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Intrinsically Quantum Effects of Axion Dark Matter Are Undetectable
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Is the usual treatment of axion dark matter as a classical field reliable? We show that the answer is subtle:
the axion field could well be in a quantum state that has no complete classical description, but realistic
detectors cannot tell the difference. To see this, we solve a fully quantum model of axion detection using
quantum optics techniques. We show that intrinsically quantum effects are washed out by mode averaging
or small amounts of noise, and significantly suppressed by the weakness of the axion coupling. Our Letter
exemplifies that there should always be a classical analog for axion dark matter effects, extends to other
wave (ultralight) dark-matter candidates, and gives a general method to compute the effects of exotic

dark-matter states.
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Quantum measurement techniques are poised to become
an indispensable tool in the search for wave dark matter
(DM) [1-4]. There are multiple paths beyond the standard
quantum limit. It can be evaded with squeezed states, as
pioneered by LIGO for gravitational waves [5,6] and
HAYSTAC for DM [7-10], or circumvented entirely with
photon number measurements [11]. In the drive for DM,
groups are developing microwave photon counters sensitive
to single photons exiting a detector cavity [12—19], and tech-
niques to measure the photons inside a cavity with transmon
qubits [20-22], which can also be used to prepare the cavity
in nonclassical Fock [23] or cat [24] states. Even more
ambitious proposals involve two-mode squeezing [25-28]
and entanglement of multiple cavities or qubits [29-35].

Despite operating in a highly quantum regime, these
efforts all treat wave DM as a classical field. This is because
it is a bosonic quantum field with ultralight mass,
mpyv << 10 eV, which implies an enormous number of
quanta per field mode; assuming standard virialization, it is
~pom/ (MppApiy) ~ 102 (peV/mpy)*. But high occu-
pation does not automatically imply DM behaves classi-
cally [36]: cat or squeezed states are inherently nonclassical
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but can have arbitrarily high occupancy. In fact, wave DM
could be produced in a nonclassical state or evolve into one
in the Galaxy, while avoiding decoherence due to its weak
coupling. This raises the question of whether there are
fundamentally new signatures of DM that are missed by the
classical field approximation.

In this Letter, we construct a fully quantum description of
the interaction of wave DM with a detector, and find two
serious obstacles to detecting intrinsically quantum effects.
First, realistic detectors couple to effective DM modes, which
aggregate many DM modes. Through a quantum analog of
the central limit theorem, this tends to wash out quantum
effects, even if the individual modes are in nonclassical
states. Second, intrinsically quantum signatures are sup-
pressed by the low efficiency # of DM-photon conversion.
Even under optimistic assumptions, they can easily be
overwhelmed by detector noise, and even if not would
require an extraordinarily long time to resolve. We focus on
axion DM detection in a cavity haloscope [37], though the
argument extends broadly to other weakly coupled signals.
Further details are provided in an accompanying work [38].

To summarize, though we may be poised to detect axion
DM, which could be in a highly quantum state, our
instruments are not capable of resolving nonclassical
effects in the foreseeable future. Though some works have
claimed otherwise, we show axion DM can always be
treated as a classical field, possibly with an exotic energy or
fluctuation distribution. More generally, experiments can
safely proceed by treating wave DM as classical.

Published by the American Physical Society
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The quantum state of DM—Our starting point is the
seminal insight of Glauber [39] and Sudarshan [40] that a
quantum field mode in a coherent state |a) acts on matter
in the same way as a classical field mode with complex
amplitude a. Thus, any mixture of coherent states,
described by the density matrix

p= [ dar@laa (1)

for P(a) > 0, acts like a probabilistic mixture of classical
field values. (Here, da = dRea d Im a.) Nonclassical states
can also be described by Eq. (1), but involve P functions
that attain negative values. Examples include squeezed
states, Fock states, and cat states that are superpositions of
coherent states |a@) and |f) with |a — ] > 1.

