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“A battery powers a device” can be read as “work stored in the battery is being transported to the device.”
In quantum batteries, the total amount of stored work can be measured by ergotropy, which is the maximal
work extractable by unitary operations. Transporting ergotropy is fundamentally different from trans-
porting energy, and here we find that ergotropy can be gained even when the transmission channel is strictly
energy conserving. We show that, generically, ergotropy transport is lossy whenever the two systems start
uncorrelated. In contrast, for a large class of correlated initial states, transport can be gainful. Furthermore, a
single correlated state can be used multiple times, allowing to transport without losses an order of
magnitude more work than the battery capacity. Correlations are thus a useful resource for ergotropy
transport, and we quantify how this resource is consumed during gainful transport.
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Introduction—Batteries store work; it is their sole
function. By storing work we mean storing energy that
is available to be extracted in the form of work. Many
fundamental aspects of quantum batteries’ storage capacity
[1–5], charging speed [6–11], and stability [12–22] have
been studied [23]. However, the no less fundamental matter
of transporting a given amount of “charge” (i.e., work)
from the battery to a consumption unit without external
energetic intervention has so far received little attention
[4,22,24–26]. A quantum battery autonomously powering
a (quantum) device is a paradigmatic example of this
scenario.
The charge level of a quantum battery, i.e., the total

amount of work stored in it, is standardly quantified by
ergotropy [1–10,12–14,17–32]. It is the maximal amount of
work extractable from a system unitarily [33]. However, a
battery performing work on a consumption unit means that
the two systems interact with each other. And when they are
of comparable size, the process will generally not be
unitary for either system. This makes the problem of
ergotropy transport highly nontrivial: When will this
nonunitarity cause losses during transport? Can nonuni-
tarity be leveraged to facilitate transport?
In this Letter, we put forth a rigorous framework for

autonomous ergotropy transport between two quantum

systems. We establish that the efficiency of transport
ultimately depends on the initial correlations between the
battery and the consumption unit. If they start uncorrelated,
ergotropy will generically be partially lost during transport.
However, if they start correlated, the transport may even be
gainful, i.e., the consumption unit may receive more
ergotropy than the battery sends.
Ergotropy and its transport—If H is the Hamiltonian of

a system that lives in a d-dimensional Hilbert space, and ρ
is its state, then the ergotropy is [33]

EðρÞ ≔ TrðρHÞ −min
U

TrðUρU†HÞ: ð1Þ

Here, the minimization is over all unitary operations.
In this Letter, we focus on the bipartite scenario of

transporting ergotropy from system B (battery) to system C
(consumption unit). To make the bookkeeping of energy
and entropy as clean as possible, we choose the transport
“channel” to be strictly energy-conserving and unitary.
Namely, the operation that acts on BC to perform the
transport is unitary, call it UBC, and strict energy con-
servation means [34–38]

½UBC;HBC� ¼ 0; ð2Þ

where 0 is the zero operator and

HBC ¼ HB ⊗ 1C þ 1B ⊗ HC ð3Þ

is the total Hamiltonian of BC before and after the transport
(during the transport, the Hamiltonian is varied in time so as
to generate UBC). Here, HB and HC are, respectively, the
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Hamiltonians of B and C, and 1 is the identity operator.
This process is pictured in Fig. 1.
The local evolution on B and C induced by UBC can be

unitary only under very restrictive conditions [37,39–41].
In general, the individual evolutions of B and C will be
(highly) nonunitary. Because of this, ergotropy transport is
fundamentally different from energy transport [42–47] as
well as the process of increasing one system’s average
energy at the expense of another system’s ergotropy
[48,49]. For example, when a thermal system is heated
up, its energy increases, but its ergotropy remains zero.
Conversely, it is possible to purify a system’s state without
changing its energy, which means its ergotropy increases
while its energy remains fixed.
The main figure of merit we consider is the quality of the

transport. It is naturally characterized by how much the
channel adds to the ergotropy it transports. We call
the added amount ergotropy gain. By definition, it is the
difference between the amount of ergotropy lost by B and
that received by C,

