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We propose a recursive method that makes use of the basic principle of unitarity to calculate the Landau
singularities of n-point scattering amplitudes directly in kinematic space. For a vast class of Feynman
diagrams, the method enables rapid analytic computation of Landau singularities beyond current state-of-
the-art technology. This includes new predictions relevant for two- and higher-loop processes in the
standard model involving both massive quarks and electroweak particles.
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Introduction—Scattering amplitudes are fascinating
objects [1] that characterize the interactions of particles
and can be used to determine cross sections and other
useful physical observables. They exhibit a rich analytic
structure as a function of the momenta of the scattered
particles.
In weakly coupled quantum field theories, such as the

standard model at high energies, the Feynman diagram
expansion offers a systematic way to organize calculations
of amplitudes and to study their analytic structure.
However, the computation of Feynman integrals remains
a difficult task that often becomes intractable at high orders,
particularly when massive particles are involved (see
Ref. [2] for a recent overview).
Knowing beforehand the singularity structure of a

Feynman integral can greatly help in its computation
and may even suffice to “bootstrap” the result when
combined with additional physical constraints and a good
control over the function space (e.g., polylogarithms and
their elliptic analogs [3]). This principle has proven to be
especially rewarding for planar N ¼ 4 super Yang-Mills
amplitudes [4–10] and it is also starting to be used in more
realistic theories [11–19].
The singularity locus of a Feynman integral can be

studied without having to first compute the integral
explicitly, as Landau proposed in his seminal paper [20].
The “Landau equations” [Ref. [21], Eq. (1)] are a set of
necessary algebraic conditions for the existence of a
singularity of the Feynman integral. Unsurprisingly, their

complexity also increases with the number of loops,
external particles, and mass scales. The current state of
the art makes use of modern algebraic geometry techniques
to compute two-loop examples relevant for standard model
processes [21–23] (see Refs. [16,24–34]).
The Landau singularities of Feynman integrals are

purely kinematical and are believed to exist beyond the
weak-coupling approximation that underlies the Feynman
diagrammatic expansion. For example, it was noted in
the 1960s by Mandelstam and others [35–37] (see
Refs. [31,38–40] for recent accounts) that general princi-
ples such as unitarity, crossing symmetry, and causality
[41,42] require nonperturbative amplitudes to be singular at
the same locations as the Landau singularities found for
some Feynman diagrams.
Here, we bring together valuable insights from both

perturbative and nonperturbative approaches. We propose a
recursive method for the calculation of Landau singularities
exploiting the general principle of unitarity.
Recursion via unitarity—A Feynman integral associated

with a graph G with n external legs is a function on the
“kinematic space” consisting of Lorentz-invariant combi-
nations of external momenta XG ¼ fpi · pjgn−1i;j¼1 and inter-
nal masses. Its codimension-one singularities can be
characterized by a list L ðGÞ¼ fL ðGÞig of irreducible
polynomials in these variables,

L ðGÞi ¼ 0: ð1Þ

Our goal is to compute these polynomials recursively in
terms of those of subgraphs. The product

Q
iL ðGÞi is

called the (principal) “Landau discriminant” in [21–23].
Before discussing complex singularities, we start by
revisiting the relation between singularities and graph cuts
for real momenta.
Unitarity and thresholds: “Unitarity” is the basic

quantum mechanical requirement that probabilities sum
up to unity. In terms of the S matrix, which evolves states
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from the far past to the far future, it reads SS† ¼ 1. By the
usual separation between free and interacting parts
(S ¼ 1þ iT), it implies that 2 ImT ¼ TT†.
“Scattering amplitudes” are the matrix elements of T:

M nA→nB ¼ hnBjTjnAi, where jnAi and jnBi denote nA- and
nB-particle momentum eigenstates. In terms of matrix
elements, unitarity yields an infinite system of coupled
integral equations (see, e.g., Ref. [43], Ch. 2),

