
Anomalous Fluctuations of Bose-Einstein Condensates in Optical Lattices

Zahra Jalali-Mola ,1 Niklas Käming ,2,3 Luca Asteria ,4 Utso Bhattacharya ,1,5 Ravindra W. Chhajlany ,6

Klaus Sengstock,2,3 Maciej Lewenstein ,1,7 Tobias Grass ,8,9,* and Christof Weitenberg 10,†
1ICFO—Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology, 08860 Castelldefels, Barcelona, Spain

2Institute for Quantum Physics, University of Hamburg, 22761 Hamburg, Germany
3The Hamburg Centre for Ultrafast Imaging, 22761 Hamburg, Germany

4Department of Physics, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan
5Institute for Theoretical Physics, ETH Zurich, Zurich, Switzerland

6Institute of Spintronics and Quantum Information, Faculty of Physics, Adam Mickiewicz University, 61-614 Poznań, Poland
7ICREA, Passeig de Lluís Companys 23, 08010 Barcelona, Spain

8DIPC—Donostia International Physics Center, Paseo Manuel de Lardizábal 4, 20018 San Sebastián, Spain
9Ikerbasque—Basque Foundation for Science, Maria Diaz de Haro 3, 48013 Bilbao, Spain

10Department of Physics, TU Dortmund University, 44227 Dortmund, Germany

(Received 4 August 2025; revised 5 November 2025; accepted 12 December 2025; published 23 February 2026)

Fluctuations are fundamental in physics and important for understanding and characterizing phase
transitions. In this spirit, the phase transition to the Bose-Einstein condensate (BEC) is of specific
importance. Whereas fluctuations of the condensate particle number in atomic BECs have been studied in
continuous systems, experimental and theoretical studies for lattice systems were so far missing. Here, we
explore the condensate particle number fluctuations in an optical lattice BEC across the phase transition in a
combined experimental and theoretical study. We present both experimental data using ultracold 87Rb
atoms and numerical simulations based on a hybrid approach combining the Bogoliubov quasiparticle
framework with a master equation analysis for modeling the system. We find strongly anomalous
fluctuations, where the variance of the condensate number δN2

BEC scales with the total atom number as
N1þγ with an exponent around γtheo ¼ 0.74ð10Þ and γexp ¼ 0.62ð9Þ, which we attribute to the 2D/3D
crossover geometry. Our Letter highlights the importance of the trap geometry on the character of
fluctuations and on fundamental quantum mechanical properties.
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Introduction—Fluctuations are fundamental to the struc-
ture of physical reality. They provide information about the
behavior of systems at different scales, from the quantum
realm [1] to the cosmos [2], and are essential for both the
theoretical understanding and practical applications of
physics. The fluctuation-dissipation theorem establishes a
deep connection between the fluctuations in a system at
equilibrium and its response to external perturbations [3].
Fluctuations near critical points can drive phase transitions,
creating ordered phases of matter through a mechanism
known as order by disorder [4–7]. A test bed for studying
fluctuations in a quantum system are atomic Bose-Einstein
condensates in which a macroscopic number of bosonic
particles accumulate in the ground state. This phase of

matter, predicted in 1925, was for atomic gases first
experimentally realized 70 years later, using magnetic
traps to confine and cool alkali atoms to extremely low
temperatures [8,9]. While conceptually simple, the con-
densate features interesting behavior, such as long-range
phase coherence or superfluid flow [10]. The number
fluctuations of Bose-Einstein condensates exhibit particu-
larly subtle properties that have spurred theoretical dis-
cussions and investigations for many decades; see the
review articles in Refs. [11,12]. More recently, fluctuations
in atomic Bose-Einstein condensates have also become the
subject of experimental investigations [13–15].
Notably, even in the theoretically most tractable case of

