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We find that heavy quark transport beyond leading logarithm at weak coupling is intrinsically non-
Gaussian: the longitudinal momentum transfer distribution has asymmetric exponential tails that are crucial
for equilibration dynamics. We show this by computing the leading-order momentum transfer kernel for
relativistic heavy quarks in weakly coupled non-Abelian plasmas, matching perturbative momentum
transfer on the thermal scale to hard-thermal-loop-resummed soft physics. This is the same structure
previously found in strongly coupled holographic plasmas, showing that it is not peculiar to weak or strong
coupling, conformality, or supersymmetry. We therefore expect that this is a robust feature that physical
quark-gluon plasma should also exhibit.
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Heavy quarks (HQs) provide a particularly valuable
probe of the quark-gluon plasma (QGP) produced in
ultra-relativistic heavy-ion collisions (HICs). Because they
are long-lived on quantum chromodynamics (QCD) time-
scales and interact directly with the thermal medium, their
propagation offers a sensitive window into how colored
probes exchange energy and momentum with QGP con-
stituents. This separation of scales makes heavy quarks
natural candidates for a Brownian-motion-like description,
and motivated early Langevin and Fokker-Planck treat-
ments of heavy-flavor transport [1–4] shortly after data
became available. Together with Boltzmann transport
approaches, they constitute the state of the art of heavy
quark transport [5–10]. The nonperturbative determination
of the HQ diffusion coefficient [1,11], the essential QCD
input for a Langevin description, is by now mature in the
v → 0 limit using lattice QCD methods [12–17] in tandem
with perturbative calculations [18–22], providing an
increasingly sharp first-principles input for phenomeno-
logical comparisons to heavy-ion collision data.
However, challenges still remain. It has long been under-

stood [1] that, for a heavy quark moving through a weakly
coupled plasma, the Einstein relation κL ¼ 2MTγηD
between the drag ηD and longitudinal diffusion coefficients
κL—the necessary condition for kinetic equilibration to take
place in a (Gaussian) Langevin description—is violated at

nonzero velocity once one goes beyond leading logarithmic
accuracy. The Einstein relation is also violated in strongly
coupled N ¼ 4 supersymmetric Yang-Mills (SYM) theory
[23–26]. In a purely Langevin or Fokker-Planck description
this is a serious obstruction to connecting first-principles
calculations with phenomenological descriptions [27]. Until
now, this issue had not been resolved in perturbative QCD.
Furthermore, the problem is not merely formal. Boltzmann
transport studies have shown that non-Gaussian momentum
transfer dynamics can modify heavy-flavor observables and
the transport coefficients extracted from them [28,29], which
may be relevant to the tension between phenomenological
extractions and lattice QCD determinations of heavy quark
transport coefficients [30].
Recent work has clarified the conceptual resolution of

this issue. When retaining the full momentum transfer
statistics of the process, heavy quark evolution is governed
not by a Fokker-Planck equation but by a Kolmogorov
equation, and equilibration is controlled by a universal
non-Gaussian condition on the corresponding kernel [31].
In strongly coupled N ¼ 4 SYM, the full leading order
kernel was shown to satisfy this generalized equilibration
condition and to exhibit a distinctive non-Gaussian longi-
tudinal momentum transfer distribution [32]. This raises a
natural question: is the same non-Gaussian structure present
for heavy quarks in weakly coupled gauge theory plasmas?
In this Letter we answer that question in the affirmative.

We find that heavy quark transport at weak coupling
beyond leading logarithm exhibits manifest non-
Gaussian structure: the longitudinal momentum transfer
distribution has a Gaussian core and asymmetric exponen-
tial tails. The tails are essential for equilibration in light of
the violation of the Einstein relation [31], meaning that HQ
transport is intrinsically non-Gaussian. The Gaussian core
follows as a natural consequence of the central limit
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theorem. On the other hand, the exponential tails are a new
and surprising result. In fact, this structure is also present in
the strongly coupled calculation of [32]—a fact that has
remained underappreciated so far. With weakly coupled
QCD and both weakly and strongly coupled N ¼ 4 SYM
exhibiting this same structure, this indicates that Gaussian
core and exponential tail momentum transfer is not peculiar
to weak or strong coupling, conformality, or supersym-
metry, but is instead likely to be a robust feature of realistic
QGP. To establish this result, we consistently match the
ultraviolet (UV) perturbative contribution to the infrared
hard thermal loop (HTL) sector, isolate the strict fixed-
order kernel, and determine the longitudinal momentum
transfer distribution at all momenta via a Legendre trans-
form. The full matched kernel reproduces the known
leading-log results for the drag and momentum diffusion
coefficients, as well as the known leading-order diffusion
coefficient at v ¼ 0, thereby recovering the appropriate
Gaussian limits. It also satisfies the generalized equilibra-
tion condition of Ref. [31], providing a nontrivial consis-
tency check on the resulting non-Gaussian dynamics.
Setup—We work in the large mass limit, neglecting all