Turning to the axion, misalignment production begins with
arelatively well-defined field value, so it is often said to be in
a coherent state. We are not aware of a proper justification of
this claim; regardless, the preinflationary axion has its state
subsequently squeezed during inflation, e.g., Refs. [41,42],
whereas for postinflationary production the contribution from
the axion string network, e.g., Refs. [43—46], is not a pure
coherent state. Furthermore, during the collapse and sub-
sequent evolution of our Galaxy, the axion state should
change substantially due to gravitational interactions. In the
end, the state of DM in the laboratory is described by a joint
P function over the modes of the field,

Powt = / det Py (at) ) (. 2)

where @ = (ay, a,, ...) denotes the DM modes, and again
the system can be described classically if Ppy > O.

Simulations indicate that quantum corrections generi-
cally grow exponentially during halo collapse, but are
simultaneously suppressed by decoherence [47,48].
However, cat states with |a| = || do not decohere rapidly
because both branches of the wave function have the same
average gravitational potential [49-51]. Further, there is an
extensive debate over whether the axion evolves to a state
where only one mode is occupied, which would drastically
increase its coherence time and could be a description of a
Bose-Einstein condensate; see, e.g., Refs. [52-56].

Identifying the quantum state of local axion DM is
evidently a highly nontrivial question, which we do not aim
to resolve here. Instead, we remain agnostic as to the form
of ppy and determine the requirements for a detector to
observe a genuinely quantum effect.

A model of DM detection—Cavity haloscopes search
for axion DM, ¢, coupled to photons through L, =
9ayy®E - B. The DM resonantly converts to photons within
the cavity volume V. and background magnetic field ByZ.
The Hamiltonian describing the interaction is

Hin = Gy, Bo / PxPRE(x). (3)

c

The fields have the following mode expansion:

E.(x) = Zf: ﬁ(icfﬁ;z(x) - H.c.)

(x (apeip"‘ + H.C.), (4)

1
) zp: V2w,V
where w, is the cavity mode angular frequency, E,_ is
the z component of the mode profile normalized to
Iv. Px|E/|> =1, ®, = mpy + K, is the axion energy
(with K, the kinetic energy), and V is a fiducial axion
quantization volume.

We suppose a cavity mode is on resonance with the axion
field, w, ~ mpy;, and neglect the modes off resonance.
Working in the interaction picture, applying the rotating
wave approximation, and suppressing the resonant mode
subscript, the Hamiltonian becomes

1 Vel s -i
Hint(t)zigayyBO 7<lc E Cpe Kﬂ’aP—I—H.c.> (5)
P

when written in terms of a dimensionless overlap factor,

mMpm DX I
Cp = /(Uch/V(. d*x ePXE_(x), (6)

that generalizes the cavity form factor to arbitrary DM
momenta; cf. Ref. [57]. The conventional form factor can
be identified as |Cy|>.

Equation (5) reveals that the cavity couples to an
effective axion mode, defined as

1 [V, .
aeff(t)EE QVz:Cpe Kvtay,. (7)
P

An analogous reorganization of modes is used for inter-
ferometers [58,59] and the double slit experiment [60,61].
Using this, the Hamiltonian simplifies considerably to

Hip (1) = ig(CTaeff(t) - Caiff(t))’ (8)

where g = ga},yBO\/ﬁ is a coupling with units of frequency.
We normalize a.y with [ar, aiff} = 1, which then deter-
mines Q ~ |Cy|. The effective mode’s mean occupancy is
equal to the expected number of axions in the cavity
volume, N = <aiffaeff> =~ ppmV./mpum. These results are
justified in the End Matter, and further discussion of
effective modes is provided in Ref. [38].