an ideal Bose gas, the number fluctuations of the con-
densate behave in a very intriguing way: different thermo-
dynamic ensembles strongly disagree regarding the amount
of fluctuations in a noninteracting gas [11,16–20], while
being consistent regarding the mean value of the conden-
sate fraction. The grand-canonical ensemble exhibits a
particularly dramatic behavior, which is often referred to
as the grand-canonical catastrophe: condensate fluctuations
δNBEC are of the order of the particle number N [16]. In
contrast, the microcanonical and canonical ensembles yield
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the same amount of fluctuations in 1D [18,19], whereas in a
3D trapped gas, the two ensembles agree only with respect
to the scaling behavior, and the absolute amount of
fluctuations is suppressed in the microcanonical ensemble
[17,21]. The suppression of fluctuations in the micro-
canonical ensemble has also been seen experimentally
[14]. The condensation of photons [22,23] has opened
the door toward experimental investigation of the scenario
given by an ideal gas in the grand-canonical ensemble,
realized by an effective particle exchange between the
photon gas and a dye reservoir by absorption and emission
processes, although the finite size of the dye reservoir needs
to be taken into account. The grand canonical BEC
fluctuations have been measured in this system via second
order coherence of the photons [24].
Apart from the grand-canonical catastrophe, the scaling

of the condensate number fluctuations with the system size
is found to deviate from Gaussian behavior δN2

BEC ∝ N
also in other ensembles. In this context, a tremendously
important role is played by the geometry of the system. In a
box-shaped potential, the single-particle energies ϵi ∝ kσi
disperse quadratically, σ ¼ 2, whereas in a harmonic trap
potential the dispersion is linear, ϵi ∝ nσi with σ ¼ 1, where
ki and ni denote the quantum numbers in the respective
geometry. Together with the dimensionality d of the system
the dispersive behavior σ has crucial consequences on the
phenomenon of Bose-Einstein condensation [12,21,25],
and in particular on the scaling of condensate fluctuations:
While for d < σ condensation does not even occur at all,
the condensate of ideal bosons exhibits normal fluctuations
for d > 2σ > 0, with a scaling behavior δN2

BEC ∝ NT̃d=σ at
low temperature, where T̃ ¼ T=Tc denotes reduced temper-
ature, that is, the temperature T in units of the critical
temperature Tc. Such scenario corresponds, for instance, to
a 3D Bose gas in a harmonic trap. In contrast to this, for
σ < d < 2σ, the scaling of fluctuation is anomalous,
δN2

BEC ∝ N2σ=dT̃2. Accordingly, for the 3D box potential,
the scaling is δN2

BEC ∝ N1þγ with an an exponent γ ¼
1=3 [26].
For the interacting Bose gas, the scaling behavior of

fluctuations has given rise to controversial results, as exact
results for interacting systems are not available, and the
predictions sensibly depend on the chosen approximations
[27] and finite-size effects. For instance, the Bogoliubov
treatment [26] as well as number-conserving approaches
[28,29] predict anomalous scaling for a harmonically
trapped 3D gas, whereas a perturbative approach found
normal scaling [30]. Reference [31] has argued that
anomalous scaling in the Bogoliubov approach is due to
inconsistent higher-order terms. For a recent review of this
controversy, see also Ref. [12]. Experiments with interact-
ing ultracold atoms in an elongated 3D harmonic trap found
a scaling exponent of γ ¼ 0.134ð5Þ [14], which is reduced
compared to the prediction γ ¼ 1=3 for the interacting gas

in the 3D harmonic trap [26,32] due to the dimensional
effect of the elongated trap.
In contrast to the vast amount of literature on condensate

fluctuations in continuous systems, very little attention has
been paid to lattice systems [33], despite the general great
importance of optical lattices for ultracold atoms [34]. The
present Letter closes this gap of knowledge, and inves-
tigates, both experimentally and theoretically, the case of
bosonic atoms in an optical lattice potential. In addition, a
three-dimensional (3D) harmonic trap potential confines
the atoms, with the trap along the perpendicular direction
being much weaker than within the lattice plane. This
combination of traps gives rise to a triangular array of
tubes, as illustrated in Fig. 1(b). A BEC in an array of tubes
was shown to exhibit the physics of 2D systems concerning
vortex proliferation and short-range coherence [35,36] but
the behavior of condensate fluctuations in such geometry,
also known as 2D/3D crossover, has not been studied. Here
we show that such a system exhibits strongly anomalous
scaling of the condensate fraction fluctuations with the
particle number. On the experimental side, we use a matter-
wave microscope for precision thermometry from high-
resolution density measurements of ultracold 87Rb atoms
[37] allowing to extract the condensate fraction for each
image. On the theory side, we use a hybrid approach