EG ≔ Eðρ̃BÞ þ Eðρ̃CÞ − EðρBÞ − EðρCÞ; ð4Þ

where ρB ¼ TrC½ρBC� and ρC ¼ TrB½ρBC� are the marginals
of the initial state of BC, ρBC. Similarly, ρ̃B and ρ̃C are the
marginals of ρ̃BC ¼ UBCρBCU

†
BC, which is the final, post-

transport state of BC. When EG < 0, namely, when
ergotropy is dissipated during transport, we say that the
channel is lossy. When EG ≥ 0, it is lossless, and gainful
when EG > 0.
As Eq. (4) suggests, the ergotropy gain can also be

interpreted as the difference between final and initial values
of the “locally extractable ergotropy.” The latter is the
maximal work extractable by unitary operations of the form
UB ⊗ UC and is obviously equal to EðρBÞ þ EðρCÞ. Here,
“local” refers to quantities pertaining to individual systems
(B or C), to contrast with BC-wide (“global”) quantities.
This observation allows us to connect the ergotropy gain
to the so-called “ergotropic gap” [50], defined as the

difference between the global and locally extractable
ergotropies,

δEBC ≔ EðρBCÞ − EðρBÞ − EðρCÞ ≥ 0: ð5Þ

The ergotropic gap, δEBC, gives the amount of work hidden
from local operations.
Now, as directly follows from Eq. (1), the action of an

energy-conserving unitary on a state does not change
its ergotropy. Hence, since UBC is energy conserving,
Eðρ̃BCÞ ¼ EðρBCÞ. Therefore, the ergotropy gain in
Eq. (4) can be cast as a change in the ergotropic gap,

EG ¼ δEBC − δ̃EBC: ð6Þ

Thus, a positive ergotropy gain is achieved when the
energy-conserving unitary UBC “redistributes” the ergo-
tropy in the total system so that more of the global
ergotropy becomes locally extractable. The resource
expended for achieving the gain is the ergotropic gap.
Note that UBC acts globally, and therefore ρ̃X is generally
not reachable from ρX by local unitary transformations.
An immediate consequence of Eq. (6) and the fact that

the ergotropic gap is a nonnegative quantity is the follow-
ing lemma.
Lemma 1—Ergotropy transport cannot be gainful, i.e.,

one always has EG ≤ 0, whenever δEBC ¼ 0.
Thus, for gainful transport to be possible, the initial

ergotropic gap must be positive. Importantly, the presence
of a nonzero ergotropic gap is linked to the correlations in
the system [2,50–53]. It can be used to witness entangle-
ment [2,51–53] or quantum discord [50]. In general,
however, the relation between ergotropic gap and correla-
tions is not exact: there exist uncorrelated states for which
δEBC > 0 and correlated states for which δEBC ¼ 0. An
example of the former situation is the phenomenon of
activation, where two uncorrelated copies of a passive state
ρ turn out nonpassive (“active”) when considered
jointly [54,55].
Activation can happen only when dBC > 4. When

dBC ¼ 4, namely, each system is a qubit, all passive states
are Gibbs states (i.e., are ∝ e−βH, β > 0), so no activation is
possible [54,55]. In fact, the following lemma shows that
any two-qubit product state leads to nongainful ergotropy
transport.
Lemma 2—For two qubits, one has EG ≤ 0 whenever the

initial state is uncorrelated, i.e., ρBC ¼ ρB ⊗ ρC.
Importantly, Lemma 2 does not imply a “deterministic”

relation between EG and correlations—their presence is not
sufficient for EG > 0. For a pertinent example, as well as a
proof of Lemma 2, see the Appendix.
As noted above, one cannot extend Lemma 2 to higher

Hilbert-space dimensions (see the Appendix for an explicit
example). However, as our extensive numerics show, even
in higher dimensions correlations play a central role in