Many haloscopes continuously monitor the cavity
through a port with coupling rate 1/1,,, where t,, is the
effective measurement interval. This can be treated with
input-output theory, as reviewed in Refs. [7,62-64]. We
discuss that case in Ref. [38]. Here, we take the simplifying
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case where information is read out by repeatedly preparing
and projectively measuring the cavity after each time ¢,,.
Critical coupling roughly corresponds to setting ¢,, to the
cavity decay time Q./mpy, where Q. is the cavity’s
intrinsic quality factor, and we optimistically neglect cavity
damping on this timescale. We adopt this model below.

Within an axion coherence time zpy ~ 1/Aw, with Aw
the energy width of the occupied DM modes, the phase
factors e=»" in Eq. (7) do not substantially change relative
to each other. (This is essentially by definition, the
coherence time specifies how long it takes the different
modes to develop an ~2x phase relative to one another; see
Ref. [36] for further discussion.) Then, the effective mode
can be regarded as having a fixed state, with the following
density matrix weighting the different values:

PRy = / dot Pos (@) (10)) (e (1) . (9)

where ag; (1)) = ag(ty)|a), and ¢, is the initial time.
From this density matrix we can infer that the effective
mode is controlled by the following P function:

PEL () = / dat Py (@)5(F — au (1)), (10)

Measurements spaced out over a time ¢, 2 tpy would
involve a time-varying effective mode, or equivalently
would require multiple effective modes to describe. This
variation tends to suppress the visibility of nonclassical
effects, so we optimistically assume ?,, < 7py, during
which the effective mode’s state is fixed.

So far, no assumption regarding the axion state has been
made. Assuming standard virialization, one could argue that
the DM modes should become independent, so that the state

factorizes as Ppy(@) = []; P{SM(qi) (cf. Refs. [36,65]). In

that case, Eq. (10) reduces to a convolution over all P{)M,
weighted by the coupling between the mode and the detector.
Then by the (quantum) central limit theorem [39] (reviewed
in detail in Ref. [38]), P (a) becomes a Gaussian, and
therefore effectively classical. This remains true even if one
can resolve the axion linewidth, as one can define an
effective mode for each frequency bin. The argument holds
until the fundamental modes of the field are resolved.

This justifies the common assumption that the axion
as seen by a detector is described by a classical Gaussian
random field [36,65]. To see nonclassical effects, it is
insufficient for individual modes to be nonclassical.
Instead, correlations between the modes must be strong
enough to cause the central limit theorem to fail. This could
occur, e.g., if the axion condenses into a single mode, so we
let Pgl () be arbitrarily nonclassical below.

Washing out quantum effects—The model in Eq. (8) can
be solved exactly. To see this, note H;, rotates the modes
into one another by an angle gt, e.g.,

eflind ce=Hin! = ¢ coS gt + agg sin gt. (11)

Accordingly, an initial interaction picture coherent state
|) oM B)eay  €VOLVES to  |acos gt — fsin gt)py|f cos gt +
asin gt),,. This implies (see the End Matter) that if the
cavity state P function is initially PL,, (a), after a time t,, it
evolves to

Pl [ ap” g&f [ Peul@AVT=R) g

I=n
which is simply a scaled convolution of the P functions

for the effective axion mode and the initial cavity mode.
Above, the very small conversion efficiency is

n = sin’(gt,,)

102 Jar B Q107 eV\? (13)
107 GeVL 10 T105 mpy /)

where we took Cy ~ 1 and normalized to typical values for
cavity haloscopes. Equation (12) is our main result. It
provides a direct path to testing whether DM can produce
observable nonclassical signatures in a haloscope.

At first glance, it may seem that nonclassical effects are
easy to observe. If the cavity is perfectly initialized in the
vacuum state, PL,, (a) = &(a), then the final cavity state is
related to the DM state by scaling,

Pgav(a) = w' (14)

Thus, any negativity in the DM P function is imprinted on
the cavity mode, driving it into a nonclassical state. Yet as
we show below, the minute value of 5 proves a key
obstruction to observing the nonclassicality.

