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We present the first computation of the nonlinear gravitational memory waveform for the scattering of
two compact objects in general relativity at leading order in the post-Minkowskian expansion. We use the
scattering-amplitude-based representation of the gravitational waveform, which naturally expresses the
nonlinear memory as the contribution of soft gravitons emitted by the gravitational waves themselves. We
perform the calculation by applying a multipolar decomposition to the waveform and using the reverse
unitarity method to obtain explicit exact-in-velocity predictions. We validate the results by calculating the
corresponding velocity-expanded post-Newtonian multipoles, finding perfect agreement. Our results
complete the knowledge of the gauge-invariant nonanalytic-in-frequency part of the OðG3Þ multipolar
waveform, thus providing a useful benchmark for future calculations of this quantity.

DOI: 10.1103/8m17-s2y8

Introduction—The advent of gravitational-wave (GW)
science has sparked the need for precision in gravitational
physics. The success of the scientific program of current
and future GW experiments hinges on our ability to extract
accurate predictions for the dynamics and radiation of
compact binary systems from general relativity (GR). This
is a nontrivial task, as Einstein’s theory is highly nonlinear,
and in order to solve it one must resort to numerical
methods [1,2] or various analytical approximations
schemes, such as the post-Newtonian (PN) [3] and self-
force [4] theories. In recent years, a novel synergy between
ideas from scattering amplitudes, effective field theory and
classical GR has brought in a wealth of results and
significantly advanced our ability to make predictions in
the post-Minkowskian (PM) expansion [5–35], which
applies for weak fields and relativistic velocities, employ-
ing Newton’s constant G as an expansion parameter.
The main quantity measured in experiments is the wave-

form of the gravitational wave passing through the detector,
wμν. This is simply the radiative part of the gravitational
field, hμν ¼ gμν − ημν, at distances r → ∞ far from the
emitter, hμν ∼ ð4G=rÞwμνðT; nÞ, and a function of the
observation time T and a null vector nμ characterizing

the observer’s direction. Following pioneering papers based
on classical methods [36–38], the gravitational wave-
form has been recently connected to scattering-amplitude
and diagrammatic methods [16,39–44] through OðG2Þ
[43,45–54] leading to new results.
Perhaps the conceptually simplest observable feature of

the waveform is the so-called memory of the gravitational
wave, which is the net change of the gravitational wave-
form during the observation process [55–61],

�
lim
T→∞

wμνðT; nÞ
�
−
�

lim
T→−∞

wμνðT; nÞ
�
¼ −Fμν: ð1Þ

The memory dictates a permanent displacement of free-
falling test masses after the passing of the gravitational
wave [56,57] and is related by Fourier transform to a 1=ω
pole in the small-frequency limit ω → 0 of the spectral
waveform [62]. See Refs. [63–69] for prospects on its
measurement at interferometers.
Scattering amplitudes also enjoy general factorization

properties in the low-frequency limit known as soft
theorems, and their leading-order incarnation in the context
of gravity is the celebrated Weinberg soft theorem [70,71].
As it turns out, the Weinberg soft factor is the memory
effect [62], and similar general results also hold for sub-
leading log ω and ωðlog ωÞ2 contributions in the low-
frequency limit [72,73] (see Refs. [74,75] for an all-order
conjecture). Such soft theorems are nonperturbative in G
and thus provide all-order constraints for the PM expansion
of the waveform. In Refs. [40,41,49,53,76] it was checked
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that amplitude-based calculations are in perfect agreement
with such constraints at OðGÞ and OðG2Þ.
The key idea at the basis of [70,71] is that the leading

soft term is sourced by gravitons attached to the external
lines of the process, to which the graviton couples in a
democratic way owing to the equivalence principle. As
already emphasized by Weinberg, the leading soft theorem
is completely universal and includes the contributions due
to soft gravitons emitted by other, hard, gravitons. In the
classical GR context, this contribution is known as “non-
linear memory” [58,60], as opposed to “linear memory”
sourced by the massive bodies [55,57].
In this Letter, we show how the nonlinear memory