(b)

(c)

(a)

FIG. 1. Trap geometry and density profiles of the BECs. (a) The
fluctuations arise due to continuous particle exchange between
different energy levels. (b) The trap geometry consists of a
triangular latticeof tubeswithinaharmonicconfinement. (c)Radial
density profile of tube occupations of a typical BEC along with the
fitted bimodal distribution, consisting of the density of the BEC
nBEC and the density of the thermal cloud nth. The inset shows the
densityobservedwith thematter-wavemicroscope.This imagewas
obtained for anevaporation frequencyfevap ¼ 95.0 kHzandyields
fit parameters of BEC particle number NBEC ¼ 13300� 150,
fugacity z ¼ 2.13� 0.14, temperatureT ¼ 115� 3 nK, andover-
all particle number Ntot ¼ 24100� 600.
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combining the Bogoliubov quasiparticle framework with a
master equation analysis [28,38–41]. We find γtheo ¼
0.74ð10Þ for the numerics and γexp ¼ 0.62ð9Þ for the
experimental data. These values match well, and they
are in between the expected values for non-interacting
systems with the density of states of a truly 2D lattice
(γ ¼ 1) and a truly 3D lattice (γ ¼ 1=3) [11]. The fluctua-
tions follow a curve as a function of the reduced temper-
ature, which has a pronounced peak below Tc, which
further shifts down with increasing interactions.
Experimental setup—Our experiments start with BECs

of 87Rb atoms prepared in a magnetic trap in the F ¼
2; mF ¼ 2 state. The trap is radially symmetric in the x, y
plane with a high trapping frequency of ωxy ¼ 2π ×
305 Hz and a trapping frequency of ωz ¼ 2π × 29 Hz in
the z direction. We load into a triangular optical lattice
formed by lattice beams with a wavelength of
λ ¼ 1064 nm, yielding a lattice constant alat ¼ 2λ=3 ¼
709 nm, and the recoil energy Erec ¼ ðh2=2mλ2Þ with
Planck’s constant h and the atomic mass m. We work with
a lattice depth of 1Erec [37,42], which yields a tunneling
energy of J ¼ h × 12 Hz.
To map out the phase transition, we prepare the system at

different temperatures and atom numbers by varying the
end point of the radio-frequency evaporation ramp in the
magnetic trap before the loading into the lattice between 95
and 119 kHz, with the resonance frequency to the mF ¼ 1
state being ≲90 kHz. For high-resolution imaging of the
real-space profiles with single-tube resolution, we employ
the matter-wave microscope technique described in
[37,43]. We first ramp the lattice to 6Erec (J=h∼
10−3 Hz) to freeze the density distribution and wait for
12 ms to let the system dephase, in order to avoid
interaction effects during the matter-wave protocol due
to density peaks. We then ramp the in-plane trap frequency
to ωpulse ¼ 2π × 390 Hz for a large matter-wave magnifi-
cation of 44. The protocol consists of a quarter-period pulse
in the harmonic trap initialized by switching off the optical
lattice and a subsequent free evolution by 18 ms. Finally,
we perform absorption imaging with an optical magnifi-
cation of 2 on a CCD camera.
We determine the atom number, temperature and con-