mass-dependent effects at the level of transition probabil-
ities. Formally, we work at leading order in the heavy quark
effective theory (HQET) expansion of the QCD Lagrangian
[33], neglecting 1=M corrections. In this regime the
momentum transfer distribution of the heavy quark to
the medium over a time Δt is determined by the Fourier
transform of a Wilson loop,

Pðk; vÞ ¼
Z

d3L
ð2πÞ3 e

−ik·LhWviðL;ΔtÞ; ð1Þ

which can be formulated on the Schwinger-Keldysh con-
tour [31,32]. In the late-time limit, the separation of scales
M ≫ T implies that heavy quarks undergo Markovian
dynamics due to the shortness of the medium equilibration
timescale ∼1=T relative to the time needed to appreciably
modify the velocity of the heavy quark. For such timescales
Δt ≫ 1=T, we have

hWviðL;ΔtÞ ¼ exp ½−ðΔtÞT SðL; vÞ þ � � ��; ð2Þ

which defines the momentum transfer kernel SðL; vÞ.
At weak coupling, a consistent leading-order result

requires matching perturbative “hard” momentum transfer
(p ∼ T) (following from finite temperature Feynman dia-
grams [34–37]) to HTL “soft” physics [38–41] ðp ∼ gTÞ
while subtracting their overlap,

ðResultÞ ¼ ðPert:Þ þ ðHTLÞ − ðHTL; unresummedÞ: ð3Þ

This procedure has been used to calculate the HQ diffusion
coefficient [20]. By definition, subextensive contributions

in Δt do not contribute to S, and by unitarity of the Wilson
lines that make up the loop we have

SðL ¼ 0; vÞ ¼ 0: ð4Þ

Consequently, the calculation reduces to extracting only
those contributions that are simultaneously L dependent
and extensive in Δt. Denoting

R
p ≡

R
d3p=ð2πÞ3, the

matched weak-coupling kernel may then be written as

SðL;vÞ¼−
g2CF

T

Z
p

eip·L−1

1−e−p·v=T
fg2IHardðp;v;T;Nc;NX;NfÞ

þISoftðp;v;m2
DÞ−IMatchðp;v;m2

DÞg; ð5Þ

where we give the full form of each term in the End Matter.
We also note the appearance of the Debye mass m2

D ¼
g2T2½Nc=3þ NcNX=6þ TFNf=3� in the soft and match-
ing integrands [42]. Its structure immediately implies

SðL; vÞ ¼ Sðiv=T −L; vÞ; ð6Þ

which is precisely the generalized equilibration condition
derived in Ref. [31]. Its small velocity expansion recovers
the Einstein relation, whereby a Gaussian truncation
becomes consistent with equilibration as v → 0, although
higher (even) cumulants generically remain nonzero at
v ¼ 0. Einstein-relation violation is therefore a finite
velocity effect, but non-Gaussianity is present at all
velocities. For present purposes, however, the central role
of Eq. (5) is to define the longitudinal momentum-transfer
distribution whose shape we analyze below in a controlled
weak-coupling expansion. The symmetry in Eq. (6) then
provides a nontrivial consistency check on that construc-
tion. Because this symmetry is a structural property of the
integrand in Eq. (5), independent of the specific forms of
IHard, ISoft, and IMatch, the equilibration condition holds
order by order in perturbation theory.
Fixed-order longitudinal kernel—To determine the

shape of the weak-coupling momentum transfer distribu-
tion beyond leading logarithm, we must first isolate the
strict fixed-order kernel. The matched kernel in Eq. (5) is
correct through Oðg4Þ, but it contains contamination
from Oðg6Þ and higher terms generated by the HTL
resummation.
This contamination becomes especially problematic

when one attempts to extract information about the dis-
tribution from derivatives of the kernel at L ¼ 0. The
relevant quantities are the cumulants of the momentum
transfer probability per unit time and temperature,