emerges from the amplitude representation of the gravita-
tional waveform for the scattering of two compact objects,
at the leading order at which it appears, OðG3Þ. Further-
more, we explicitly calculate the associated multipoles in
the post-Minkowskian limit for the first time. This com-
pletes the predictions given by classical soft theorems for
the nonanalytic-in-ω part of the waveform atOðG3Þ, which
includes the memory and logarithms of ω.
Linear and nonlinear memory waveform—The

memory effect is captured by a simple pole in the low-
frequency expansion of the spectral waveform w̃μνðωnÞ
[55,57,58,60,62,72,73],

w̃μν ∼ −
i
ω
Fμν þOðlog ωÞ; as ω → 0; ð2Þ

and affords the simple expression [70–73]

Fμν ¼
X
a

pμ
apν

a

pa · n
: ð3Þ

In the Weinberg factor (3), the sum encompasses all hard
external states that can emit soft gravitons. For a gravita-
tional two-body scattering, this includes not only the two
massive compact objects, with initial momenta −pμ

1;2 ¼
m1;2v

μ
1;2 (and final momenta pμ

4;3), but also the dynamically
generated gravitons themselves, which build the GW
signal. Therefore, it is convenient to split Fμν ¼ fμν þ
δFμν in terms of

fμν ¼
X4
a¼1

pμ
apν

a

pa · n
; δFμν ¼

Z fdkρðkÞ kμkν
k · n

; ð4Þ

where we introduced a shorthand notation for the integral
over the Lorentz-invariant phase space (LIPS) of emitted
gravitons (tμ being a timelike vector specifying the time
direction) Z fdk ¼

Z
dDk

ð2πÞD−1 θð−t · kÞδðk2Þ; ð5Þ

and ρðkÞ denotes the corresponding phase-space
distribution,

ρ ¼ 8πGw̃μν

�
ημρηνσ −

1

D − 2
ημνηρσ

�
w̃�
ρσ: ð6Þ

Since fμν is due to the field generated by the incoming
and outgoing massive objects, it is referred to as linear
memory, while δFμν is due to soft gravitons emitted by hard
gravitons, a phenomenon known as nonlinear memory.
Importantly, gauge invariance holds only for the sum of
linear and nonlinear memory, nνFμν ¼ 0, thanks to

X4
a¼1

pμ
a þ

Z fdk ρðkÞkμ ¼ 0; ð7Þ

which is the balance law linking mechanical and radiated
energy-momentum.
While the expressions (4) are formally exact, they rely on

the knowledge of the incoming and outgoing momenta of
the massive objects, as well as on the full gravitational-
wave spectrum ρðkÞ. However, order by order in the PM
expansion, we can evaluate them explicitly as functions of
the initial velocities vμ1;2, thus, in particular, of the Lorentz

factor σ ¼ −v1 · v2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
and of the impact param-

eter bμ orthogonal to them, b · v1;2 ¼ 0.
Linear memory—Before moving on to the more inter-

esting case of nonlinear memory, let us recall the
PM expansion of the linear memory contribution. Its
expression is determined by the total dynamical changes
in the momenta of the two particles. These classical
impulses have been computed as functions of the initial
velocities and impact parameters up to high PM orders.
Let us recall their structure up to 3PM, i.e., OðG3Þ
[6–9,11,12,14,15,17],

pμ
1 þ pμ

4 ¼ −Q
bμe
be

−Qkv̌
μ
2 þOðG4Þ; ð8aÞ

pμ
2 þ pμ

3 ¼ þQ
bμe
be

−Qkv̌
μ
1 þOðG4Þ; ð8bÞ

where v̌μ1;2 ¼ ðσvμ2;1 − vμ1;2Þ=ðσ2 − 1Þ and

bμe ¼ bμ −
�

v̌μ1
2m1

−
v̌μ2
2m2

�
Qbe ð9Þ

is the “eikonal” impact parameter. Explicit expressions
for the transverse Q and longitudinal Qk components of
the impulse as functions of σ and b can be found in
Supplemental Material, Sec. II [77]. Note that only the
longitudinal component enters the balance law (7) at
OðG3Þ, which holds thanks to [14]