2 ImM nA→nB ¼
XZ
X

M nA→XM
�
X→nB

; ð2Þ

where the integral is over the on-shell phase space of the
intermediate X-particle state and M � denotes the complex
conjugated amplitude. In perturbation theory, (2) leads to
the well-known “Cutkosky equation” [44], which relates
the imaginary part of a given Feynman diagram to the sum
over all cuts that divide it into two or more disconnected
subgraphs, each cut particle being on-shell.
Here, we will consider the case where a two-particle cut

separates a graph AB into two subgraphs A and B. The
invariants on each side of the cut are

Xξ ¼ fqi · qjjq• ∈ fkg ∪ Pξg ðξ ¼ A;BÞ; ð3Þ

where PA ¼ fpigai¼1 and PB ¼ fpigni¼aþ1. Below, we also
adopt pI to denote the sum pI ≡P

i∈ I pi (where I is a
multi-index) and sI ≡ p2

I for Mandelstam invariants. We
also ignore numerators and spin, as they do not affect the
locations of possible Landau singularities.
Following Mandelstam [45] or the more general Baikov

representation [46,47], the integrals in (2) can be written in
terms of these invariants [assuming initially that positive
energy flow along the cut is possible, see Ref. [43],
Eq. (2.29)]. In these variables the Cutkosky relation for
a two-particle cut takes the form

ð4Þ

where P0
B ¼ PBnfpng and GðPÞ denotes the “Gram

matrix” of dot products between vectors in P. The
integration domain is

Γ ¼
�
k ·Qi

���� detGðQÞ
detGðPA ∪ P0

BÞ
> 0; Qi ∈Q

�
: ð5Þ

The delta functions in (4) can be used to fix two scalar
products in XA (one being k2). Since there are nA ¼ a initial

particles and nB ¼ ðn − aÞ final particles, the final inte-
gration is over ðnA þ nB − 2Þ variables.
The locations in kinematic space where a cut such as (4)

starts contributing to (2) are called “thresholds.” At such
locations, the amplitude is not analytic (it has a pole or
branch point) and one says that it is “singular.”
Landau’s analysis shows that all singularities of a

diagram are associated with processes in which a subset
of its propagators become on-shell. In this Letter, we will
focus on the leading singularities of a graph G: those in
which all propagators are on-shell. We will focus on graphs
that contain a two-particle cut described by (4) and (5),
which define an analytic function when continued away
from real kinematics. Necessary conditions for it to become
singular will be phrased algebraically without reference to
the positivity of energies or the reality of Mandelstam
invariants.
Necessary conditions for singularities: As described in

[48], singularities of integral representations can be gen-
erated by two mechanisms: (1) two or more singularities of
the integrand coincide and trap the contour of integration,
preventing its deformation; (2) a singularity of the inte-
grand moves to the boundary of integration. These are
known as “pinch” and “end-point” singularities. For the
integral (4), we can say that these two possibilities involve
singularities of A and/or B colliding among themselves or
with the boundary ∂Γ. Here, since our integration boundary
∂Γ is not fixed, we must also consider the possibility that ∂Γ
collides with itself, i.e., becomes degenerate. This happens,
for example, at the thresholds mentioned above where the
phase space Γ reduces to a single point.
A fourth, trivial, possibility is that the prefactor C in (4)

becomes singular. The proposed necessary conditions for
the cut AB to develop a singularity are then (a.1) singu-
larities of A and/or B collide with each other, (a.2) a
singularity of A or B collides with ∂Γ, and (a.3) the
integration boundary ∂Γ collides with itself. (b) The
prefactor C becomes singular.
Visually, conditions (a.1–a.3) look like

ð6Þ

In the multivariable integration space, any one of the
(a) conditions can be applied to each individual integration
variable and combinations can occur.
Crucially, since the boundary ∂Γ is determined by the

polynomial detG ¼ 0, the condition (a.3) can be phrased
as ∂k·pi

detG ¼ 0 for all remaining integration variables
fk · pig that are not fixed already by (a.1) or (a.2)
(otherwise there would remain some integration variable
that can be freely deformed away to avoid the singularity).
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The (a) conditions for the cut AB to have a singularity
can thus be written uniformly by picking a possibly empty
subset S ⊂ L ðAÞ ∪ L ðBÞ of the singularities of the left
and right subamplitudes. Localizing to fS i ¼ 0g allows
one to eliminate dimðS Þ variables from (4), leaving a set
XS of independent variables in terms of which ∂Γ is
determined by