Mi1…inðvÞ ¼ −
∂
nSðL; vÞ

∂ðiLi1Þ � � � ∂ðiLinÞ
����
L¼0

; ð7Þ
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which characterize the statistical properties of Pðk; vÞ,
including quantities of high phenomenological interest
such as the drag coefficient ηD encoded in Mi and the
momentum broadening coefficients κT , κL encoded in Mij.
However, the cumulants in Eq. (7) become UV divergent
for n ≥ 3 due to the HTL contributions in Eq. (5). This
obstructs the determination of the fixed-order kernel, and is
also clearly unphysical. This is because for jpj ≫ gT one
has [43]

ISoftðp; v;m2
DÞ − IMatchðp; v;m2

DÞ ¼ O
�
m4

D

jpj6
�
; ð8Þ

which, together with the overall g2 prefactor in (5), is a
strictly higher order contribution than the g4 terms we are
aiming to determine, and nonetheless yields an infinite
contribution to the cumulants because of the aforemen-
tioned UV divergence.

A resolution to this problem can be achieved by inserting
Heaviside step functions to separate the contributions in
each regime (reminiscent of the original methods by
Braaten and Thoma [44,45]). Concretely, writing

SðL; vÞ ¼ −
g2CF

T

Z
p

eip·L − 1

1 − e−p·v=T
½θðjpj − TÞ

þ θðT − jpjÞ�fg2IHard þ ISoft − IMatchg; ð9Þ

we may simply omit the HTL pieces for jpj > T, since
ISoft − IMatch ¼ Oðm4

D=jpj6Þ. At this stage the result is
manifestly fixed order except for the HTL-resummed
contribution for jpj < T.
In this (soft) region the g → 0 limit and the momentum

integral do not commute, so one must first perform the
radial integral exactly and only then expand in mD=T ∝ g
in order to correctly determine the logarithmically
enhanced g4 lnð1=gÞ terms. The result is

SFOðL; vÞ ¼ g2CFm2
D

4π
ln

�
mD

T

��ðv2 − 1ÞarctanhðvÞ þ v
2v3

iLk

�
iLk þ

v
T

�
þ 3v3 þ ð1 − v2Þ2arctanhðvÞ − v

4v3
ðiL⊥Þ2

�

þ g2CFm2
D

4π

Z
1

0

dμ

�
μ2iLk

�
iLk þ

v
T

�
þ 1 − μ2

2
ðiL⊥Þ2

��
ΦðaE; bEÞ þ

v2ð1 − μ2Þ
2ð1 − v2μ2ÞΦðaT; bTÞ

�

−
g2CF

T

Z
p

�
g2

eip·L − 1

1 − e−p·v=T
IHard − θðT − jpjÞðp · iLÞ

�
p ·

�
iLþ v

T

��
T

2p · v
IMatch

�
; ð10Þ

where

Φða; bÞ≡ 1

4
lnða2 þ b2Þ þ a

2b
arctan

�
b
a

�
; ð11Þ

and the functions aE;T and bE;T are defined in terms of
η ¼ μv as

aE ≡ 1 −
η

2
ln

�
1þ η

1 − η

�
; bE ≡ π

2
η; ð12Þ

aT ≡ 1

2

�
η2

1 − η2
þ η

2
ln

�
1þ η

1 − η

��
; bT ≡ π

4
η: ð13Þ

Equation (10) is the complete fixed-order (denoted by
the subscript “FO”) kernel at order g4. Its structure cleanly
separates two physically distinct pieces. The first line of
Eq. (10) contains the logarithmically enhanced piece [46],
which we could also have obtained by directly translating
the results of [1] for the transport coefficients ηD, κT , κL
into our notation, and thus serves as a cross-check of our
result. The last two lines contain the remaining fixed-order
contribution, determined by the perturbative piece IHard

and the remaining g4 terms coming from the HTL-
resummed result and the matching. In particular, the last

line generates arbitrarily high-order cumulants, all of which
are finite. This can be seen by examining the exponential
suppression of IHardðp; vÞ at large p by statistical factors
(see End Matter).
We have explicitly verified that replacing the separation

scale T by any Λ ∼ T leaves the fixed-order kernel SFO
invariant. As an additional cross-check, we have verified
that the second moment of the kernel at v ¼ 0 reproduces
the known diffusion coefficient [1,20] exactly at order g4.
We discuss both in the End Matter; further derivations are
provided in Supplemental Material [47].
Momentum transfer probability—To examine the physi-

cal implications of the fixed-order kernel, we proceed along
the lines of [31] to calculate the momentum transfer
probability in the late-time limit. For the equilibration
dynamics of an isotropic distribution function, only the
longitudinal projection contributes. We therefore start by
introducing the longitudinal evolution kernel

