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Driven Floquet systems can realize topological phases with no static counterparts. This so-called
anomalous Floquet topology breaks the bulk-boundary correspondence based on the Chern number. The
number of edge modes in each band gap is instead determined by another integer index, a winding number,
which is calculated from the time evolution operator of the bulk states within one driving period. While
topological Chern numbers can be inferred from real-space measurements, it is not straightforward to
obtain information about the anomalous Floquet topological phase from bulk measurements. Here we
consider two-band models and show that the area enclosed during a Floquet period by an initially localized
particle signals the presence of an anomalous phase when it approaches half the unit cell area. In general,
we show that for dispersionless dynamics during the micromotion, the enclosed area is quantized and an
exact proportionality relation exists between the area and the winding number. Direct detection of
anomalous topology in real space could be realized in several quantum simulation platforms, and could be
useful for systems with disorder or interactions. Building on the connection between area and winding

number, we also show a way to realize arbitrarily high winding numbers.
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The description by Landau for phase transitions based on
a local order parameter does not apply to topological states,
where order is not local but encoded in topological
quantum numbers [1]. Topological states can be classified
according to dimensionality and symmetry of the system
[2-4], to which different topological indices correspond
and need to be used to describe the system and its
properties. A paradigmatic example is the Chern number,
describing a quantized Hall response as well as the number
of chiral edge modes (bulk-edge correspondence) in two-
dimensional systems.

The relevant topological description might, however,
change when the system is periodically driven and
described via Floquet theory [5,6]. In particular, in the
case where the driving period 7 becomes long enough to
approach the time scale of the unmodulated system a
different topological classification is needed: As quasie-
nergy is defined only up to integer multiples of 27 (in units

“Contact author: asteria.luca.6w @kyoto-u.ac.jp
Contact author: christof.weitenberg @tu-dortmund.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

0031-9007/26/137(15)/153401(9)

153401-1

of 2/ T), chiral edge modes can exist also in the so-called 7
band gap, which separates quasienergy bands centered
around O with equivalent ones centered around 27z in an
extended zone scheme. This allows for anomalous Floquet
topological states, where chiral edge modes exist, while at
the same time all quasienergy bands have a trivial Chern
number of zero [7-9]. A complete classification is then
given by a set of integer winding numbers W, associated
with the band gaps (labeled by g) in the system. Such
anomalous Floquet topological phases have been realized
in photonics [10,11], acoustic systems [12], and cold
atoms [13].

In the above mentioned experiments, the topologically
nontrivial properties of the system were either probed via
chiral edge motion [10,12,14], invoking the bulk-boundary
correspondence, or by using momentum-resolved measure-
ments of bulk properties, which are nonlocal in real space
[13,15]. While Chern insulators have a clear real-space
bulk signature as well, as revealed through the quantization
of the transverse Hall response [16] and local Chern
markers [17,18], such a local bulk signature has not yet
been identified for anomalous topological systems.

In the following, we propose a simple local and
experimentally accessible indicator also for anomalous
Floquet topological systems, given by the area encircled
by an initially localized particle. We study the link between
the winding number and the real-space dynamics in the
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bulk of the system for generic lattice models with two
sublattice states s € {0, 1} and cyclic tunnel modulation. In
particular, we consider the area A encircled during one
driving cycle by the center of mass of particles initially
localized on a single lattice site of either sublattice (as the
area does not depend on the sublattice). We refer to A as
the micromotion area, as it predominantly results from the
Floquet micromotion. We find that if the micromotion
dynamics is completely dispersionless (dispersionless point
obtained by fine-tuning of the drive parameters), the system
is in an anomalous phase with equal winding numbers in
both gaps and that these are directly given by twice the
encircled area A in units of the unit area A,, Wy =W, =
2A/A, (see Appendix B). Away from the dispersionless
point, the area is no longer quantized. However, our
numerical results show that values of 24/A,, of the order
of one, still provide a proxy that allows one to identify the
anomalous regime as well as its breakdown. The meas-
urement of the micromotion dynamics starting from a
localized wave packet also reveals the dispersion and it
can be used as model-free information about the validity of
the proxy [19].

In a recent experiment with an adiabatic realization of
anomalous topology, we demonstrated the utility of the
micromotion area for characterizing the topology [20].
Finally, we show that the relation between micromotion
area and winding number can be used to devise protocols
for anomalous phases with arbitrarily high winding num-
bers or, equivalently, detection of the area can be used to
probe such systems (Fig. 1).

