in g running and PDF
evolution. At such high scales fixed order perturbation
theory in terms of ag breaks down due to the appearance of
large collinear logs log(py/m) to all orders in the coupling
constant. The FONLL approach provides a unified descrip-
tion of open heavy-flavor production for scales as low as
the mass of the heavy flavor, py ~m, and as high as the
measurements at colliders allow, i.e., hundreds of GeV or
even more, where py > m.

Despite the major improvement achieved by the FONLL
formalism, its predictions still suffer from large theoretical
uncertainty from missing higher-order terms. This is
especially the case at low py since ag(py ~m) is large
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FIG. 1. Fiducial bb cross section in LO, NLO, and NNLO
QCD. The data uncertainty is based on a naive combination of ten
separate measurements [18-27].

and the perturbative expansion converges slowly. For this
reason it has been suspected for a very long time that the
inclusion of higher order corrections beyond NLO is
needed. Another reason driving the need for NNLO
QCD corrections is that past comparisons between data,
especially from the Tevatron, and theory predictions
showed very large discrepancy. Indeed, early theory-data
comparisons showed differences as large as a factor of 3,
while the inclusion of the full FONLL formalism reduced
this discrepancy by about a half. This can be seen in Fig. 1
where, in anticipation of our main results, one can see that
higher order corrections indeed significantly modify the
theory predictions, and the inclusion of NNLO corrections
finally leads to a theory-data agreement.

Calculations of open bottom production at NNLO have
already appeared in the literature. The first such calculation
was performed in Ref. [28] where predictions were
obtained in fixed-order perturbation theory, without resum-
mation, and at the level of b quarks, i.e., no hadronization
effects were included. Subsequently, Ref. [29] provided a
first calculation at NNLO matched to a parton shower (PS).
This calculation provides NNLOpg-accurate predictions for
B hadrons with resummation at leading logarithmic accu-
racy. Our present Letter differs from these calculations by
including both the relevant hadronization effects and the
resummation of collinear logs at full NNLL accuracy. As
we demonstrate in the following, the effect of the resum-
mation with high-logarithmic accuracy leads to major
improvement in the theory predictions and has a very
significant impact at large pr.

Structure of the NNLO + NNLL prediction—As already
alluded to in the previous section, there are two distinct
approaches to calculating open B production: we call one of
them “massive” and the other one “massless.” In each case
one calculates the suitably defined partonic cross section
for a respectively massive or massless b quark, which is
then modified to account for the b — B fragmentation.

The differential cross section for producing a B hadron in
the massive approach is denoted as og(m, pr, i), where m
is the on-shell mass of the b quark and u denotes the
renormalization, factorization, and fragmentation scales.
The partonic cross section for producing an on-shell

massive b quark is computed through NNLO in four-
flavor, n; = 4, QCD in complete analogy with the calcu-
lation of differential top-quark pair production of Ref. [30],
where ny = 5. We use the STRIPPER framework [31,32] as
implemented in Refs. [33,34]. The two-loop amplitudes are
taken from Ref. [35]. All one-loop amplitudes are obtained
with the help of the OpenLoops 2 library [36] while all tree-
level amplitudes are taken from the AVHLIB library [37].

The fragmentation b — B is modeled with the fragmen-
tation function (FF) D,_p(z) extracted in Ref. [38]. It is
assumed that all B-hadron species admit identical FFs, with
fragmentation fractions as measured by LEP [39]. The
partonic fraction z is well defined only in the strict collinear
limit where the b quark is massless. In such a case one has
pp = 2Py, Where p,p are the corresponding four
momenta. When the b quark is massive, m # 0, we use
the following rescaling prescription:

PB = 2Pp>

EB: \/ﬁ%—i_m%’

i.e., three-momenta are rescaled uniformly while energies
are fixed by requiring final state particles to be on-shell.

Subsequent decays of the B hadron are treated as
follows. For massive-b fragmentation, the decay of the
B hadron is treated as an isotropic decay in the B-hadron
rest frame. Distributions of B decaying to the final state of
interest are obtained from EvtGen [40], and are then boosted
to the lab frame. In contrast, in the massless-b calculation,
following Ref. [38], B decays are included directly in the
fragmentation step as an additional convolution on top of
the b - B FF.