Kðx; vÞ≡ SFOðL ¼ −ixv̂; v ¼ vv̂Þ ¼ −
X∞
n¼1

MnðvÞ
n!

xn;

ð14Þ
where MnðvÞ≡ v̂i1 � � � v̂inMFO

i1…in
are the projected (fixed

order) cumulants per unit time of the momentum change
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probability distribution obtained from the Taylor series of
SFO as in Eq. (7).
Inside the interval −v=T < x < 0, Kðx; vÞ is directly

evaluated from the integral representation in Eq. (10).
Outside this region, because all of its derivatives are finite
and calculable, for x > 0 we determine it using the Taylor
expansion around x ¼ 0, and with the corresponding
expansion around x ¼ −v=T implied by Eq. (6) for
x < −v=T. The agreement of these expansions with the
integral representation in their common domain provides a
nontrivial check that the analytic continuation is under
control.
In the Markovian limit, following [31], the longitudinal

momentum transfer probability takes the form

PðkL; vÞ ¼ exp
	
−tTS̃ðCL; vÞ þ � � �



; ð15Þ

where CL ¼ k · v̂=ðtTÞ is the longitudinal momentum
transfer rate, the dots “…” stand for nonextensive terms
in t, and S̃ is the Legendre transform of the evolution kernel
Kðx; vÞ,

S̃ðCL; vÞ ¼
�
Kðx; vÞ − x

∂K
∂x

�
x¼xðCLÞ

; ð16Þ

where xðCLÞ is determined by the implicit relation

CL ¼ −
∂K
∂x

: ð17Þ

In this way, the cumulants Mn not only characterize the
longitudinal momentum transfer probability distribution,
they explicitly determine it. Nonzero cumulants for n ≥ 3
imply a non-Gaussian momentum transfer probability,
because the resulting S̃ is manifestly not a quadratic
function of CL.
It is thus worth examining what structural properties are

present in K beyond its symmetries. One such property that
our calculation gives us access to, which, to our knowledge,
has not received much attention in the literature, is the large
n behavior of the longitudinal cumulants, which determines
when the series (14) converges. In fact, at v ¼ 0 the
moments can be computed in closed form (see End
Matter). The even cumulants scale as

Mnð0Þ ∼ ð2TÞn n!
n2

; n → ∞; n even; ð18Þ

giving a radius of convergence Rðv ¼ 0Þ ¼ 1=ð2TÞ for
the series that determines K in Eq. (14). Similarly, in
the ultrarelativistic limit γ ≫ 1, the radius of conver-
gence becomes RðvÞ ∼ 1=ð4γ2TÞ [48]. RðvÞ contains
dynamical information about the microscopic nature of
the medium: Applying the same characterization to the
known strongly coupled N ¼ 4 SYM kernel [32], we

obtain RðvÞ ∼ 1=ðr0γ3
2TÞ—featuring a different exponent

for γ, with r0 ≈ 1.7972—sketched in the End Matter. Note
that, both in the weak and strong coupling expansions, the
leading contribution to RðvÞ is independent of the coupling;
coupling dependence only appears at subleading order in
either expansion.
Furthermore, in both weakly coupled gauge plasmas and

this strongly coupled theory, all of the cumulants are
positive, and therefore K exhibits singularities at the edges
of its domain of analyticity outside the interval
−v=T < x < 0. Through Eq. (17), these edges map to
CL → �∞ due to the rapid growth of Mn with n in all of
these theories, and because the inverse Legendre transform
gives x ¼ ∂S̃=∂CL, the momentum transfer probability has
exponential tails at large jCLj, with its steepness in either
direction set by the radius of convergence RðvÞ of the
kernel K and the asymmetry required by the universal
equilibration condition [31]. Explicitly,