densate fraction from each experimental image by fitting a
semi-ideal bimodal model [44] to the density profiles,
integrated over the Wigner-Seitz cells [Fig. 1(c) inset]. The
bimodal fit contains the BECs fraction and the thermal
fraction as well as the repulsive interaction of the BEC onto
the thermal gas. We note that the high-resolution imaging
of the density distribution via the matter-wave microscope
allows precision thermometry of single images and precise
modeling of the condensate fraction. This enables us to
study the BEC fluctuations without the stabilization of the
atom number using nondestructive imaging near the end of
the evaporation ramp as in Refs. [13,14]. Technical
fluctuations of the prepared atom number do not impede

our analysis and the statistical error on the obtained
condensate fraction from the fit is smaller than the
measured shot-to-shot fluctuations, which we therefore
attribute to physical fluctuations of the BEC. The typical
atom number at the peak of the fluctuations at T=T0

c ¼ 0.65
is around 30 000 atoms.
We model the density distribution as a continuous system

with a modified interaction constant g given by geff ¼
gAWS=ð2πσ2Þ with the area of the Wigner Seitz cell AWS
and the harmonic oscillator length σ on the lattice sites [37].
Theoretical method—In order to theoretically describe

the system, we employ the following Hamiltonian:

H ¼ −J
X

<i;j>;f

ðâ†i;fâj;f þ H:c:Þ þ
X

i;f

Vi;fn̂i;f

þ U
2

X

i;f

n̂i;fðn̂i;f − 1Þ; ð1Þ

where â†i;f and âi;f are the creation and annihilation

operators at site i in mode f, n̂i;f ¼ a†i;fai;f is the number
operator, and hi; ji denotes nearest neighbor sites.
Hamiltonian parameters are the single-particle tunneling
J, the Bose-Hubbard interaction U, and the harmonic
trapping potential, Vi;f ¼ V tðx2i þ y2i Þ þ fℏωz. Here,
ðxi; yiÞ are the spatial coordinates of site i in the xy plane,
and the strength of the trap is given by
V t ¼ mω2a2lat=2 ¼ 16.7J. The different modes f are
eigenmodes of the perpendicular trapping potential
Vz;i ¼ mω2

zz2=2. For the perpendicular trapping frequency,
we choose ℏωz=J ¼ 2.41, to match the experimental
conditions.
To analyze the system, we use the time-dependent Gross-

Pitaevskii equation (GPE), which can be derived from the
Heisenberg equation of motion applied to the second
quantized Hamiltonian [46,47]. Following the idea of the
decomposition of the field operators into the classical field,
describing the Bose condensation, and fluctuation part
determining the quantum excitations, âi;fðtÞ ≃ ðΦi;f þ
ψ̃ i;fðtÞÞe−iϵ0t=ℏ with Φi;f ¼ hâi;fðtÞi, beside applying the
Hartree-Fock-Bogoliubov (HFB) approximation and mean-
field theory, we can derive the two coupled equations
corresponding to the stationary GPE and the excitation
particles. The derivation follows standard techniques as
outlined in Refs. [48–50] and references therein:

ðVi;f − ϵ0ÞΦi;f − J
X

<j>

Φj;f

þ Uðnci;fΦi;f þ 2Φi;fñi;f þΦ†
i;fΔ̃ii;fÞ ¼ 0; ð2Þ

i
dψ̃ i;f

dt
¼ −

X

<j>

Jψ̃ j;f þ ½Vi;f − ϵ0 þ 2Uðnci;f þ ñi;fÞ�ψ̃†
i;f

þ UðΔc�
ii;f þ Δ̃�

ii;fÞψ̃ i;f: ð3Þ
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Here, at each lattice site i, we define the number of particles
in the condensate as nci;f ¼ jΦi;fj2, the condensate pairing
as Δc

ii;f ¼ Φ2
i;f, the number of noncondensate particles as

ñi;f ¼ hψ̃†
i;fψ̃ i;fi, and the pairing of noncondensed par-

ticles, as Δ̃ii;f ¼ hψ̃ i;fψ̃ i;fi. The latter so-called anomalous
terms are neglected (the Popov approximation) in the
following. The quantity ϵ0 stands for ground state energy
of the condensate particles, and it is assumed that the total
particle number N ¼ P