Pμ ¼
Z fdk ρðkÞkμ ¼ Qkðv̌μ1 þ v̌μ2Þ þOðG4Þ: ð10Þ
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Contracting with a fixed-helicity polarization vector ε and
expanding for small G one thus finds

εμ fμνεν ¼ QSðεÞ1 þQ3 SðεÞ3 þQkT
ðεÞ
3 þOðG4Þ; ð11Þ

in terms of elementary tensor structures SðεÞ1;2 and TðεÞ
3

whose expressions [74] are collected for completeness in
Supplemental Material, Sec. II [77].
Nonlinear memory from scattering amplitudes—The

gravitational waveform w̃μν can be expressed in terms of
scattering amplitudes, which are the T-matrix elements
with S ¼ 1þ iT, as the impact-parameter Fourier trans-
form of Wμν=

ffiffiffiffiffiffiffiffiffi
8πG

p
with [39,42,45–48,50]

ð12Þ

and in the loop expansion Wμν ¼ P
L W

μν
L . The first term

on the right-hand side of (12) is the 2 → 3 amplitude for the
scattering of two scalar objects with masses m1, m2 (thick
solid lines) and the emission of one graviton (wiggly line)
with momentum ωnμ. The second term is a sum over all
unitarity cuts involving the two massive objects plus all
possible additional states, represented by X. A key feature
of (12) is that, being a classical observable, it ought
to possess a well-defined classical limit Gm2

i ≫ ℏ. To
make this more explicit, it is convenient to relate it to the
N-matrix elements, with S ¼ eiN [80], which are well-
behaved in the classical limit, unlike their T-matrix
counterpart. Let us write down the first three loop orders
of (12) in terms of N-matrix elements and unitarity cuts,
with the objective to obtain an amplitude-based expression
of the waveform in the small-frequency expansion and
compare with the prediction given by the memory effect. At
tree level, Wμν

0 coincides with the 2 → 3 amplitude [81,82]
(and with the N-matrix element). Instead, at one loop one
finds [43,76]

ð13Þ

where we have dropped terms that do not contribute at
leading order as ω → 0. At this order, the N-matrix element
appearing in (13) is simply the real part of the one-loop
2 → 3 amplitude. Moreover, the complete amplitude-based
representation of Wμν

1 would involve additional unitarity
cuts due to rescattering effects, which, however, can be
dropped because they do not contribute to the leading pole
for small frequencies. References [49,53,76] checked that
the leadingOðGÞ and to subleadingOðG2Þwaveforms thus
obtained are in perfect agreement with the corresponding

expansion of the term QSðεÞ1 in (11). Therefore, they agree
with the general prediction given by the soft theorem and
are completely exhausted by linear memory.
Generalizing this exercise two loops is straightforward,

although of course it involves more terms and unitarity
cuts. Once again we expand (12) in terms of amplitude and
their cuts, isolate theN-matrix element for convenience and
drop rescattering diagrams because they do not contribute
for small frequencies. We find that the terms contributing at
leading order as ω → 0 take the form

ð14Þ
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Since we are focusing on the limit in which the emitted
graviton is soft, ω → 0, we can simplify all the elementary
building blocks by applying Weinberg’s soft theorem [70],
according to which an amplitude involving a soft emission
is given by attaching the soft graviton to all external legs of
the hard process. Doing so, we have checked that (14)
agrees with the subsubleading OðG3Þ expansion of the
general expression in (2) and (4) given by the soft theorem.
More in detail, the N-matrix element in the first line of (14)
plus the second and third lines match the expansion of the
linear memory terms QSμν1 þQ3Sμν3 in (11). Notice that,
like at one loop, also w̃2 given by (14) is expressed in terms
of the vectors vμ1, v

μ
2, and bμ characterizing the initial state.