Moreover, in practice, the cavity cannot be perfectly
prepared in the vacuum state. Instead, it always carries a
Gaussian spread due to thermal excitation [66],

e—|a|2/n,

Péav(a) = P (15)
t

with n, the mean thermal occupancy. If n, =1, then
convolving this Gaussian with any other P function would
yield the Husimi function, which is nonnegative [67]. In our
case, the DM P function begins scaled down by a factor of
/1> 0 its negativity survives only under the more stringent
condition n, <, which follows directly from Egs. (12)
and (15). This corresponds to requiring a temperature

mMppm mMpm
T<—— ~2mK , 16
~log(1/n) m (10‘5 eV> (16)
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wnjueng)

Fu(a) P (a);ne =1
FIG. 1. If the DM P function (left) is imprinted on a noise-
free cavity, its negativity can be preserved. However, it can be
washed out by an extremely small amount of thermal noise
(right), yielding measurement statistics equivalent to a classical
ensemble. The DM P function shown is a Fock state with
Gaussian noise; see the End Matter for details.

where we used n, ~ exp(—mpy/T), valid for T < mpy, and
the efficiency in Eq. (13).

At microwave frequencies and below, this is a stringent
requirement on the physical temperature, and it also
applies to all other sources of noise in the readout chain.
Therefore, for most haloscopes, nonclassical effects are
already washed out before measurement, as we illustrate
in Fig. 1, though this might be avoided for haloscopes
targeting mpy 2 meV. In principle, for temperatures
exceeding this bound, one could still infer negativity of
Pt if n, was known accurately. However, as shown in the
End Matter, this requires determining n, to ~# precision,
which is highly unrealistic. We further show there that for
mpy < peV, detection of quantum effects remains very
difficult; cf. Eq. (13).

To our knowledge, this argument has not appeared in the
quantum optics literature, because there one rarely con-
siders 7 << 1. The closest analog we have found is an
argument that light amplifiers can remove nonclassical
effects by injecting Gaussian noise [68—70].

Suppression of nonclassicality measures—Let us opti-
mistically assume that the cavity is prepared in the vacuum
state and the DM has an infinite coherence time. Even then,
nonclassical effects remain exceptionally hard to observe.
As we quantify in examples below, doing so would require
an excessively long experimental integration time, f;,.. The
challenge originates from Eq. (14). Because Pl can be
negative in regions of at most ~1 in size (as smearing any P
function by a unit Gaussian gives the nonnegative Husimi

function), P{a\, inherits negativity over regions of size ~,/7,
and thus rapidly oscillates in sign. Since all observables can

be expressed as integrals over P{av, nonclassical effects are
generically suppressed.
The probability distribution for measurements of the

quadrature operator X = (¢ + ¢%)/v/2 is

p) = [ daPu@llvil. (17)

This is an integral of P&t (a) against a slowly varying
function of @, implying quantum effects are suppressed. A
simple quadrature quantum quantifier is the squeezing
parameter S = var(X) — 1/2, which can only be negative
for nonclassical states. Taking moments of Eq. (17) yields

n
Scav:nSDMZ_Ev (18)

where the minimum is achieved by an infinitely squeezed
DM state. Thus, in the ideal case, DM can drive the cavity
only into a very slightly squeezed state.

Similarly, the cavity number distribution is

P = / dat PEL (@) (] i) 2 (19)

A relevant nonclassicality measure is the Mandel Q
parameter, Q = var(n)/(n) — 1, where Q <0 indicates
nonclassical sub-Poissonian fluctuations. Using Eq. (19),

Qcav = 77QDM > -1, (20)

where the minimum is achieved by a DM Fock state. Sub-
Poissonian fluctuations in the cavity are thus strongly
suppressed. Intuitively, the low probability of axion-photon
conversion imprints approximately Poisson fluctuations on
the cavity number.