i;f ñi;f þ nci;f remains fixed. The
two equations Eqs. (2) and (3) for the condensate and
excited particles, respectively, are solved self-consistently
yielding also the quasiparticle excitation spectrum and
states.
We thus obtain the condensation fraction and analyze it

below as function of the number of particles in the system.
In order to study fluctuations of the condensate, one needs
to obtain the fluctuations of the non condensed particles
from which the ground state fluctuations can be inferred.
However, it is known that the Bogoliubov-Popov approxi-
mation breaks down at intermediate temperatures (close to
the critical temperature). Since we are interested in the
description of a system with fixed particle number and over
a wide range of temperatures, we employ therefore a hybrid
method combining the Bogoliubov approach with the
master equation method introduced in [11,39–41] that
was shown to yield well behaved predictions for conden-
sate fluctuations even across Tc. In this approach, the
noncondensed particles act as a reservoir that facilitates the
thermalization of the condensate [by exciting particles from
the condensate through the absorption of Bogoliubov
quasi-particles and vice versa; see Fig. 1(a)]. A master
equation for the condensate is then obtained which depends
on the statistical properties of the Bogoliubov quasipar-
ticles which are available from the solution of Eq. (3).
The master equation technique introduces thermal
corrections to the condensate fluctuations (see Sec. 2.3
of Supplemental Material [44]).
Results—We start by comparing the condensate fraction

as a function of reduced temperature of the experiment and
the numerics for N ¼ 1000 particles (Fig. 2). Both curves
show a smooth function resulting from the finite system
size. We repeat the numerics for different interaction
strength between U ¼ 0 and U ¼ 0.1J and find an
expected shift of the critical temperature to smaller values
[48]. The range of interaction strengths fits with an estimate
of the effective Hubbard interactions in the experiment
[51], which is U=J ¼ 0.18 for a central tube with 1000
atoms and correspondingly less in the outer tubes and for
smaller total atoms numbers. In comparison to a continuous
trap with the same scattering length, the interactions are
enhanced by a factor 5, which makes the semiideal model
necessary and which is responsible for the larger shift of the
fluctuation peak compared to Ref. [13]. We note that the
curves from numerical and experimental data match

although the experiment has around 30 times more par-
ticles. This is to be expected, because the numerics shows
that the condensate fraction becomes relatively independent
of atom number and interactions at large N > 500 and that
the atom number dependence is well captured by the
scaling relations.
Next, we compare the condensate fluctuations as a

function of reduced temperature (Fig. 3). We find curves
with a peak of the fluctuations at a temperature that shifts
with interaction strength and reaches approximately T ∼
0.65T0

c for the interaction strength U=J ¼ 0.1. In the
numerics, we determine the scaling with atom number
by varying the atom number while keeping all other
parameters fixed and fitting δN2

BEC ∝ N1þγ . We find
strongly anomalous scaling with an exponent
γtheo ¼ 0.74ð10Þ, which is approximately independent of
temperature in the absence of interactions. The systematic
error stems from the residual temperature dependence in
the experimentally relevant range (see End Matter). The
same value holds for interacting systems irrespective of the
interaction strength at sufficiently large temperature. Strong
finite-size deviations are observed at low temperature,
where γ sensibly depends on the interaction strength; see
also the figures and their discussion in End Matter.

(a)

(b)

FIG. 2. Condensate fraction across the phase transition for the
interacting system. Numerical results for a fixed particle number
N ¼ 1000 for the non interacting case (dashed red line) and the
interacting case (solid red line) together with the experimental
results (blue dots). Here, temperature is scaled by the non
interacting temperature T0