0 ¼ det G̃ðXS Þ≡ detGjfS i¼0g: ð7Þ

To ensure that there are no directions along which the
integration contour could be deformed, we impose con-
dition (a.3) on the remaining variables,

L ðABÞS ¼ 0∶
� det G̃ ¼ 0

∂ det G̃
∂ðk·piÞ ¼ 0

for k · pi ∈XS : ð8Þ

Since there is always one more equation than unknowns in
(8), evaluating one on the support of the others yields a
polynomial equation L ðABÞS ¼ 0 in kinematic
space [49].
To find all candidate leading singularities of a graph G

that contains a two-particle cut, it suffices to consider the
union of all setsS of candidate leading singularities of the
subamplitudes on that cut. In addition, we must account for
the last possibility (b), which is algebraically given by
detGðPA ∪ P0

BÞ ¼ 0 and yields the “second-type” singu-
larities of [48].

Equation (8) is our main result. It forms the basis for a
recursive method that finds all candidate leading singular-
ities of any two-particle-reducible diagram. We now
illustrate it in practice for the two-loop parachute diagram.
Other checks and new predictions are presented below (see
Tables I and II).
The parachute split open—
Leading singularities: As a first example, we consider

the parachute diagram in generic four-point kinematic,
where p2

i ¼ M2
i for each i ¼ 1, 2, 3, 4 and p2

12 ¼ p2
34 ¼ s.

More explicitly, we first look at the cut

ð9Þ

where dμ1 ¼ dðk1 · p12Þdðk1 · p3Þdðk21Þδ½D1�δ½D2�,

D1 ¼ ðk1 − p12Þ2 −m2
1; D2 ¼ k21 −m2

2; ð10Þ

and

G1 ¼

2
664

p2
12 p12 · k1 p12 · p3

p12 · k1 k21 k1 · p3

p12 · p3 k1 · p3 p2
3

3
775: ð11Þ

TABLE I. Nontrivial diagrams for which we recover all leading singularities in the literature and in some cases predict new ones. The
dotted lines show the two-particle cuts we used in the recursion. The kinematic conventions and results can be found in the End Matter.
Although we draw the diagrams to be evocative of standard model processes, the only important aspect is the mass of each edge (dotted
and spiral lines represent massless particles, while the solid lines are massive).
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Above, A1 is just a four-point vertex (e.g., A1 ¼ −iλ in ϕ4

theory) such that L ðA1Þ is the empty set, while B1 is the
one-loop bubble integral with momentum p3 þ k1 entering
the bubble.
We show how localizing detG1 ¼ 0 on the two-particle

cut and the singular locus L ðB1Þ of B1 where all
propagators are cut gives the leading singularity of the
parachute. This corresponds to condition (a.2) above.
To find L ðB1Þ, we exploit the recursive nature of (4) on

the B1 (bubble) blob, which gives

ð12Þ

where both A2 and B2 are (irrelevant) vertices,

D3 ¼ ðk2 þ ΛÞ2 −m2
3; D4 ¼ k22 −m2

4; ð13Þ

with Λ ¼ p3 þ k1, dμ2 ¼ dðk2 · ΛÞdðk22Þδ½D3�δ½D4�, and

G2 ¼
�

Λ2 Λ · k2
Λ · k2 k22

�
: ð14Þ

On the two-particle cut, (12) is singular when
det G̃2 ¼ detG2jD3¼D4¼0 ¼ 0. Hence, accounting for the

prefactor singularity Cbub ∝ ðΛ2Þ½ð2−DÞ=2� [condition
(b) above], the singular loci of the bubble are characterized
by the irreducible polynomials