FIG. 1. Schematic of transporting ergotropy from battery (B) to
consumption unit (C). Initially, the systems do not interact,
and their ergotropies are EðρBÞ and EðρCÞ. Then an energy-
conserving unitary UBC transforms the initial joint state ρBC into
ρ̃BC, changing local ergotropies to Eðρ̃BÞ and Eðρ̃CÞ. If C gains
more ergotropy than B loses, then the transport is gainful.
Otherwise, it is lossy. One of our main results is that the amount
of correlations between B and C is a key resource for achieving a
gainful transport.
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ergotropy transport. This is vividly seen in Fig. 2.
Panels (a)–(c) are histograms of EG=E calculated for a large
sample of randomly sampled product states on randomly
generatedHBC, acted upon by randomUBC. The quantity E
is a characteristic energy scale of the system. For qubits,E is
simply the energy gap. In higher dimensions, however,
multiple energy scales exist, and no single scale can be
picked out. This makes defining dimensionless energetic
quantities more involved, and EG=E is a shorthand notation
for the dimensionless ergotropy gain (see Supplemental
Material [56], Sec. I.B, for details). On panel (a), forB andC
being two qubits, we see that EG=E never becomes positive,
in accordance with Lemma 2. Panels (b) and (c) show that,
for higher-dimensional B and C, although EG=E is some-
times positive, its bulk becomes more and more negative as
dBC grows. We numerically analyze this in detail in Sec. I.D
of [56].We find that the ensemble average of EG=E is indeed
negative and its magnitude grows polynomially with dBC.
This thus demonstrates that lack of correlations in the

initial state is unfavorable for ergotropy transport. This
motivates two questions: Which type of correlations matter
the most? Is there a quantitative link between their strength
and ergotropy gain? Figures 2(d)–2(f) shed light on the first
question. Each of these panels contains histograms of two
ensembles of initial states: random (general) states of BC
and random separable states of BC. As above, here HBC
and UBC are also sampled randomly. We see that, for low-
dimensional B and C, in terms of ergotropy gain, separable
states perform almost as well as all possible bipartite states,

including the entangled ones. In higher dimensions, the
distance between the bulks of separable and general states
is much smaller than the distance between general and
product states. Thus, although entangled states are more
advantageous for ergotropy transport, especially in high
dimensions, the presence of any type of correlations has a
much bigger impact on EG=E than their type. Note that we
plot separable vs general, and not separable vs entangled,
because efficiently characterizing the set of entangled states
is impossible for dBC > 6 [83]. However, it is possible to
sample the separable set in arbitrary dimensions. In Sec. I
of [56], based on a pure-state decomposition of separable
states from Ref. [84], we construct an efficient algorithm of
generating random separable states that reasonably uni-
formly cover the whole separable set.
Now, having determined that the general presence of

correlations is the primary factor affecting the ergotropy
gain, we are ready to answer the second question above.
To do so, we use the standard quantifier of “general”
(or “total”) correlations—the quantum mutual information
[85]: IðρBCÞ ¼ SðρBÞ þ SðρCÞ − SðρBCÞ. Since EG is given
by the change in the ergotropic gap [see Eq. (6)], we will
compare EG with the change in the mutual information
during transport: ΔI ¼ Iðρ̃BCÞ − IðρBCÞ. In view of the
unitary invariance of the von Neumann entropy, we have

ΔI ¼ Sðρ̃BÞ þ Sðρ̃CÞ − SðρBÞ − SðρCÞ: ð7Þ
To reveal how the two quantities are related, we, as above,

randomly sample a large ensemble of ρBC, HBC, and UBC,
and plot EG=E againstΔI. This is done in Fig. 3, where 2 × 2
[panel (a)] and 6 × 6 [panel (b)] dimensional cases are

(a) (b) (c)

(d) (e) (f)

FIG. 2. Distribution of ergotropy gain EG=E for randomly
sampled initial states, Hamiltonians HBC, and energy-conserving
unitaries UBC. In panels (a)–(c), ρBC is a product of random ρB
and ρC. The states are drawn from the Hilbert–Schmidt measure,
HBC are sampled from the Gaussian Unitary Ensemble, and UBC
are sampled from the Haar measure. We see that the ensemble
average of EG=E decreases as the Hilbert space dimension dBC
grows. Each of the panels (d), (e), and (f) shows two histograms
of EG=E: one for separable and one for general states of BC (HBC

and UBC sampled as above). Each histogram depicts 106 points.
We see that, in all dimensions, the distance between product and
general states is significantly larger than the distance between
separable and general states.