c [44]. The experimental data show
the values extracted from individual images and indicate strong
fluctuations. The clustering of the data points is due to the finite
steps of the final evaporation frequency in the preparation. The
inset shows the influence of varying Hubbard interaction strength
U=J ¼ 0.0, 0.01, 0.025, 0.05, 0.1 in the numerics.
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In the experiment, the temperature and atom number are
correlated, because we vary the temperature by different
end points of the evaporation ramp. We therefore extract the
exponent of the anomalous fluctuations by considering the
overall shape of the fluctuation curve as a function of the
temperature normalized to the atom-number dependent
critical temperature of the noninteracting system. We
compare the curve of the theoretical fluctuation data
normalized by 1=N1þγtheo with the experimental fluctuation
data normalized by 1=N1þγexp and find the best agreement
for γexp ¼ 0.62ð9Þ, where the systematic error is the
quadratic sum of the systematic error from the uncertainty
of the atom number calibration of 10% and the systematic
uncertainty inherited from the uncertainty of γtheo (see
Supplemental Material [44]). We thus find a consistent
description with a mismatch of less than 20% between γtheo
and γexp, which gives evidence to establish these strongly
anomalous fluctuations for our 2D/3D crossover geometry.
We note that the exponents are in between the expected
values for non-interacting systems in a truly 2D lattice
(γ ¼ 1) and a truly 3D lattice (γ ¼ 1=3).
Conclusions—In conclusion, we have studied the con-

densate fluctuations of an interacting BEC in a triangular
lattice of tubes both experimentally and theoretically and
found strong anomalous scaling with the atom number with

an exponent of γtheo ¼ 0.74ð10Þ and γexp ¼ 0.62ð9Þ. Our
finding of anomalous fluctuations in large systems sizes of
30,000 atoms is an important contribution to the debate of
anomalous scaling in the thermodynamic limit [11,12]. In
the future, it would be interesting to study the BEC
fluctuations in an atomic cloud, which thermalizes with
a heat bath of a second species or where losses are
introduced [52] or for BECs in higher bands of an optical
lattice [53]. The study could be extended to full counting
statistics [54], e.g., after an interaction quench [55].
Moreover, local fluctuations [56] or higher moments of
the distributions [57] also provide valuable insights into
BECs. The role of interactions on the condensate fluctuations
is not fully understood and more studies are required, also
including dipolar interactions. A detailed understanding of
condensate fluctuations will become important in quantum
metrology, e.g., for producing entangled atom pairs in atom
interferometers via density dependent processes [58].
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c ¼
0.8 to T=T0
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number in the experimental data (blue points) together with the
numerics for U=J ¼ 0.1 (solid line). The data agrees well for an
experimental scaling exponent γexp ¼ 0.62ð9Þ, which is close to
the theoretical value. The theory curves do not bend down at high
temperatures, because the approach becomes less reliable close to
the phase transition.
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End Matter

Fluctuations scaling analysis—In order to determine
the scaling behavior of the number fluctuations in the
condensate, we have obtained numerical data for
different system sizes, interactions strengths, and
temperatures using the hybrid approach further described
in Supplemental Material Sec. 2.3 [44]. Here, we
present this data and focus on its analysis.
We first plot the fluctuations as a function of temperature

for three different interaction strengths (U=J ¼ 0, 0.005,
0.01) in the three panels of Fig. 4. In each panel, we show
fluctuations for different particle numbers N, normalized
byN1þγ, where γ is chosen such that the data variance at the
peak is minimized. Slight dependence of γ on interactions
U are noted, with the smallest value, γ ¼ 0.74, for the
noninteracting system, and the largest value γ ¼ 0.78 for
U=J ¼ 0.01. We observe that (i) the scaling works well for
system sizes N > 500, with data collapsing to a single peak
value in all cases. For smaller systems, deviations are
observed. (ii) The peak of the fluctuations is shifted to a
lower temperature as interactions are increased. This shift is
consistent with the interaction-induced depletion of the
condensate, which reduces the temperature at which the
maximum fluctuations are observed.
To further analyze this temperature dependence of the

scaling, we have concentrated on the data for N ≥ 100, and
fitted it to a function fðNÞ ¼ cðTÞN1þγðTÞ at each value of
T. The obtained temperature-dependent fit parameters cðTÞ
and γðTÞ, together with their error bars from the fitting
error, are shown in Fig. 5. In its context, the following
observations can be made: (i) the fit function accurately
matches the data for all temperatures and for all interaction
strengths. This is evidenced by tiny statistical error bars
which (except for small T) are barely visible in the plots.
We note that alternative fit functions, containing also