Observing Q.,, = —# is much harder than discovering
the axion. It requires measuring for time f, ~ t,,/5°>, of
order 10°° yr for the parameters in Eq. (13), and prohibi-
tively long even for the largest possible values of g,
and Q.. We derive this scaling in the End Matter, although
it follows intuitively as the uncertainty on Q decreases

proportionally to +/t/t,,, SO to obtain an uncertainty
below 1 we require the stated scaling. [We also demonstrate
in the End Matter that cavity thermal noise leads to S.,, =~
nSpm + 1, and Q. ~nOpm + 2n,, consistent with the
argument above Eq. (16).]

Similar reasoning shows that a wide variety of non-
classicality measures are also suppressed. Nonclassical
signatures in the Wigner function [71,72] are suppressed
because the Wigner function is a Gaussian convolution
of the P function. Furthermore, nonclassicality measures
involving number can often be expressed using the cavity’s
moment generating function [73-76],

M) =S pal - ) = [ dap@en, ey
n=0

which is again an integral of PSI (a) against a slowly

varying function, washing out effects of negativity. We
expect similar arguments apply to even more general non-
classicality measures involving, e.g., higher-order quad-
rature moments [77-82].

We emphasize that our result only obstructs measuring

the negativity of P&t . This implies that for detection, the
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axion can be treated as a classical mixture of coherent
states as in Eq. (1), or equivalently as a stochastic classical
field, which guarantees Q.,,, Sc.y = 0 (see End Matter).
However, experiments could distinguish different classical
mixtures. For instance, a single-mode coherent DM state
would have Spy = Opym = 0, while the Gaussian state
expected from virialization would have Spy =~ Opy =
Ngg > 1. This would manifest as S, and Q.,, scaling
as the mean number of signal photons n; = #N. Thus, if
the axion can be detected at all, implying that 7, is not too
small, we expect coherent and Gaussian states could be
readily distinguished in a postdiscovery scenario. For
further details, see Ref. [38].

Entanglement signatures—One might object that exotic
DM states can produce distinctive entanglement signatures.
For instance, if the DM and cavity start in a cat and vacuum
state, o (|a) + | — @))pm|0)eay» then they evolve to an
entangled state, proportional to

|accos gh)py |asingi) cay + [—axcos gt) py|—asingt)cy,  (22)

as was noted in Ref. [51]. However, in practice, we can only
directly measure the cavity state, so the DM state must
be traced out. In the reduced density matrix of the cavity,
off-diagonal terms between |asingt) and |—asingt) are
suppressed by the overlap (acosgt| —acosgt) ~
(a] — a) ~ exp(—2N). Thus, since the conversion effi-
ciency is small, the final cavity state is indistinguishable
from the more mundane case where DM begins in a
classical mixture of |@) and | — a).

It is also interesting to consider decoherence as a signal,
as has been suggested for particle DM in Refs. [83,84]. In
this case, one would prepare the cavity in a superposition,
and observe the loss of purity of the cavity state. Though it
is unclear whether this would be a practical method for
detection, this signal is fully described by Eq. (12), and our
estimates suggest that exotic DM states do not generate
decoherence any faster than a Gaussian state. (Conversely,
the quantization of the axion could be established by an
entanglement witness [85]. However, this is very difficult,
even compared to the gravitational case, because the axion
only mediates dipole forces.)

Finally, our formalism simply generalizes to multiple
cavities. Widely spatially separated cavity modes c; couple
to independent effective modes a.g ;, mixing as in Eq. (11).
Nonclassical effects appear through the negativity of the
joint P function P{av(aeff, Is ++» Qeff ), Which accounts for
cavity entanglement. However, the arguments above go
through qualitatively unchanged, and show that nonclass-
ical effects remain suppressed by .

Discussion—While the quantum mechanics of the detec-
tor could be essential in the discovery of DM, the quantum
mechanics of DM will not. Building on the quantum
description of DM developed in Ref. [36], we exhibited
two barriers to observing nonclassical effects. First, if the

DM modes are independent, a detector that cannot resolve
the fundamental DM modes instead sees a classical effec-
tive Gaussian mode by the quantum central limit theorem.
Second, nonclassical effects are always much harder to
observe than the DM itself, even in the absence of noise.
We emphasize that neither of these arguments relied on the
large occupation number of wave DM. In short, a classical
description of axion DM suffices even if it is in a highly
nonclassical state.