L ðB1Þ ¼ fðk1 þ p3Þ2 − ðm3 þm4Þ2;
ðk1 þ p3Þ2 − ðm3 −m4Þ2; ðk1 þ p3Þ2g: ð15Þ

Taking (7) with S ¼ fL ðB1Þ1g or fL ðB1Þ2g [i.e.,
imposing one of (15) on detG1jD1¼D2¼0 to eliminate

k1 · p3] gives det G̃1. The result is free of k1 so there is
no derivative condition to impose. Thus, using
p12 · p3 ¼ 1

2
ðM2

4 −M2
3 − sÞ, L ðA1B1ÞS ¼ 0 reads

�����������

s m2
2
−m2

1
þs

2

M2
4
−M2

3
−s

2

m2
2
−m2

1
þs

2
m2

2

ðm4þm3Þ2−m2
2
−M2

3

2

M2
4
−M2

3
−s

2

ðm4þm3Þ2−m2
2
−M2

3

2
M2

3

�����������
¼ 0; ð16Þ

where j…j is a shorthand for the determinant. Expanding
the determinant, one finds a perfect match with the
polynomial D[5] in the PLD.jl database [21,50].
Notice that the fifth component is not the only leading

singularity flagged by PLD.jl: there is also D[2]. Here, it is
captured by condition (b) above corresponding to
L ðB1Þ2 ¼ Cpar ∝ ðdet½pi · pj�i;j¼1;2;3Þ½ð3−DÞ=2� in (9).

TABLE II. Diagrams for which we have predicted the leading singularities and for which no previous results were available. (Dotted
and spiral lines indicate massless particles, while the solid and wavy lines are massive).
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It was noted in [21,23] that PLD.jl does not detect the
singularity D[3] identified by HyperInt [51] [see also
Ref. [33], Eq. (6.15)]. Here, it is captured by starting the
recursion using the third entry of (15), which represents the
second-type singularity of the one-loop bubble integral. In
this case, L ðB1Þ3 ¼ 0 yields

k1 · p3 ¼ −
m2

2 þM2
3

2
: ð17Þ

Imposing (17) on det G̃1 ¼ 0 from (7) with S ¼
fL ðB1Þ3g gives [instead of (16)]

���������

s m2
2
−m2

1
þs

2

M2
4
−M2

3
−s

2

m2
2
−m2

1
þs

2
m2

2 − m2
2
þM2

3

2

M2
4
−M2

3
−s

2
− m2

2
þM2

3

2
M2

3

���������
¼ 0; ð18Þ

which agrees perfectly with D[3]. Such singularities were
described as “mixed type” in the old literature [48,52] and
their detection requires a blowup in α-parameter space [33].
Here, we see that our recursive method obtains all the
parachute leading singularities without using blowups.
In this simple yet nontrivial example, we did not need the

derivatives in (8), since imposing the constraint fS i ¼ 0g
eliminated all integration variables in (9) (i.e., dimXS ¼ 0
in every case). While one might invoke the derivative
constraint for S ¼ 0, in this example that choice produces
no new leading singularity—it only introduces D[9] in [50],
which is nonleading—and is therefore omitted from the
discussion. In the End Matter, we discuss a massive
pentabox diagram for which derivatives cannot be avoided.
More parachutes: The method similarly determines the

(e.g., leading) singularities of L-loop diagrams where one
adds propagators joining the same vertices as D3 and D4.
The only change occurs in (15) and simply requires
replacing this condition by

k1 · p3 ¼
1

2

�
ðm3 �…�m3þLÞ2 −m2

2 −M2
3

�
; ð19Þ

which is derived from the known singularities of the L-loop
banana graph [Ref. [22], Prop. 2] (see also Ref. [53]).
Checks and new predictions—In Tables I and II we

enumerate nontrivial diagrams whose leading singularities
we explicitly calculated. We stress-tested our method
against and current state-of-the-art tools PLD.jl [21–23]
and HyperInt [51,54], which utilize modern algebro-geo-
metric and advanced numerical polynomial solving meth-
ods. We recover every known singularity and also make
new predictions.
In Table I we display diagrams for which we reproduced

all known (leading) singularities predicted by these tools.
For the diagrams where comparison with HyperInt was