The differential cross section for producing a B hadron in
the massless approach is denoted by 65(0, pr, i). We stress
that the name massless is a bit of a misnomer since
o5(0, pr,u) correctly accounts for the leading power in
m in the limit m — 0, including both mass-independent and
log"(m) terms. The name “massless” originates in the fact
that it is based on massless calculations: the differential
massless-b partonic cross section is computed in n; =5
massless QCD, and final state collinear singularities are
subtracted numerically in the MS scheme as explained in
Ref. [41]. The required two-loop four-parton massless
amplitudes are taken from Ref. [42], also computed in
Refs. [43—-47], while one loop ones are again taken from the
OpenLoops 2 library.

The massive and massless calculations have different
ranges of applicability: oz(m, py,u) describes B produc-
tion at low and intermediate p;, while o5(0, pr,pu) is
applicable for intermediate and large p;. Ideally, one would
like to have a unified prediction, denoted as G5(pr,p),
which can describe the complete kinematic range. This
problem was solved within the so-called FONLL frame-
work. In this Letter we follow its logic and combine these
two calculations as follows:
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og(pr.u) =op(m, pr.p)
+G(pr) (o5(0.prp) =on(O.pr)| ). (1)

where

Glor) = L0 @)
Pr) = p% ¥+ szz s

and ¢ =5 for B-hadron final states, ¢ = 3 for J/W¥ final
states, and ¢ = 0 (i.e., no suppression) if the observed final
state is a muon. The py in the above equation is the p; of
the corresponding final state particle.

The constant ¢ is modeled after Ref. [5], where the value
c =5 was chosen for final-state b quarks. Since the
difference between the b-quark and B-hadron momentum
is typically small, ¢ = 5 can also be used for B hadrons.
However, B-hadron decay products require smaller values
for ¢ due to their significantly reduced momentum relative
to the fragmenting b quark. We find that the values given
above are approximately equivalent to using ¢ = 5 for b
quarks.

The massless calculation 65 (0, pr, #) is not reliable in
the low pr region. The reason for this is that 65(0, p7, u)
diverges at low p; and in the region py ~ m this divergence
is not well compensated for by its fixed order expansion
65(0, pr,it)|ro- The massless calculation can therefore
have a significant effect on the prediction at low p; where
one expects the massive calculation to be reliable.

This unwanted behavior of the massless calculation
o5(0, pr, u) is suppressed by the function G(pr) and by
two additional modifications on (0, py, u). First, follow-
ing Ref. [5], we remap the pr of the final state particle
using pr — \/p3 —m?, vetoing events with pr <m
before any rescaling. In effect, this modification renders
the massless calculation finite for p; — 0 and ensures that
the massless calculation does not contribute below the
physical partonic center of mass energy of 2m.

Second, in the massless calculation we have excluded
fixed order terms of order higher than the fixed order
accuracy of the calculation. For example at NNLO, the
product of the NNLO partonic cross section is multiplied
only by the LO perturbative FF but not by its higher order
terms at NLO or NNLO [48,49].

Soft-gluon resummation of the heavy quark FF is
performed as described in Ref. [38]. Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution is performed
using the APFEL library [50]. Soft-gluon resummation and
DGLAP evolution are always performed at full NNLL.

In both massive and massless calculations we use

p?=m?+dpi, (3)

with d = 1 for b-quark or B-hadron final states, d = 1.5 for
J /¥ final states, and d = 2 for muons. The constant factor

d is introduced in order to approximate, on average, the pr
of a fragmenting b quark from the p; of the final state
particle. The value of p; used in the function G(py) in
Eq. (2), and in the scale u in Eq. (3)—when that scale is
used in the massless calculation and its truncation—is the
one obtained after the remapping described above. Scale
variation around the central scale in Eq. (3) is performed
using the 15 point approach. In all cases, the strong
coupling constant ag is taken at NNLL and
m = 4.92 GeV, both being consistent with the parton
distribution set NNPDF3.1 [51] we use. In contrast to the
FFs—which are evaluated at different orders in different
parts of the calculation as explained above—we use NNLO
parton distribution functions throughout the calculation.