(a)

(b)

(c)

FIG. 4. Condensate Fluctuations vs. reduced temperature at
various particle numbers, for (a) non-interactinggas, (b) interacting
gasatU=J ¼ 0.005, (c) interactinggasatU=J ¼ 0.01. Inallpanels,
the atom number fluctuations are scaledwith particle numberN1þγ

and the scaling parameter is (a) γ ¼ 0.74, (b) γ ¼ 0.77, and
(c) γ ¼ 0.78, chosen such that the variance of the peak values is
minimized in each panel. All numerical data has been obtained for
trap parameters ωz=J ¼ 2.41 and V trap=J ¼ 16.7.
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logðNÞ terms, have led to larger fit errors. (ii) At high
temperatures between T=T0

c of 0.8 and 1.0 the exponent γ
becomes approximately independent of the interaction
strength U. We explain this by the very small condensate
sizes at these high temperatures, which make interaction
effects less important. This observation is particularly
relevant for our comparison with experimental data, which
is carried out in the high-temperature regime and hence
does not depend on an accurate calibration of the inter-
action strength. We attribute a systematic error of 0.1 on a
the γtheo ¼ 0.74 derived for the peak fluctuations in the
non-interacting system (see Fig. 4) stemming from this
residual variation as a function of temperature and inter-
action strength in the relevant range.
At smaller temperature, the scaling parameter γ is

increased by interactions. This trend can be understood
by the fact that interactions deplete the condensate, thereby
enhancing fluctuations. This observation highlights the
significant role that interactions play in driving fluctuations
within the condensate.

For an improved analysis of the low-temperature regime,
we take advantage of the fact that at small T=T0

c the
fluctuations exhibit a polynomial scaling in reduced tem-
perature, and submit the entire data for N ≥ 100 and T=T0

c
below the peak temperature to a fit procedure
fðN; T=T0

cÞ ¼ cðT=T0
cÞbN1þγ , with only three tempera-

ture-independent fit parameters. The result is shown in
Fig. 6. At any U, the temperature scaling is approximately
cubic. For the number scaling, we obtain values of γ
between 0.68 (noninteracting case) and 1.05 (U=J ¼ 0.01).
This fit confirms the previously observed trend of inter-
action-increased γ at low temperatures.
In summary, our analysis predicts theory values for γ in

the range between 0.7 and 1.1, depending on interaction
strength and temperature. However, in the experimentally
relevant high-temperature regime, this range is significantly
smaller, γ ¼ 0.74� 0.10, used for the comparison with
experiment in the relevant temperature range; see also
Fig. S3 [44].

(a)

(b)

(c)

FIG. 5. Anomalous exponent of fluctuations extracted from
numerical data with system sizes up to N ¼ 2000. We show the
fit parameters (a),(b) γðTÞ, and (c) cðTÞ, obtained from matching
the condensate fluctuation data at each temperature to the
function cðTÞN1þγðTÞ, for different interaction strengths:
U=J ¼ 0, 0.005, 0.01. A detailed view of the exponent at high
temperature regime is shown in (b).

(a)

(b)

(c)

FIG. 6. Low temperature scaling of fluctuations with reduced
temperature and particle number. We fit the numerical data to
cNð1þγÞðT=T0

cÞb with temperature-independent parameters
c,γ,b. for (a) thenoninteractingsystemU=J ¼ 0, (b) the interacting
system with U= ¼ 0.005, and (c) the interacting system
with U=J ¼ 0.01. We obtain (a) c ¼ 0.28, γ ¼ 0.68,
b ¼ 3.37, (b) c ¼ 0.07, γ ¼ 0.88, b ¼ 2.89, and (c) c ¼ 0.02,
γ ¼ 1.05, b ¼ 2.51.
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