(a)

(b)

FIG. 3. 2D histogram of EG=E vs ΔI for general ρBC, HBC, and
UBC randomly generated as in Fig. 2. Panel (a) is for ergotropy
transport between two qubits. Here, the points distribute in a
“propeller shape.” The blue and green curves γu and γd provide
tight upper and lower analytical bounds on the distribution. The
cumbersome closed-form expressions for them are derived in
Sec. IVof [56]. The red dashed lines, which are the tightest linear
bounds, show that EG=E is guaranteed to be positive whenever
ΔI < −2 lnð5=4Þ; the dotted gray lines cross at this turning point.
Panel (b) illustrates what happens in higher dimensions, show-
casing the dB ¼ dC ¼ 6 case. Compared to panel (a), the
distribution is more concentrated around 0. This reflects the fact
that both EG=E and ΔI asymptotically concentrate around their
ensemble averages.
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depicted. For the two qubits, it reveals a propellerlike shape
for the distribution. Its width is nonzero; therefore there is no
deterministic relation between ΔI and EG=E.
In higher dimensions, the ranges of ΔI and EG=E shrink,

as is evidenced by Fig. 3(b). In Sec. II of [56], we show that
this phenomenon is general by proving Levy-type measure-
concentration bounds [86,87] for both EG=E and ΔI
considered as functions of the initial state ρBC. There,
and throughout the Letter, we sample the states from the
Hilbert–Schmidt measure [88,89]. Our proof is based on
the fact that both the ergotropy and von Neumann entropy,
as functions of the state, are Lipschitz continuous with
respect to the Bures metric [90,91]. Our concentration
bounds establish that the widths of the distributions of ΔI
and EG=E decrease polynomially with dB and dC.
Furthermore, as we numerically demonstrate in Sec. III
of [56], the relation between ΔI and EG=E becomes
increasingly “deterministic” even when adjusted for the
shrinkage due to concentration.
The concentration of ΔI and EG means that, on the one

hand, tailoring initial states and transfer unitaries such that
ergotropy gain is significant becomes increasingly more
complex as the dimensions grow higher. On the other hand,
generic transport is robust in that both losses (and gains) are
severely restricted.
Multiple transports and channel reusability—As we saw

above, correlations generically endow the initial state of BC
with a positive ergotropic gap δEBC, allowing one to avoid
losses during transport. As Eq. (6) shows, each time
EG > 0, this resource gets used up by that exact amount.
While for a single transport having the largest EG is best,
the situation changes when one wishes to perform multiple
transports.
The latter is arguably the most relevant practical sce-

nario, where our setup is a wire through which third parties
send ergotropy to fourth parties, aiming for the highest
number of lossless transports. Thus, having EG positive but
small would be desirable, so that the initial supply of δEBC is
consumed slowly. A key quantity here is the total amount of
ergotropy, Eþ

tot, that one can losslessly transport through the
channel in multiple iterations. Labeling transport iterations
by the index ι,

Eþ
tot ≔

X
ι; EðιÞG ≥0

½Eðρ̃ðιÞC Þ − EðρðιÞC Þ�: ð8Þ

A paradigmatic protocol realizing this scenario is as
follows. The system starts locally empty: both ρð0ÞB and ρð0ÞC

are passive [ρð0ÞBC may be correlated]. Then, a “charging”
unitary Uch acts locally on B, injecting some ergotropy into
it. Next, an energy-conserving UBC is performed on the
total system, transporting ergotropy from B to C. Finally, a
“draining” unitaryUdr acts locally on C, extracting (part of)
its ergotropy. This comprises a full “transport cycle” of the