These results are complementary to recent work relating
the Streda formula to the winding number of Floquet
topological systems [21]. We note that also in 1D systems,
topology can be extracted from real-space dynamics—in
that case in the long-time limit—via the mean chiral
displacement as a measure for the Zak phase [22], which
also applies to Floquet systems [23]. Furthermore, the
phase of the Zitterbewegung in 1D systems has also been
shown to reflect the system’s topology [24], which also
applies to Floquet systems [25].

Relation between W and A—The winding number,
which counts the number of edge modes in a gap ¢ is
defined as [8]

W, = / dr / dk TrO
8n? BZ

A

0 =-U;"0,U,[U;'0 Uy Us' 0 U, (1)

where, here and in the following, the partial derivatives are
assumed to act only on the directly neighboring term to
their right and where U, is the band-flattened time-
evolution operator (in this Letter, a 2 x 2 matrix), which
depends on the wave vector (in the first Brillouin zone,
denoted by BZ).
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FIG. 1. Bulk observables for Chern systems and anomalous
systems. (a) In static systems, the Chern number C determines the
number of chiral edge modes (right panel) and can be detected in
the bulk by the quantized transverse conductance (left panel).
(b) In anomalous Floquet systems, the edge modes are given by
the winding numbers W/, for each band gap g. We show that—in
the case of dispersionless micromotion dynamics—the micro-
motion area A is also quantized and indicates the winding
numbers while in the more general case, a finite micromotion
area can be used to infer the presence of the anomalous phase.

It is defined as

exp(—£(2T - z)Hg(k)), T<i<

Uk, 1), 0<t<T
U
2

(k.1) = @

g

where U(K, 7) denotes the physical time evolution operator
and where

I:I?(k) = 710g[U(k7 = T)]branch cut atg/T (3)

is the Floquet Hamiltonian, with the branch cut of the
logarithm chosen to lie in the band gap g.
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We consider the initial state

o) = @ [ axio.x) (4)

that is localized on a single site of sublattice s = 0 at the
s, k) denotes the Bloch state for sublattice s
with wave vector k. The mean position of the time-evolved
state is given by [26]

r(t) = i i:z A dk{o[V o). (5)

whereas the velocity is given by

A 1
= =4 k— -1V, H
v=20,r 4ﬂ2/132d 7 (0|UT[iV, H(1)|U|0)

A
- dk (O|U'[VH(1)|U|0
e | aow wH@mU)
A
=2 dk (0|V(U'HU)|0
- / V(U HU)0)
_dk(0[VU~HU(0)
4 dk (0|U-'HVU|0)
Y K (OV(UHU)0)
_47r2fl
_ak(0]vU~'9,U[0)
« [ dk(0|o,u"'VU|0) (6)
471' L JBZ

where we used U™'H = (h/i)o,U~! and HU = iho,U.
Note that the first term can be regarded as the normal
component of the velocity, while the remaining two terms
correspond to the anomalous velocity as given by the Berry
curvature Qg = (0|VU™'9,U — 0,UVU|0). The normal
velocity term averages to zero when integrated over the
BZ. The remaining terms are complex conjugates of each
other since VU™'0,U and 0,U~'VU are adjoint to each
other and therefore we get

V(1) = -2 2 / dk Tm[(0[,U-1VUI0)].  (7)

From r and v we can immediately define the area.

A= —%ATdtv(t) < x(1) (8)

where x denotes the cross product. If r does not describe a
closed trajectory [r(0) #r(7T)] the area so calculated
corresponds to the closed area obtained by connecting

linearly r(7") with r(0). We note that the area in Eq. (8)
does not depend on the starting sublattice, because both
v(t) and r(r) change their sign when switching the
sublattice. It holds for the velocity v(7) as the Berry
curvature Qy is opposite for the two sublattices of a
two-band model. It also holds for the displacement r(z),
because it is given by an integral over the velocity. Using
our expressions for v and r, one obtains

/T
0
A

i AZ dk (0|U~'0, U|0) —x & y. 9)

3 / dk Im[(0]6,U~19, U/0)]
7 JBZ

X1

On the other hand, rewriting Eq. (1) for the winding number
with the help of —U;'0,U,U,"' = 9,U," gives

1 2T
Wg=—z/ dt/ dk Tr(0,U;" 0y, U, U0, U,)
87 Jo BZ ' '
_kx<=>ky’ (10)

which bears similarity to the expression for the area. The
complete calculation (see Appendix A) then leads to