Another point to keep in mind to simplify the comparison is
that the N-matrix element for the 2 → 2 process is directly
related to the 3PM radial action [13,19], whose J derivative
gives the 3PM deflection angle.
The novelty is represented here by the appearance of

the nonlinear memory contribution δFμν. This emerges
from the cuts within the round parentheses in the first line
of (14). To show this, we apply once again the Weinberg
soft theorem to the emitted graviton, while the graviton
appearing in the intermediate state is generically hard. In
this way, δFμν emerges from the insertion of the soft gravi-
ton on the hard one, as physically expected, while QkT

μν
3

arises from the insertions on the massive legs. To summa-
rize, these cuts evaluate to the combination δFμν þQkT

μν
3 ,

which is gauge invariant as expected for unitarity cuts [see
Eq. (S.20) in Supplemental Material]. It is also convenient
to use the reverse unitarity representation of the nonlinear
memory,

ð15Þ
as well as the analogous ones for Qα

1 ¼ −Qkv̌α2 (respec-
tively, Qα

2 ¼ −Qkv̌α1), in which kμkν=k · n is replaced by a
factor qα1 −

1
2
qα (respectively, −qα1 þ 1

2
qα − kα). This rep-

resentation follows from (4) by turning the integral of the
product of Fourier transforms appearing in ρ into the
Fourier transform (FT) of a cut convolution (see, e.g.,
Ref. [83] for more details). In (15), we use the shorthandR
q ¼

R ½dDq=ð2πÞD�, the FT

FT4½f� ¼ 4π2
Z
q
eibqδð2p1 · qÞδð2p2 · qÞfðqÞ; ð16Þ

and the contraction between the two tensor structures as
in (6) is implicit. Additionally, all exposed lines are on
shell, so that the integrand includes the LIPS measure
dLIPSðq1; kÞ, which in the near-forward limit reads

dLIPSðq1;kÞ¼ð2πÞ3δð2p1 ·q1Þδ½2p2 ·ðq1þkÞ�θðk0Þδðk2Þ:
ð17Þ

The integral appearing on the right-hand side of (15) can be
interpreted as the three-particle cut of a two-loop integral
and thus calculated from the corresponding discontinuity.
Evaluating (15) requires discussing families of two-loop
master integrals that, in addition to the elastic case analyzed
in [16–19,21,84], involve the extra factor ðk · nÞ−1.
Multipoles from reverse unitarity—Generically, the non-

linear memory is a function of three dimensionless vari-
ables: two angles denoting the orientation in the celestial
sphere and the relative speed of the incoming massive
objects. Instead of working at fixed nμ, we first perform
the multipole decomposition of δFμν in a reference frame
characterized by the time direction tμ. Introducing the spin-
weighted spherical harmonics Ylm

�2 (see Supplemental
Material Sec. I for more details [77]), we thus consider

δFlm ¼
I

Ylm�
�2 δFμνε

μ
�ε

ν
�dΩ: ð18Þ

We find that the result for the both helicities is the same,
i.e., the magnetic-type or V multipoles vanish, and reads
(see Refs. [3,61,85,86] for an equivalent formula in terms
of Cartesian multipoles)

δFlm ¼ −
2π

lðl − 1ÞN
lm
2 Ylm�

μ1���μlFT4½Iμ1���μl �; ð19Þ

where Ylm
μ1���μl denotes the standard basis of symmetric

trace-free tensors, N lm
2 is a normalization factor [see

Eq. (S.20) in Supplemental Material, Sec. I [77] ], and

ð20Þ

where −t · k in the denominator is the frequency of the
graviton with four-momentum kμ as measured in the
chosen reference frame.
To calculate the nonlinear memory multipoles, we

choose to align the axes of our reference frame as follows:

tμ ¼ vμ1; x̂μ ¼ bμ

b
; ŷμ ¼ v̌μ2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
; ð21Þ

so that the Ylm
μ1���μl are purely spatial and can be expressed in

terms of the characteristic vectors of the problems. For
instance, we have
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Y2ð�2Þ
i1i2