channel, and is realized by the unitary operation

Ucyc ¼ ð1B ⊗ UdrÞUBCðUch ⊗ 1CÞ: ð9Þ

As noted above, the ergotropic gap δð0Þ ≔ δEBCðρð0ÞBCÞ of the
initial “locally empty” state is the resource that will fuel the
gainfulness of the transport and be consumed over time.
Since the ergotropic gap depends only on the local and
global spectra of the state [see Eq. (A2) in the Appendix],
the consumption of δð0Þ is only determined by UBC.
For a transparent exemplification of this situation, we

again turn to qubits and take ρð0ÞBC ¼ j0iBh0j ⊗ j0iCh0j,
Uch ¼ Udr ¼ σX, and UBC ¼ SWAP, where σX is the Pauli
X matrix. In this idealized scenario, the state returns to

ρð0ÞBC after each transport cycle, and although EG ¼ 0, an E
amount of ergotropy is injected into B and the same E
amount of ergotropy is extracted from C each time. Thus,
this noiseless, idealized channel can be used infinitely
many times to losslessly transport an infinite amount of
ergotropy.
We caution, however, that this behavior is not stable: a

small deviation of UBC from a swap will make the transport
lossy. Indeed, let us introduce a small ε error in the
transport unitary,

UðεÞ
BC ¼ SWAPþ 2νðεÞBC sinðε=2Þ: ð10Þ

Here, νðεÞBC ¼ σ̄Z cosðε=2Þ − σ̄X sinðε=2Þ, where σ̄X and σ̄Z
are the Pauli X and Z matrices in the subspace spanned by
j0iB ⊗ j1iC and j1iB ⊗ j0iC. Keeping Uch ¼ Udr ¼ σX, it
is easy to calculate that, upon iteration ι of the trans-

port cycle, the ergotropy gain EðιÞ
G ¼ −2E sinð2ιε − εÞ sin ε,

which is negative for 1 ≤ ι ≤ π=ð2εÞ þ 1=2.
To combat this lossiness, let us take an initial state with a

positive ergotropic gap. For example, consider ρð0ÞBC¼
jϕð0Þihϕð0Þj with jϕð0Þi¼cosκj0iB⊗j0iCþsinκj1iB⊗ j1iC,
where 0 < κ ≤ π=4 controls the initial ergotropic gap:
δð0Þ ¼ 2E sin2κ > 0. In Sec. V of [56], we show that, in
this case,

EðιÞ
G ¼ 2E sinð2κ þ ε − 2ιεÞ sin ε: ð11Þ

This quantity is positive for the first bκε þ 1
2
c iterations (bxc

is the floor function). For example, for ε ¼ 0.03 and
κ ¼ π=8, the transport is gainful during the first 13
iterations. As a result, Eþ

tot ≈ 11.84E is collected from C.
Thus, a single slightly correlated state can be used to
losslessly transport an order of magnitude more work (Eþ

tot)
than it can store (E).
We emphasize that, although the transport is executed

multiple times, the correlated state ρð0ÞBC is prepared only
once. This is important because correlations rarely come for
free—creating them costs energy [92–95]. For the example
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above, the work cost of creating jϕð0Þi from the un-
correlated state j0iB ⊗ j0iC by unitary operations is
2E sin2κ ¼ δð0Þ ≈ 0.29E. And it is remarkable that this
small investment unlocks ≈40.82 times as much losslessly
transportable ergotropy (recall that Eþ

tot ≈ 11.84E).
Lastly, we note that our multiple transfer setup is funda-

mentally different from that considered in Ref. [26]. Using
our nomenclature, only uncorrelated, incoherent (diagonal)
initial states are considered in Ref. [26], and a fresh battery
is used upon each iteration.
Summary and outlook—We introduced a paradigmatic

setup of a quantum battery autonomously transporting
ergotropy to a quantum device (consumption unit). We
established that initial battery–device correlations can
significantly enhance the transport. Despite the channel
being energy-conserving, the device may get more ergo-
tropy than the battery loses. Such gainful transport is
counterintuitive, as the natural expectation is that, when
transported, a useful resource should suffer dissipation.
We proved that, between two qubits, gainful transport is