LHC phenomenology—The results derived in this Letter
allow us to address a number of outstanding questions, in
particular the level of agreement between SM predictions
and hadron collider measurements of B hadron final states,
and the behavior of theoretical predictions at higher
perturbative orders across vast kinematics ranges. In order
to make our analysis as conclusive as possible we have
placed special emphasis on numerical optimization. As a
result, all presented predictions are of very high quality, i.e.,
the so-called Monte Carlo integration error has been
reduced to the point that in most bins it is significantly
smaller than the dominant scale uncertainty.

While in the following we only present results for
relatively central kinematics, we have checked that the
pattern of perturbative corrections is almost identical for the
forward kinematics relevant for the LHCb experiment.

WEe first turn our attention to B*-meson production at the
LHC. In Fig. 2 we compare our best prediction, Eq. (1),
computed with NNLO + NNLL accuracy, with the current
state of the art at NLO + NNLL (which we take as a proxy
for FONLL). Both calculations are compared to 7 TeV
ATLAS data [52].

At the lowest p; available, the NNLO + NNLL scale
variation is only slightly reduced relative to the NLO +
NNLL one. This is not unexpected given the slower
convergence of perturbation theory at low scales. The
inclusion of the NNLO + NNLL correction nevertheless
plays an important role in this kinematic range since it
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FIG. 2. BT py spectrum (see Supplemental Material [53] for
more rapidity slices). Shown is our best prediction at NNLO 4
NNLL (orange) versus the current state of the art NLO + NNLL
(purple) versus LHC data. Shown are the ratios with respect to the
central prediction at NLO + NNLL.
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FIG. 3. As in Fig. 2 but with NNLO (red) instead of
NLO + NNLL.

generates a significant shift in the central prediction which
brings it closer to data.

The uncertainty of the NNLO + NNLL prediction
quickly decreases at higher p;. At the highest available
pr it is about a factor of 3 smaller than the NLO + NNLL
one. Such a strong decrease of scale variation indicates that
the NNLO + NNLL theory prediction at high p; is very
precise. Indeed, the theory uncertainty in that range is
significantly smaller than that of the available data. The
combination of normalization and shape changes in the
NNLO + NNLL prediction relative to the NLO + NNLL
one brings our best prediction into good agreement also
with high pr data. This is true for all rapidity slices.

Finally, as can be seen in Fig. 2, the ratio NNLO +
NNLL to NLO + NNLL is relatively small in the sense that
it is always within the NLO 4 NNLL scale variation band.
This indicates that the theory prediction for this observable
at this order of perturbation theory stabilizes and reliably
estimates missing yet-higher order corrections.

Another important comparison is shown in Fig. 3 where
the NNLO massive fixed-order prediction is compared with
the NNLO + NNLL one. Both predictions are compared to
the data already shown in Fig. 2. As expected, at low p the
two agree very well (which, in a way, implies that the
matching Eq. (1) of massive and massless calculations
works well). As the B-hadron p; increases, however, the
resummed calculation’s scale variation decreases quickly
and the resummed prediction becomes significantly more
precise than the fixed order one. This behavior is again
expected in principle, however, it is impressive to see that
the improvement at the highest available py is as large as a
factor of 3.

Even more interestingly, for p;y = 50 GeV or so, the two
predictions do not overlap any more and their difference
becomes more and more pronounced as p; increases. The
difference between the two predictions is significant
relative to the size of the two uncertainty bands.
Figure 3, therefore, offers an unambiguous and affirmative
answer to the often asked question if high-p; resummation
effects are important in this class of observables. We would
like to stress that the confidence with which one can draw
this conclusion is underpinned by the much reduced scale
uncertainty at NNLO, and especially at NNLO + NNLL,
and that with NLO accuracy one would not have been able
to draw such a conclusion.
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FIG. 4. Muon pr spectrum at LO 4+ NNLL (light blue), NLO +
NNLL (purple) and NNLO + NNLL (orange) compared with
LHC data.