Our Letter resolves a fundamental issue in the axion
literature. The original works on axion DM [86,87] sug-
gested the axion can be treated classically because it is in a
pure coherent state, or because it has a large occupation
number. Neither point is correct, yet similar comments
persist in recent authoritative reviews [55,88-90], leading
to increasing uncertainty over the validity of the classical
field approximation underlying axion experiments.

This confusion has led to claims that axion DM can have
inherently quantum signatures. For example, Ref. [91] com-
pared coherent and Gaussian DM states, and Ref. [92]
considered squeezed DM states but considers measuring
positive S.,,. However, these signatures can all be realized by
a classical axion field. It has also been claimed that ultralight
DM produces strong effects by Bose enhancement [93],
but these effects also appear classically [94]. Of course it is
important to determine the expected state of axion DM in our
Galaxy, and in particular, if there are strong correlations
between modes. However, given a DM state, detector calcu-
lations can be simplified by treating the axion as an appro-
priate classical ensemble. We have shown this is a universal
consequence of the weakness of wave DM couplings.

Our conclusions generalize broadly to wave DM searches
and further to nonclassical signatures of weakly coupled
physics. Indeed, our analysis is intimately related to the
classic question of whether one can infer the existence of the
graviton from gravitational radiation [95-100]. In that case,
it has been established that it is possible to convert gravitons
to single quanta and detect those quanta, but genuinely
quantum effects that would exclude a classical description of
the gravitational field are suppressed by the low conversion
efficiency. Our conclusions go beyond existing results,
demonstrating a more general obstruction to the observation
of uniquely quantum effects.

Returning to DM, our arguments generalize straight-
forwardly to any interaction where DM directly converts
to a photon. They also generalize to couplings to matter
that produce forces on macroscopic oscillators, with
mechanical modes replacing cavity modes. Two types of
signature differ more substantially. First, the axion can
exert torques on spins, whose nonclassical states are
described differently (e.g., see Refs. [101-103]). Second,
dilaton DM shifts the frequency of oscillators, correspond-
ing to Hiy =~ gclc(ag + afo). Though observing non-
classical effects in both cases should remain difficult, it
would be interesting to quantify this explicitly.
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End Matter

Properties of the effective mode—Here, we justify the
scalings of Q and (aLf‘aeff} quoted below Eq. (8). First,
normalization of a.g requires
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To estimate the expression, note that if the cavity has a
length L, the integral becomes constant for pL <1 and
is rapidly suppressed for pL = 1. Thus, the number of
modes significantly contributing to the sum is order
V/L3~V/V,. Since haloscopes have mpyL ~ 1, the
relevant modes have w, ~ mpy and p =~ 0. Therefore,
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1
QzZ|C0|2~1, (A2)
where the final scaling holds as |Cy|? is the cavity form
factor. (As an explicit example, the TM;; mode of a
cylindrical cavity has |Cy|?> ~ 0.69.)

Next, consider the mean occupancy of a.,

_ v, ik .
(alaerr) = W—chpcqe s K”>t<“ll)aq>

X
(A3)

The second line used Eq. (A2) and neglected the momen-
tum cross terms, which vanish on average due to the
random phase e~'K«=K»)!. For nonrelativistic DM, the
occupied modes have p ~ mpyvpy <K Mpy, and in this
range |C,|? is roughly constant and equal to |Cy|*. The sum
then reduces to the number of axions in the quantization
region, (ppm/mpm)V, leaving

pomV
<afoaeff> oM
mpm

(A4)