possible only if they are initially correlated. Although for
higher-dimensional systems the correlation–ergotropy-gain
relation becomes fuzzier, we showed that there, too,
correlations maintain a central role. We also established
that ΔI and EG concentrate with increasing dimensions,
meaning that ergotropy transport between large systems is
generically robust—while large gains are not to be
expected, large losses are also unlikely.
Finally, we showed that a one-time creation of correla-

tions between B and C can have a long-lasting loss pre-
vention effect when, subsequently, multiple iterations of an
imperfect channel transport ergotropy through BC. Even a
modest amount of correlations between B and C can enable
lossless transport of an order of magnitude more work than
the energetic resources needed to create the initial corre-
lated state.
The framework developed here may serve as a stepping

stone for further research into ergotropy transport under
realistic conditions. A significant step would be accounting
for environmental noise during transport, e.g., by consid-
ering nonunitary energy-conserving channels [38].
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End Matter

Appendix: Proof of Lemma 2—Before proceeding to
the core proof of Lemma 2, let us first show that the
ergotropic gap δEBC depends only on the spectra of the
global and local states whenever B and C do not interact
[i.e., the total Hamiltonian is of the form given by
Eq. (3)]. This important property of the ergotropic gap
will become useful in what follows. To prove it, let us
first invoke the well-known fact that the minimum in
Eq. (1) is delivered by the unitary that rotates ρ to the
so-called passive state ρ↓ [33,54,55], and thus

EðρÞ ¼ Tr½ðρ − ρ↓ÞH�: ðA1Þ

The passive state ρ↓ ¼ P
k λkjEkihEkj, where jEki are

the eigenvectors of H for which the corresponding
eigenvalues are ordered increasingly (E0 ≤ � � � ≤ Ed−1)
and λ0 ≥ � � � ≥ λd−1 ≥ 0 are the eigenvalues of ρ in
decreasing order. Note that, whenever ρ or H have
degenerate spectra, ρ↓ will not be unique.
Now, using Eq. (A1), it is straightforward to show that

δEBC ¼ Tr½ðρ↓B ⊗ ρ↓C − ρ↓BCÞHBC�; ðA2Þ

where ρ↓BC is passive with respect to HBC and ρ↓X is passive
with respect to HX (X ¼ B, C).
To prove Lemma 2, let us without loss of generality set

the energies of the ground states of B and C, j0iB and j0iC,
to zero. With this convention, the Hamiltonians write as
HB ¼ EBj1iBh1j and HC ¼ ECj1iCh1j.
There are two qualitatively different cases with regard to

the structure of the energy-conserving unitary: EB ≠ EC
and EB ¼ EC ≔ E. We treat them separately.
Case 1—EB≠EC. In this case,HBC¼HB⊗1Cþ1B⊗HC

is nondegenerate, and therefore only operators that are dia-
gonal in the energy eigenbasis can satisfy Eq. (2) in the main
text. Thus, in the energy eigenbasis, energy-conserving
unitaries are necessarily of the form

UBC ¼ diagðeiϕ0 ; eiϕ1 ; eiϕ2 ; eiϕ3Þ: ðA3Þ

It is now a simple exercise to check that the elements of the
post-transfer state of B, ρ̃B ¼ TrC½UBCρB ⊗ ρCU

†
BC�, are

ðρ̃BÞ00 ¼ ðρBÞ00;
ðρ̃BÞ01 ¼ ðρBÞ01½ðρCÞ00eiðϕ0−ϕ2Þ þ ðρCÞ11eiðϕ1−ϕ3Þ�:

Due to the triangle inequality,

��ðρCÞ00eiðϕ0−ϕ2Þ þ ðρCÞ11eiðϕ1−ϕ3Þ
�� ≤ ðρCÞ00 þ ðρCÞ11 ¼ 1:

Therefore,

��ðρ̃BÞ01�� ≤��ðρBÞ01��: ðA4Þ

Similarly, for ρ̃C ¼ TrB½UBC ρB ⊗ ρCU
†
BC�, we have

ðρ̃CÞ00 ¼ ðρCÞ00;
ðρ̃CÞ01 ¼ ðρCÞ01½ðρBÞ00eiðϕ0−ϕ1Þ þ ðρBÞ11eiðϕ2−ϕ3Þ�;

and

��ðρ̃CÞ01�� ≤��ðρCÞ01��: ðA5Þ

Now, let us recall that the ergotropy of a qubit with the
Hamiltonian Ej1ih1j is

EðρÞ ¼ E

�
1

2
− ρ00 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
− ρ00ρ11 þ jρ01j2

r �
: ðA6Þ

Thus, E is a monotonically increasing function of jρ01j.
Therefore, in view of Eqs. (A4) and (A5),

Eðρ̃BÞ ≤ EðρBÞ and Eðρ̃CÞ ≤ EðρCÞ; ðA7Þ

which in turn means that, according to its definition in
Eq. (4) in the main text, the ergotropy gain EG ≤ 0.
Case 2—EB ¼ EC ≔ E. Here, the spectrum of HBC is

degenerate—SpecðHBCÞ ¼ f0; E; E; 2Eg—and hence there
exist nontrivial energy-conserving unitaries. However, in this
case, ρ↓B ⊗ ρ↓C is passive with respect to HBC, and therefore
δEBC ¼ 0 due to Eq. (A2). Indeed, denoting the eigenvalues
of ρB and ρC by, respectively, λB0 ≥ λB1 and λC0 ≥ λC1 , we have
that

ρ↓B ⊗ ρ↓C ¼ diagðλB0 λC0 ; λB0 λC1 ; λB1 λC0 ; λB1 λC1 Þ

in the energy eigenbasis. And since λB0 λ
C
0 ≥ λB0 λ

C
1 ≥ λB1 λ

C
1

and λB0 λ
C
0 ≥ λB1 λ

C
0 ≥ λB1 λ

C
1 , this state is passive with respect to

HBC ¼ diagð0; E; E; 2EÞ. Thus, due to Lemma 1, ergotropy
transport by energy-conserving unitaries acting on product
states cannot be gainful. This concludes the proof of
Lemma 2.
Two remarks are due here. First, while Lemma 2 proves

that correlations are necessary for EG > 0, their presence is
not sufficient for achieving positive ergotropy gain. For
example, when EB ¼ EC ≔ E, the state

1

2
j0iBh0j ⊗ j0iCh0j þ

1

2
jΨþihΨþj;

where jΨþi ¼ ðj0iB ⊗ j1iC þ j1iB ⊗ j0iCÞ=
ffiffiffi
2

p
, is en-

tangled but has zero ergotropic gap. Note that, since
entangled states always have nonzero quantum discord
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[96], this example may appear to contradict the claim of
Ref. [50] that states with nonzero discord have positive
ergotropic gap. However, there is no contradiction: in
our case, the qubits have identical energy spectra, whereas
the result of Ref. [50] applies only when the spectra are
different.
Second, due to the activation phenomenon men-

tioned in the main text, we know that Lemma 2 can-
not be directly generalized to higher dimensions. The
minimal counterexample is found in 2 × 3 dimensions.
Take B and C with Hamiltonians HB ¼ Ej1iBh1j
and HC ¼ Ej1iCh1j þ Ej2iCh2j. Then, ρB ⊗ ρC, with

ρB ¼ 1
2
1B and ρC ¼ 1

2
j0iCh0j þ 1

2
j1iCh1j, is not passive

despite both ρB and ρC being passive. In the extreme case
when C is a large thermal bath, a natural family of such
counterexamples was identified in Ref. [49].
Finally, in the Sec. VI of [56], we provide an alternative

proof of Lemma 2 by making a connection to the so-called
quantum marginal problem [97–99] and using its solu-
tion for two qubits [97]. In fact, we go even deeper and
show that this connection can be useful in both ways by
deriving a family of nontrivial inequalities for quantum
marginals in arbitrary dimensions from the simple fact
that δEBC ≥ 0.
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