¼ 1

4

ffiffiffiffiffiffi
15

2π

r
ðx̂� iŷÞi1ðx̂� iŷÞi2 ; ð22aÞ

Y20
i1i2

¼ 3

4

ffiffiffi
5

π

r �
ẑi1 ẑi2 −

1

3
δi1i2

�
; ð22bÞ

for the structures relevant to the explicit results displayed in
Table I. Thus, the resulting integrals in Eq. (20) fall in the
families described in [16–19,21,84], with the addition of
extra powers of the propagator −u1 · k. Using integration-
by-parts (IBP) identities, these can be easily reduced to a set
of master integrals, which are the same as those in [84] plus
an additional integral in the ladder sector. Computing the
IBP reduction of higher multipoles, while systematic,
becomes computationally intensive because the tensor rank
of the numerator increases linearly with the multipole
number l. Finally, we calculate the master integrals using
the by-now-familiar method of canonical differential equa-
tions in the soft region [16,17,84] (more details will be
provided in [87]).
Results—The resulting multipoles of the leading-order

nonlinear memory take the form

δFlm ¼ G3π2m2
1m

2
2

b3ðσ2 − 1Þ32 i
lN lm

2 F lmðσÞ þOðG4Þ; ð23Þ

where we introduced the function of velocity

F lmðσÞ ¼
flm1 þ flm2 log

�
σþ1
2

�þ flm3
arccosh σffiffiffiffiffiffiffiffi

σ2−1
p

ðσ2 − 1Þl2 ; ð24Þ

which depends on the multipolar numbers. The coefficients
flmi are real polynomials in σ, which are provided in Table I
for the quadrupolar (l ¼ 2) waveform and in Supplemental
Material Sec. IV [77] up to l ¼ 5. We note that δFlm ¼ 0 if
lþm is odd and, as a consequence of the symmetry of

ρðkÞ under b ↦ −b at leading order, δFlð−mÞ ¼ ð−ÞlδFlm.
We emphasize that these results and the ones in
Supplemental Material Sec. IV hold in the rest frame of
particle 1 [see Eq. (21)] and thus only coincide with those
calculated in the center-of-mass frame to leading order in
the mass ratio m2=m1 ≪ 1.
For completeness, let us also provide here the explicit

multipole decomposition for the “longitudinal” component
Tμν
3 of the linear memory, which appears in the gauge-

invariant combination δFμν þQkT
μν
3 together with the

nonlinear memory,

QkTlm
3 ¼ ∂almðσÞ

∂σ
Qk; ð25Þ

where (recall that σ ¼ −v1 · v2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
)

almðσÞ ¼ imπσ vll!a0lm2F1

�
l − 1

2
;
l
2
;lþ 3

2
; v2

�
: ð26Þ

See Eq. (S.23) in Supplemental Material Sec. III [77] for an
analogous formula that computes all linear memory
multipoles.
General results exist beyond the 1=ω pole and also fix

the log ω and ωðlog ωÞ2 terms in the small-frequency
expansion [72,88]. It was observed that nonlinear contri-
butions, due to gravitons, to such terms admit a simple
rewriting [73] in terms of the total initial and final four-
momentum of the massive objects. In particular, this makes
it manifest that nonlinear effects in log ω and ωðlog ωÞ2
only appear from OðG4Þ. Moreover, recently a conjecture
for the resummation of all leading logs of the form
ωn−1ðlog ωÞn for n ≥ 3 was proposed based on checks
in the small-velocity limit [74] and small-mass-ratio limit
[75]. It is straightforward to compute the associated multi-
poles through OðG3Þ in a generic frame (see Supplemental
Material Sec. III for more details [77]). Finally, very recent
results also encompass multipoles due to “UV logs” such as
ω log ω [75,89–91].
Our results for the nonlinear memory multipoles thus