2A
W, = / dt/ dk Re(Tr[B x ()
8” BZ

/dtlm S[BJs)] x (s[5C]s),  (11)
"‘ s=0

where B = 9,U,;'V\U,, C=U,'V\U,, 5B = B — B, and
8C = C — C. The overbar indicates average over the BZ

= (A,/4n*) [z, dk f(Kk). The trace in Eq. (10) involves a
sum over both sublattices, which amounts to the factor of 2
on the rhs of Eq. (11), as both sublattices give rise to the
same area A. We refer to Tr[B x C] as the “band-flattening
term” and to 6B x dC as the “position-velocity correlation
term.” Note that the band-flattening term, just like W,
depends on the choice of the branch cut, while the other
terms do not. Also note that while at the dispersionless
point, flat physical bands are realized, these are not to be
confused with the mathematical band-flattening procedure
necessary for the winding number to be well defined [8].
Both the band-flattening and the correlation term tend to
zero at the dispersionless point (see Appendix B) and then a
perfect quantization is obtained:

Wo=W,="~. (12)

u

Note that W, = W implies that the Chern number of both
bands is zero. Therefore, in these phases, the area is a direct
proxy for anomalous topology (in the sense of Wy = W)
and it can distinguish it from Haldane-like phases with
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Wy # W, and finite Chern number [Fig. 2(a)]. We show
that away from the dispersionless point, one can state
bounds on the additional terms, which are important for the
practical applicability of the proxy [19].
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FIG. 2. Micromotion area as a function of @ and A. (a) Tunnel-
ing in a honeycomb lattice is completely switched on and off in a
cyclic way J| — J, — J3 — ... with frequency w. A con-
stant sublattice offset A is present. We plot the area calculated
across the phase diagram. Red dots mark topological phase
transition points, and the brackets indicate [W,, W] (calculated
in [27]). (b) Area (blue curve) as a function of the Floquet
frequency for A = 0. An additional anomalous phase appears for
even lower frequency drives [13]. The anomalous phases are
indicated by the purple shading. The red (magenta) curve shows
the area for two (five) Floquet periods. (c) Area as a function of
the Floquet frequency (right) in the cyclic protocol (left) in the
bipartite square lattice as introduced in [8]. The 0 gap is always
closed for these protocols, and only the value of W is noted. Also
here anomalous phases for smaller driving frequencies are present
(purple shading). (d) Micromotion area for a sinusoidal modu-
lation of lattice beam intensities in an optical lattice. The red
dashed lines enclose the region of anomalous Floquet topology.
Tunnel couplings are modulated as J,, = —p; e s R#(/T+n/3)] 4.
P> with p,/2x, po/2x = 120 Hz, —35 Hz. The inset shows the
time-dependent couplings for B = 1.9.

Simulations—Using the example of a hexagonal lattice,
we will now investigate the link between the micromotion
area and the winding number numerically. In particular, we
will also investigate the situation away from the dispersion-
less point, where no one-to-one correspondence is
expected. However, we will see that the micromotion area
still provides a proxy that allows one to identify the Floquet
anomalous regime. In Fig. 2 we study the behavior of the
area as a function of the Floquet frequency w and of a
constant sublattice offset A for a step-drive protocol [7]

Ji=J.J3=0 0<t<T/3
JQZJ,JL:;:O T/3<t<2T/3
.13:.,,.]1’2:0 2T/3<t<T (13)

with J; being the time-dependent tunneling matrix elements
along the three directions i [Fig. 2(b)] and tunneling
strength J. The dispersionless point is realized for o =
3J [7.28]. We calculate U(k, 1) for every k in the first
Brillouin zone and 0 <t < 7. We obtain the area using
Eq. (9). From U(k, t = T) we obtain the Floquet spectrum
and the band gap closing points as a function of @ and A.
We confirm the topological phase by the chirality of the
edge modes in a real space simulation with a torus
geometry. For the high-frequency limit w/J > 1 the
system can be mapped to the Haldane model where a
phase transition from a Chern to a trivial system happens
for large sublattice offset A. Note that in contrast to related
work [8], A is applied during the entire protocol. We obtain
different phases as a function of the Floquet frequency and
sublattice offset characterized by different values of the
winding numbers in the two gaps (compare with Ref. [27]),
but 2A/A,, approaches unity only in the anomalous phase,
characterized by Wy = W, = 1.