possible, we match exactly. For the diagrams where we
could only compare with PLD.jl, we predict an equal or
larger list of singularities, given explicitly in the ancillary
file. The additional singularities are of the mixed type
described above in the parachute example. For the exam-
ples in Table I we found it sufficient to consider setsS that
contain at most one element from each of L ðAÞ or L ðBÞ;
otherwise, no new singularities were found.
For the diagrams in Table II, no previous results were

available to our knowledge. The full list of singularities,
with the new ones highlighted, can be found in an ancillary
Mathematica notebook available on GitHub [55]. Although
we do not have a rigorous proof that our method always
finds the complete list of leading singularities of a given
diagram, we take the perfect agreement with HyperInt on
similar diagrams with fewer scales as suggestive evidence
that our predicted lists are complete.
Conclusion—In this Letter, we explored how unitarity

can be used to extract recursively the Landau singularities
of Feynman graphs. Our master equation, (8), relates the
Landau singularities of graph AB to those of subgraphs A
and B, which are disconnected by a two-particle cut. The
recursive nature of our method, together with its direct
application in momentum space, makes it remarkably
practical and efficient for a vast class of examples.
We showed in detail how the two-loop parachute leading

singularity can be obtained recursively from the bubble
subgraph’s leading singularity. We also illustrated how the
method captures other types of singularities (some known
as “second-type” in the Landau analysis literature [48,52])
by performing the same recursion using corresponding
singularities of the subgraphs, bypassing known subtleties
in conventional Landau analysis regarding blowups in
Schwinger parameter space [21,23,33].
We stress-tested our method on two-loop diagrams for

which state-of-the art tools could predict (sometimes
incomplete) lists of singularities (see Table I), as well as
diagrams (see Table II) that none of the current state-of-the-
art tools could solve in useful time. Many of these examples
are relevant to standard model processes involving massive
quarks and electroweak bosons. All of our calculations
were performed analytically on a conventional laptop using
built-inMathematica functions. The results are available in
the repository [55].
In the examples considered here, the system of Eq. (8)

resulted in relatively low-degree polynomial constraints.
This might change for more complicated Feynman dia-
grams, where more refined algebraic geometry methods
could be used to compute the discriminant of the system
more efficiently. Currently, the complexity and number of
polynomial equations appear manageable thanks to the
recursive nature of the method, the absence of variables
other than kinematic invariants, and possibly the two-
particle-reducible nature of the considered diagrams. An
important question for the future is whether more
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complicated diagrams will require blowups in momentum
space.
Plausible generalizations of (8) to three-particle cuts

could involve replacing detG either with a larger Gram
determinant that includes the additional intermediate
momentum, or with three independent Gram constraints
detGðki · P0

ABÞ ¼ 0 for each independent cut propagator
momentum ki [36,37]. In practice, this will only be
necessary at three or higher loops because the current
recursion terminates on two-particle-irreducible diagrams,
which can be readily classified; see Fig. 1.
In some situations one might want to know whether a

given singularity can appear on the principal sheet, in
particular for bootstrap applications or dispersive
approaches. Since our method in principle constructs
momenta (and potentially corresponding Schwinger
parameters) that solve the Landau equations, we anticipate
that such more refined questions may also be answered
recursively.
We anticipate that this Letter will lead to computa-

tional advances in analytic studies of Feynman integrals
where knowledge of Landau singularities is often a
prerequisite, as mentioned in the introduction. We also
envision potential applications to other areas of particle
physics where Landau analysis is relevant such as
cosmological correlators [56–60] or inclusive or out-of-
time-ordered amplitudes [61].