Derivation of Eq. (12)—We begin with an initially
unentangled DM-cavity state,

£(0) :/dadﬂPeDflf\/I(a)Péav(ﬁ)|a><a|DMﬁ><ﬂ|cav' (B1)

The evolution of the cavity density matrix follows by
evolving the states as discussed below Eq. (11) and
tracing out the unobserved final DM state, yielding

Ibcav(t) = /dadﬂPeDfI{/[(a)Péav(ﬂ)

X | cos gt + asin gf) (f cos gt + asingt|. (B2)

To identify P{av, we change variables to & = asin gr +
Pcosgr and f/ = asin gr and drop the primes, to find

5o ()= [ dedf
pcav([) —/SmZ(gz)cosz(gl)

xpet (P \pi (2P
DM <singt Y\ cos gt

Setting t = t,, and introducing #, we arrive at Eq. (12).
Similar reasoning can be used to derive Eq. (10).

a){al. (B3)

lllustrating  nonclassical P functions—Visualizing
nonclassical P functions can be difficult, as for Fock
and cat states the P function is a highly singular
distribution [104]. However, this can be an artifact of

considering overly idealized states. For example, a Fock
state with an arbitrarily small amount of Gaussian noise
has a rapidly falling normal-ordered characteristic function,
whose Fourier transform is a well-behaved P function.
Thus, for illustration in Fig. 1, we take the DM state to be
that of adding 7 quanta to a thermal background of 1.2
quanta, using the P function derived in Ref. [77].

Extension to lower mass axions—The fact that the
efficiency in Eq. (13) scales as 7 « mp}; superficially
suggests that nonclassical effects could be easier to
observe for lower masses. This is not correct. Firstly, at
lower masses, the requirement in Eq. (16) on the
temperature becomes much more stringent. Furthermore,
when mpyL < 1, a haloscope with a static background
field has a form factor falling as Cy ~ mpyL [105], so
that the conversion efficiency actually scales as

n-~ gtzlyyB(z)(mDML)z(Qc/mDM)zv (Dl)
which is not enhanced for lower mpy. By contrast, in the
“heterodyne” approach with an oscillating background
field, the form factor remains order-one [106], but the
temperature is much higher, 7'~ 2 K. Thus, in either case
detecting quantum effects remains very difficult.

Time to observe Mandel Q—For simplicity, consider a
haloscope at the edge of detection: in most measure-
ments there are no signal photons, so ny, = nNy; << 1.
Then py~1 and discovering the axion corresponds to
measuring a nonzero value of p;~n,. Mandel Q
imprints itself on the even smaller probability p, as

1
P2 :ins(nx + Qcav)' (El)
We can therefore infer Q through a measurement of p,;
the difference in p, between the smallest minimum
allowed classical (Q.y =0) and quantum (Q., = —7)
values is Ap,~nm/2. If one performs N, > 1
measurements, the expected number of events with two
photons is p,Ng,o, Which provides an estimator for p,.
The variance of our estimator is roughly p,/Ngo =
n?/2N g and requiring this to be less than (Ap,)?, we
conclude Ngo ~1/5*> measurements are required.
Therefore, measuring an inherently quantum Q requires
a total integration time #,, ~ t,,/7°, as stated in the main
text. (This scaling persists if we estimate Q directly,
rather than p,, and remove the n; < 1 assumption.)
Quantitatively, this time is exceptionally long,

3
Mpm  \°
0.1073 eV) - (E2)

b 10715 GeV-10 T\ * /10°
70| J(

gayy BO

Even if we consider maximally optimistic values for a
superconducting cavity, g,,, = 107> GeV™!, B, =02 T
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and Q, = 10'?, the integration time only reduces to 10* yr,
still prohibitively long.