At the dispersionless point, the area approaches the
winding number and numerically we observe that it also
rather clearly indicates the whole anomalous regime by
assuming values of the order one only here. We note that
the area quickly drops to zero when entering the Haldane
phase with [W, W,] = [1,0] or the Haldane-like phase
with [Wq, W] =[0,1] [13] (for not too large sublattice
offsets), where although the Floquet frequency is still
comparable with the system’s frequency scales, the system
is described in good approximation by an effective
Hamiltonian under which no significant micromotion takes
place.

We also find that the area averaged over several Floquet
periods [Fig. 2(b)] becomes more and more peaked at the
dispersionless point as a function of the number of Floquet
periods. In the dispersionless point, the time-evolving state
remains localized and therefore keeps the quantized
response even averaged over many Floquet periods. This
effect makes it possible to locate the dispersionless point
with higher precision. This point is at the “center” of the

153401-4



PHYSICAL REVIEW LETTERS 137, 153401 (2026)

anomalous phase, where a more robust edge-mode prepa-
ration could be achieved [28].

The derivations hold generally and also apply to a
bipartite quadratic lattice, where the tunneling direction
is alternated cyclically along the four nearest-neighbors
directions [8]. We numerically verify that the micromotion
area behaves qualitatively similar in this case, but we
find it to be more peaked around the dispersionless
point as compared to the honeycomb Ilattice [Fig. 2(c)].
Furthermore, we find that the micromotion area also
remains a good proxy for a smooth drive as realized by
sinusoidal modulation of the lattice beam intensities [13]
[Fig. 2(d)]. Note that this modulation produces a exp[cos
(t)]-type modulation of the tunnel couplings [29]. Finally,
we study the Floquet system in the presence of on-site
disorder and observe that the micromotion area remains
large in the anomalous Floquet-Anderson topological phase
at weak disorder [30-32], while it drops to zero in the
localized phase at strong disorder [19].

The winding numbers can take arbitrary integer values
and recipes for large values were previously considered for
systems with W, # W_ [33-35]. We note that the above
relations hold for all anomalous Floquet systems with any
winding number Wy, = W, > 0 and that these systems can
therefore be identified via the micromotion area.
Furthermore, the relations guide the design of protocols
for such new anomalous Floquet phases with W, =
W, > 1: the required larger micromotion areas can be
obtained by using protocols with more complex sequences
of alternating tunnel couplings along the three directions.
We discuss two examples with W, =4 and W, =6 in
Fig. 3 and verify the relation W, , = 2(A/A,) for these
protocols close to the dispersionless point by analysis of the
micromotion area and the edge states in the spectra.

Note that a cyclotron orbit was previously detected for a
single plaquette with an artificial magnetic field in the
effective time-independent Hamiltonian [36] and in a
synthetic quantum Hall system in mixed dimensions
[17,37]. These measurements do not correspond to the
observation of an anomalous phase, because dynamics is
induced in those systems by state preparation on one side of
an isolated plaquette [36] or by an initial momentum
transfer along one direction [17,37]. In these models, the
center of mass of a particle localized at + = 0 does not
exhibit any cyclotron dynamics. Finally, in nonlinear
photonic systems, the area encircled by the center of mass
of a soliton was used to distinguish a chiral from a trivial
soliton [38] and our work provides the theoretical founda-
tion for this phenomenological connection. Note that
anomalous phases with Wy = W_ =1 can be obtained
not only by the cyclic tunneling modulation studied here,
but also by lattice shaking [29].

Conclusions and outlook—We introduced a very direct
real-space observable as a proxy to detect anomalous
topology in general driven two-band systems with cyclic
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FIG.3. Protocols for higher winding numbers. (a) Dynamics in

the bulk for a protocol where tunneling couplings J; are
alternated according to 1313212. The unit of length is the lattice
vector ay,. The driving frequency  is chosen to be perfectly
resonant, and a deviation from the dispersionless condition is
given by a A =0.221J. The red shading indicates the area
enclosed during one Floquet period at the associated dispersion-
less point. The right panel shows the spectrum in a cylinder
geometry with gray color for bulk states and purple color
for states residing on one of the edges (the states on the other
edge of the system are not shown). The spectrum indicates the
winding numbers W, = W, = 4, which matches with the red
area A =2A, = (W, ,/2)A,. The green shading indicates the
area enclosed during the second Floquet period. (b) Same for the
driving sequence 131321213232. Here w is 0.92 of the resonant
value, and A = 0. While the 0 gap is closed, the spectrum
exhibits W, =2(A/A,) =6 and a corresponding red shaded
area A =3A, = (W,/2)A,

tunnel modulation. Its measurement only requires the
observation of the real-space dynamics of a particle
prepared on a single lattice site. The real-space detection
scheme of the anomalous phase based on the cyclotron
orbit is particularly useful for inhomogeneous systems,
systems with disorder [30,31], or at an interface between
system parts characterized by different topology. An
interesting open question is the generalization of the
approach to systems with more than two bands.
Anomalous topology appears in a wide range of dimen-
sions and symmetry classes [39,40], and our methods could
be applied to obtain topological bulk proxies from the
dynamics of an initially localized particle in other classes
where a dispersionless point exists, possibly applying to
anomalous higher-order topological systems as well [41,42].
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End Matter