Note added—We note that two publicly available pack-
ages have recently appeared [62,63] that generate the G
polynomials entering (8) via the loop-by-loop Baikov
representation. Building on the work presented in this
Letter, the package [63] automatically performs the singu-
larity analysis, including diagrams that lie beyond the two-
particle-reducible class.
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End Matter

Massive pentabox example—The purpose of this
section is to demonstrate once more how the method
works in practice through a detailed analysis of a
known, yet nontrivial example. We will consider the
pentabox with two loops of equal mass m,

ðA1Þ

where p2
i ¼ 0 for all i. We use the following set of

propagators:

D1 ¼ ðk1 −p23Þ2 −m2; D2 ¼ ðk1−p3Þ2 −m2;

D3 ¼ k21−m2; D4 ¼ k22 −m2;

D5 ¼ ðk2 −p4Þ2−m2; D6 ¼ ðk2þp123Þ2 −m2;

D7 ¼ ðk1 −p123Þ2−m2; D8 ¼ ðk2þ k1Þ2 −m2: ðA2Þ

The recursion begins with the box (contained in the
inner rectangle) and ends with the full graph (contained
in the outer rectangle),

ðA3Þ

(Note that starting with the pentagon yields the same set
of singularities in the end, although (8) is harder to
solve since it involves one derivative condition.)
For the box, we have the Gram matrix

G2 ¼
�
qð2Þi · qð2Þj

�
∶ qð2Þ• ∈ fp4; k2; k1; p123 − k1g: ðA4Þ

We can eliminate the internal dot products,

k2 · fp4; k2; k1; p123 − k1g; ðA5Þ

by first localizing on the two-particle cutD4 ¼ D6 ¼ 0 and
then localizing on the leading singular loci L ðA2Þ1 ¼ 0
and L ðB2Þ1 ¼ 0 of A2 and B2, given by D5 ¼ D8 ¼ 0.
The result is the restricted Gram determinant det G̃2

from (7) with S ¼ fL ðA2Þ1;L ðB2Þ1g, which explicitly
reads

������������

0 0 k1 ·p4 p4 ·p123−k1 ·p4

0 m2 −k2
1

2

k2
1
−p2

123

2

k1 ·p4 −k2
1

2
k21 k1 ·p123−k21

p4 ·p123−k1 ·p4
k2
1
−p2

123

2
k1 ·p123−k21 k21þp2

123−2k1 ·p123

������������
:

ðA6Þ

Setting (A6) to zero gives a constraint ½L ðB1Þ1 ¼ 0� to
impose in the next step of the recursion.
For the full graph, we have the Gram matrix

G1 ¼
�
qð1Þi · qð1Þj

�
∶ qð1Þ• ∈ fp3; p23; p123; k1; p4g: ðA7Þ

To eliminate all but one internal dot product,

k1 · fp3; p23; p123; k1; p4g; ðA8Þ

we first localize on the two-particle cut D3 ¼ D7 ¼ 0 and
then on the leading singular loci L ðA1Þ1 ¼ 0 and
L ðB1Þ1 ¼ 0 of A1 and B1. L ðA1Þ1 ¼ 0 is given by
D1 ¼ D2 ¼ 0, which, together with the two-particle cut,
fix k21, k1 · p123, k1 · p3, and k1 · p23. To fix k1 · p4, we
solve L ðB1Þ1 ¼ ð25Þ ¼ 0. This yields the restricted
Gram determinant det G̃1 from (7) with S ¼ fL ðA1Þ1;
L ðB1Þ1g,

���������������

0 s23
2

s45−s12
2

0 s34
2

s23
2

s23
s23þs45

2
s23
2

s15−s23
2

s45−s12
2

s23þs45
2

s45
s45
2

− s45
2

0 s23
2

s45
2

m2 m2s2
45
�2σ

η

s34
2

s15−s23
2

− s45
2

m2s2
45
�2σ

η 0

���������������

; ðA9Þ
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where σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2s345ðs45 − 3m2Þ

q
and η ¼ 2s45ðs45 − 4m2Þ.

Because the result is independent of k1, there is no
derivative condition to impose andL ðA1B1Þ1 ¼ 0 is given
by setting (A9) equal to zero. The result agrees with D[57]

in the database [64], which is one of the leading singu-
larity components flagged by PLD.jl. The other one,
D[62], arises from the kinematic normalization C ∝
ðdet½pi · pj�4i;j¼1Þ½ð5−DÞ=2� in (4).
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