We next turn our attention to muon final states origi-
nating in semileptonic B decays. In Fig. 4 we show the
muon py distribution and compare it to recent 5.02 TeV
ATLAS data [54]. We show LO, NLO, and NNLO
predictions all supplemented with NNLL resummation.
The pattern of higher order corrections is broadly similar to
the case of B™-mesons and shows large NLO/LO correction
and a relatively moderate NNLO/NLO one. Notably, the
NNLO + NNLL uncertainty band almost completely over-
laps with the NLO + NNLL one which strongly indicates
that at this order of perturbation theory the theory pre-
diction for this observable becomes reliable. Another
notable feature is the size of the scale uncertainty. The
inclusion of the NNLO correction reduces the scale
variation at the lowest available p; almost in half, while
at high pr, similarly to the case of B hadrons, the scale
uncertainty is reduced by over a factor of 3.

The NNLO correction affects both the normalization and
shape of the muon p; spectrum, and brings it very close to
data in the full p; range. While the NLO + NNLL
prediction is also consistent with data within its much
larger uncertainty band, it is clear that the shapes of the
NLO + NNLL prediction and data are not perfectly
aligned. The NNLO + NNLL prediction agrees quite well
with the overall shape of the measured p; spectrum despite
its much reduced scale uncertainty band. Clearly data is
much more precise than theory for low values of the muon
pr, however this changes at higher p; where the data
uncertainty becomes the dominant one.

Finally, in Fig. 5 we show the p; distribution of J/¥
final states originating in B decays. Several rapidity slices
are considered. The overall pattern of higher order correc-
tions, not shown here, is similar to the ones observed for B
final states, including the pronounced difference at high py
between the fixed order massive prediction and the
resummed one, as well as the significant reduction of scale
uncertainty at high p; due to resummation. The comparison
with 8 TeVATLAS data [55], however, is at variance with the
overall excellent agreement observed for B and y final states.
As can be seen in Fig. 5, the theory-data agreement is not
satisfactory. Although not shown here, we have checked that
the theory-data comparison for W(2S5) final states shows a
similar level and pattern of disagreement.
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FIG. 5. J/¥ py spectrum at NNLO + NNLL (orange) com-
pared with LHC data for two rapidity slices (see Supplemental
Material [53] for the other slices). The dotted lines (green) show
the uncertainty from BR(B — J/¥).

The much reduced theory uncertainty at NNLO + NNLL,
which is comparable to the one of the data for all data points,
allows us to draw quantitative conclusions about the origin
of this clear discrepancy.

The overall excellent theory-data agreement for B™ and u
final states makes it unlikely that this discrepancy can be
attributed to the underlying theoretical description—
including our general treatment of B decays. In our view,
the most likely origin of this theory-data incompatibility is
the B — J/Y¥ branching ratio (BR).

The BR used in Fig. 5 is taken from the Particle Data
Group (PDG) [39], BR(B—J/¥)=(1.16%0.10) x 1072,
which corresponds to an admixture of B hadrons.
Somewhat surprisingly, this BR is known with a relatively
low accuracy of about 9%. This BR uncertainty is shown in
Fig. 5 with the two green dotted lines. In our current
context, such an uncertainty is significant and, in fact, is the
dominant one for most data points, surpassing both the
experimental and theory scale uncertainties. While a
detailed analysis of this theory-data discrepancy is beyond
the scope of this publication, we note that, should the
BR(B — J/¥) be lower than the PDG value—perhaps by
about 25% or so—theory and data would become in
agreement for almost all p; and rapidity values.

Summary and outlook—We extend the FONLL formal-
ism for open heavy-flavor production at hadron colliders to
NNLO + NNLL accuracy. Our result exhibits a much
reduced scale uncertainty, especially at moderate and large
pr. Comparisons with LHC data show excellent agreement
for B hadrons and muons from B decays. A notable
deviation for J/W¥ final states is observed, which may be
due to the value of BR(B — J/¥). Our Letter offers the
possibility for precisely constraining various parameters
related to B production and decay and may impact
important ongoing LHC B-physics measurements.
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