Appendix A: Full calculation—Because the Berry
curvature is opposite for different sublattices, both the
velocity and the displacement have an opposite sign,

resulting in Ay = A;. The distinction between the areas
Ay, obtained by starting from different sublattices s = 0,
1 is purely for mathematical convenience. Starting from
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Eq. (9) and using the definitions of B and C after
Eq. (11), we write

24 = A0+A1—zZ/ dr Im{(s|B|s)] x (s|C]s), (AI)

where B and C indicate the averages over the BZ.
We replace the product of the mean values with the mean
value of the product minus the correlations:

24 — igfdﬂmmgm < GICTs)

— Im[(s|6B|s)] x

(soC]s) (A2)

where B = B+ 6B,C = C + 5C.

Because 0=V1=V(UjU,) =VUU,+U;VU, it
follows that U,VU,=-VUU, = —(U,VU,)’, ie.
UV U, is anti-Hermitian, and therefore (s|C|s) is a purely
complex number. Therefore

. 1 T
24 = l;/o dt Im[(s|B]s)] x (s|C]s)
— Im[(j|0B|)] x

Z[dee s|Bls) x (s|Cls)] + Teom ~ (A3)

s=0

(s|6C]s)

where Teor = —i Y _o [ Im[(s|8B]s)] x
position-velocity correlation term.
We compare now the following terms:

(s|6C[s) is the

a = Rel{s|Bls) x (5]Cs)
a,, = Re[(s|B|1 —s) x (1 —s|C]s)]. (A4)

We demonstrate that a; = a,,. We consider the matrix

M = a,UZ,Ug such that o Ug MUg Then it also
holds B = MC.
We decompose M as M = (o "or),
10 M1

The terms proportional to m;; and mg, do not contribute
neither to a, nor to a,,.

We consider the term (0|B*|0)(0|C*|0) — (0|B”|0)
(0|C*|0) in a,. The part proportional to mgy, becomes

(01€*]0)(0]C|0) = (0[C7]0)(0]C*[0) = 0. (AS)
The part of Re[(0|B*|1)(1|C”|0) —
a,, proportional to myy is also zero:

(0[B”[1)(1]€[0)] in

Re[(0]C*[1)(1]C¥|0) = (O]C*[1)(1]C*(0)]
= Re[(0[C*[1)(1]€7[0) = ((1]€¥|0))*(O]C*[1))"]

because the real part of this difference is zero. The same
holds for m;.

We consider now terms proportional to m;, and dem-
onstrate that they are the same in a, and a,,. We note that
this is the only part which works only for two-band models.

Considering (0|MB,|0)(0|C,|0) (in a,) and —(0|MB|1)
(1|/C,|0) (in a,,; notice the minus sign because of the
opposite ordering of x and y). We obtain

(A6)

ag: {0|MB,]0)(0|C,]0) — mq; (1|C,0)(0]C,[0)
am? = (OMBy[1)(1]C,|0) — —moy {1[Cy[1)(1]Cx[0).
(A7)

The two terms are equal because (0|C,|0) = —(1|C,[1)
(that is because the sum of the Berry curvature over all
bands is zero).

A similar reasoning can be repeated for m;,, demon-
strating that a, = a,,.

One can then write

ag == (aq+ a,)

1 M fof
= 5 Re[(s|BIs') x (+'|C]s)]

1
= SRe[(s]B x C1s)]

1
2

1
= ERe[TrB x C| = (A8)
Hence we write
1 [T -
2A = 5/ dtRe[TrB x C| + Toy- (A9)
0
Finally, comparing with Eq. (10) we get
A [T
2A =A, W, ——”2/ dt/ dk Re(Tr[B x ()
= Jr BZ
Loorr
- Z/ dr Tm[(s[3B]s)] X (s[6C]s), (A10)
s=0 /0

which demonstrates Eq. (11).