complete this picture by providing the missing nonanalytic
terms of the waveform at OðG3Þ.
Checks—As an independent way of calculating the

nonlinear memory waveform, in the small-velocity expan-
sion, one can employ the explicit expression for the tree-
level and one-loop waveform calculated in Refs. [52,53,92]
and substitute them in (6). The resulting angular integrals
are then elementary when performed order by order in the
velocity. Based on [92], we have employed this strategy to
obtain the nonlinear memory waveform δFμν at OðG3Þ up
toOðv19Þ for small v, i.e., 9PN relative to the leading order,
which scales like OðvÞ. After performing the multipole
decomposition (18), we find complete agreement between
those results and the small-velocity expansion of the

TABLE I. Functions specifying the quadrupolar nonlinear
memory waveform.

f221 ¼ ð1=960Þð−4200σ8 þ 92 820σ7 − 124 980σ6 − 133 050σ5

þ 106 492σ4 þ 489 510σ3 − 627 644σ2 þ 200 025σ þ 5212Þ
f222 ¼ 1

8
ðσ2 − 1Þ2ð35σ4 þ 420σ3 − 510σ2 þ 292σ þ 67Þ

f223 ¼ ð1=64Þð−280σ9 − 2880σ8 þ 2380σ7 þ 9072σ6 − 4996σ5

− 11 790σ4 þ 3460σ3 þ 7008σ2 − 564σ − 1689Þ
f201 ¼ ð1=2880Þð−4200σ8 − 176 568σ7 þ 199 020σ6 þ 545 268σ5

− 782 780σ4 − 424 458σ3 þ 757 396σ2 þ 52 923σ − 175 196Þ
f202 ¼ ð1=24Þðσ2 − 1Þð35σ6 − 1230σ5 þ 385σ4 þ 2188σ3

− 3419σ2 þ 1538σ þ 119Þ
f203 ¼ ð1=192Þð−280σ9 þ 10 320σ8 − 5060σ7 − 29 256σ6

þ 14 516σ5 þ 37 476σ4 − 10 748σ3 − 24 348σ2

þ 1956σ þ 5997Þ
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present results. Moreover, we find agreement with the
previous results of Refs. [59,93], which provide the leading
result for small v to OðG3Þ and to all orders in Gm=ðv2bÞ,
respectively.
It is worth mentioning that, in the scattering scenario

considered here, the nonlinear memory contribution δFμν

appears atOðG3vÞ, i.e., 2.5 orders further suppressed in the
PN expansion compared to the leading quadrupole sitting
in fμν [59].
Conclusions—In this Letter, we have analyzed the non-

linear memory waveform for the scattering of compact
objects in GR showing how it emerges from scattering
amplitudes. For the first time, using the method of reverse
unitarity [14,94–96], we have computed the multipoles
of the nonlinear memory at leading order in the post-
Minkowskian expansion, i.e., at OðG3Þ and all orders in
velocity. By taking this step, we have completed our
knowledge of the part of the OðG3Þ multipolar waveform
which is nonanalytic in frequency, which should serve as a
useful check for future calculations of this quantity.
There is, nonetheless, more to say about nonlinear

memory. As emphasized in Refs. [97,98], the tree-level
six-point amplitude is parametrically suppressed in the
classical limit. While our findings are consistent with this
result of Refs. [97,98], when the six-point amplitude enters
the cuts in Eq. (14), simple power counting shows that it
yields a classical contribution, as reflected in our final
result. At the same time, the role played by the six-point
amplitude in our calculation reveals that, contrary to
previous expectations [97–99], classical gravitational radi-
ation is not completely described by a (nonsqueezed)
coherent state. This, for instance, implies that incorporating
the nonlinear memory in the eikonal framework will
require going beyond the proposals in [98,99] (see also
Refs. [100,101]). Furthermore, this suggests there might
exist classical correlations between gravitational-wave
signals at different detectors, arising from the nonlinear
nature of GR, which could serve as a novel test of Einstein’s
theory.
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