It is far easier to distinguish positive values of Mandel Q,
as they can span a much larger range. For a coherent
DM state Q.,, = 0, whereas a Gaussian DM state yields
Q.av = n,. Again, taking n, < 1, these correspond to p, =~
n?/2 and p, ~n?, respectively, consistent with the
number distribution being Poisson or geometric. (A similar
point was discussed in Ref. [100].) Distinguishing
these scenarios requires only an order-one fractional
uncertainty on p,, Ap, ~n2, and therefore Ny, ~ 1/n?
and t;, ~ t,,/n>. This is longer than the time f4. ~ 1,,/n,
that would be required to discover the axion, but if the axion
can be discovered in a scanning search, then the difference
between them is at most several orders of magnitude.
Thus, distinguishing positive values of Q,, is feasible in
a postdiscovery scenario.

Seav and Q.,, with thermal noise—Here, we re-
compute Eqgs. (18) and (20) in the presence of cavity
thermal noise. We work in the Heisenberg picture and a
rotating frame to remove factors of e~om!. The cavity
mode then evolves as

c(tw) = /1 =neco + /nag, (F1)

where ¢, and a, are the initial operators. [This should
be contrasted with Eq. (11), which was not the time
evolution of ¢, but rather an identity used to infer the
time evolution of the states in the interaction picture.]
Now, the desired quantities can be expressed as

Secav = % (< : (C + CT>2 :> — <C + CT>2),
<CTC+cc> - <CTC>2

(cfe) ’ (F2)

Qcav =

with a pair of colons denoting normal ordering.
To evaluate these expectation values, we note that for an

initial thermal cavity state, (c;f)c()) = n, and (cgcgcoc0> =
2n?, with the remaining relevant expectation values vanish-
ing. We then find

Scav = 1Spm + 71y, <F3)
with i, = (1 — n)n,. Similarly,

_ nnsQDM + ﬁt(zns + ﬁt)
Qcav - —
ng +n;

~nQpwm + 27, (F4)

where the final expression holds for n, < ny, the relevant
limit for measuring small Q.,,. Given #, ~ n, this justifies
the expressions in the main text.

In principle, even if we measured a positive value for
Qcav OF Scay, We could use these results to infer a negative
(nonclassical) result for DM, but only if n, was known to an
absolute precision of ~#. This would be very difficult.
Furthermore, nonthermal noise sources such as detector
dark counts would also effectively contribute to n,, and
must be known to the same precision. Finally, we cannot
avoid this problem by preparing the cavity in a nonclassical
initial state, as this would still require controlling the cavity
to ~n precision.

Classical DM yields Q,S > 0—If DM is a classical
field, it cannot drive an initially empty cavity to have a
negative value for S., or Q.. We can see this as
follows. If DM is a classical field, then Eq. (F1)
becomes c(tm)~c0+\/ﬁa, where a is a ¢ number,
which in general can be a classically random variable.
Substituting this into Eq. (F2) and assuming the cavity
is initially in vacuum, we have

St = 2var(Rea). &y = var(la*)/(af?), (G1)
where in both cases the variance and expectation value
are taken over the classical probability distribution for a.
As the variance is positive semidefinite due to the
Cauchy-Schwarz inequality, we conclude S, 0%, > 0.

The above is an example of a more general phenomenon
originally noted by Glauber [39]: classical random currents
drive a coupled quantum system into a classically random
ensemble of coherent states. Indeed, ¢~ cy+ /na =
D' (\/na)coD( /i), with D(a) = exp(ac) —a*c,) the
displacement operator. While suggestive, we can formalize
this further. For a classical axion field, the Hamiltonian
in Eq. (8) could be written Hj, = ig(c'as — calyy). The
interaction-picture time-evolution operator is then

t
U,(t) = exp <—i% dr Him> = exp(gt(cTaes — cay))
= D(\/r_]acff)’

where we took gf=~,/n in analogy with Eq. (13).
Therefore, for a fixed a.; time evolution displaces the
cavity P function to P, (@ — \/fcts); the classical driver
simply shifts the location of the distribution. The extension
to include time dependence or classical randomness in o
is straightforward, and in all cases the classical source does
not generate negativity in P, (a).

(G2)
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