Appendix B: Dispersionless point—Here we calculate
the band-flattening term and the velocity-position
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correlation term at the dispersionless point, and show
that they are zero, making W, = 2A hold.
Let’s assume that after a certain number of steps at time #

the particle is now located at a site with distance D from the
starting point (we assume the sublattice is the same). The
time-evolution operator looks like this:
iy ik-D
vtk = (UL 05) @
0 ez(/ll e—zk-D
¢ o are phases picked up during the evolution which do not
influence the center of mass position, given only
by i(0|U'VU|0) = ie"i%e= %DV (e=itoeik D) — _P,
From that point, tunneling is turned on along just one
precise direction to another lattice site on the other
sublattice. Then this couples the two sublattices with a
fixed amplitude but with a quasimomentum-dependent
phase: Hy, (k, 1) « '@ where d is the vector connecting
the two lattice sites involved in the tunneling.

Uk, f +1)= (9(

We calculate (0|B|0) in this limit:

2i(0|9,U~'VU|0)

= 2i(0|9,U~"(0)(0|VU|0) + i(0|U~}|1)(1|VU|0)

= —2i0sin(0)e e "DV [cos(0) e D]
+2i0 cos(6) ei10 e~k DY [sin(§) e~i#10 k- (D+3)]

= —20sin() cos(0)a = —Osin(20)a. (B4)

We neglected the terms proportional to the derivatives of
bos b1, P10, o1 because they give rise to a purely complex
contribution to the velocity. Similarly, one obtains for
(0l5C10)
i(0|U~'VU|0)
= i(0|U~110)(0|]VU|0) + i(0|U|1)(1|VU|0)
= icos(0)e~ ek DV [cos(f) et ek D]

+ isin(@)e”ﬁme‘ik'BV[sin(@)e‘i¢‘0eik'(5+a>]

= —cos?(0)D — sin*(0)(D + a). (B5)

- sin(t9)e_"‘f’5°e_ik'5
cos(f) et o—ik-(D+d)
—hy cos(0) e~ %o =kD

et
_¢10 Sin(e)e—mme—zk-(D+a)

U in the time interval [¢', ¢ + tg4p] can be written as

cos(0)eito kD
Utk — O
sin(@)eibo ¢~k (D+a)
cos(G)e""’“e"'k"3

Ul (k1) = )
sin(0) e~ g~k (D+a)

sin(6) i k- (D+2)
cos(0)e' eikD )
sin(@)e %0 ek (D+3)

cos(6) et kD )

(B2)

where 6, ¢ are time dependent but not quasimomentum
dependent. In particular, 6(¢') = 0,0(t' + tn,, = 7/2).
Note that the case of tunneling where the source and target
sublattices are inverted is obtained by taking
0(t') = n/2,,0(f + tgop = 0); thus, the description pre-
sented here covers all cases.

We demonstrate that (s|6B|s) — 0. For that we need to
calculate 0,U~":

cos (@) e~ ik (D+a) )
—sin(@)e~ oKD
_d)()l Sin(e)e_i(/’m eik»(ﬁ+a) )

: o (B3)
—¢, cos(0)e P gkD

Note that (1|C|1) = —(0|C|0), (1|B|1) = —(0|B|0).
Because there is no dependence on quasimomentum,
(s|6B]s), (s|6C|s) — 0, hence the position-velocity cor-
relation term tends to zero as well.

We now consider the band-flattening term. There are
now two cases to be considered: whether the wave packet
comes back to the initial lattice site [8], or whether it lands
on another site on the opposite sublattice [7]. (If the particle
ends up on a different site on the same sublattice as the
starting one, one has net transport, and hence we are not
dealing with an anomalous phase.) In the first case

U(T. k) = (ei% 0 )

0 e (B6)

with no dependence on k. Therefore, I:I;’c is also k-

independent; hence, f%T B x C = 0 because of the deriv-
atives with respect to k contained therein present. In the
second case

io Hik-(D+3d)
vy =( O e (B7)
el e—lk~(D+a) 0
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and hence the time evolution in the [T,27] interval is
described similarly as in Eq. (B2), with a transfer from
lattice site D + @ (or —D — @) back to 0. There we can
decompose B x C into B x C because, as before, the
deviations from the mean are zero. In a single transfer
one has B||C and hence this extra term is also here zero.

As an alternative way to study this second case, one
could define two physical driving periods as the Floquet
period and, because now the localized particle comes back
to the original position, same conclusions apply as in the
first case. (Note that in the doubled period, both the area
and the winding number would be doubled.)
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