PðkLÞ ∝ e−RðvÞkL as kL → ∞; ð19Þ

PðkLÞ ∝ eþ½RðvÞþv=T�kL as kL → −∞: ð20Þ

This physical feature of the momentum transfer probability
seems to be robust across all couplings (manifest in Fig. 1),
directly connected to K having a finite, nonzero radius of
convergence. Thus, the radius of convergence RðvÞ of
the Taylor expansion of Kðx; vÞ about x ¼ 0 is also exactly
the exponential decay rate of the positive large kL tail. We
therefore refer to this quantity as the tail exponent. The
asymptotic negative-kL decay rate is RðvÞ þ ðv=TÞ, fixed
by the generalized equilibration condition.
As one might expect, the main driver of the exponential

tails is the hard physics of the medium (in the HTL sense,
i.e., jpj ∼ T; not in the HQET jkj ∼M sense), manifest in
the fact that the high order cumulants are set by the
perturbative contribution, and not the soft physics
(jpj ∼ gT) described by HTL resummation. Looking at
the structure of the calculation, it should remain true at any
order in perturbation theory that the large n scaling of the
cumulants, and therefore the radius of convergence, are
solely influenced by the hard physics contributions.
Furthermore, in an asymptotically free gauge theory, if
the coupling runs with the momentum transfer, the tails of
the momentum transfer should asymptotically be given by
the leading order hard piece we have computed here.
To compare the shape of the longitudinal momentum

transfer distribution (15) across velocities, couplings and
theories, we normalize the logarithm of said distribution
using its first two longitudinal cumulants and plot
ðM2=M2

1ÞS̃ðCL; vÞ against CL=M1 in Fig. 1. With this
normalization, the overall drag and width are scaled out,
and any purely Gaussian process collapses onto a universal
parabola, shown by the black dotted curve. Deviations from
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that benchmark therefore isolate genuine non-Gaussian
structure.
At low velocity, v ¼ 0.10, the weak-coupling result

remains close to the Gaussian benchmark in the range
plotted. By v ¼ 0.50, however, the distribution is already
visibly skewed and non-Gaussian, and by v ¼ 0.95 the
deviation is pronounced on both sides of the extremum.
Over the range λ ¼ 10−3 − 10−1 the normalized weakly
coupled N ¼ 4 curves [49] have little spread, and the
weak-coupling massless Nf ¼ 3 QCD curve has the same
qualitative shape. The strong-coupling N ¼ 4 SYM result
of Ref. [32], shown as the red dotted curve, exhibits the
same qualitative asymmetric non-Gaussian profile.
Contrary to what Fig. 1 might suggest, we remark that
as tT → ∞ the bulk of the distribution is asymptotically

approximated by a Gaussian distribution for any fixed v, as
required by the central limit theorem. The tails—the feature
that this figure is designed to highlight—characterize the
rare events away from the (Gaussian) core of the distribu-
tion that become suppressed in the late time limit, but still
retain a nonzero probability of occurrence. That being said,
regardless of their small probability, the asymmetry of the
exponential tails is in fact essential for heavy quark
equilibration [31], which is evident in the fact that the
Gaussian core does not satisfy the Einstein relation.
Furthermore, for a realistic heavy quark with large but
finite mass traversing the medium for a finite time, the
asymptotic central limit theorem regime can never be fully
reached: individual large kicks—precisely those described
by the exponential tails—can appreciably change the
quark’s velocity v → v0, forcing subsequent samplings to
be from PðkL; v0Þ, which is not well-described by the
original PðkL; vÞ. Therefore, the tails carry non-negligible
dynamical importance beyond their role in ensuring
equilibration.
The agreement between weak and strong coupling in

N ¼ 4 SYM that we see in Fig. 1, together with the same
qualitative weak-coupling structure in QCD, suggests that
Gaussian core and exponential tail momentum transfer is
not peculiar to weak or strong coupling, conformality, or
supersymmetry, but rather a robust feature that realistic
QGP should also exhibit, with its independent Gaussian
characteristics ηDðvÞ, κLðvÞ, and the tail exponent RðvÞ as
the primary properties of the dynamics.
Outlook—We have shown that the longitudinal momen-

tum transfer distribution of a relativistic heavy quark in
generic weakly coupled gauge theory plasmas has a
Gaussian core and exponential tails, and that, in particular,
weakly coupled QCD exhibits this behavior. This is the
same qualitative structure previously found in strongly
coupled N ¼ 4 SYM theory [32]. This indicates that these
features might be generic across many gauge theory
plasmas, regardless of their coupling strength or their
matter content. In particular, neither conformality nor
supersymmetry seem to play a significant role.
Isolating the strict fixed-order kernel was essential to

making this structure calculable at weak coupling.
Dissecting the two types of contributions to our result—
distinguished by whether there is a logarithmic lnð1=gÞ
enhancement—we find that only the Gaussian character-
istics of the momentum transfer probability contain loga-
rithmically enhanced terms. Accordingly, the log-enhanced
terms satisfy the Einstein relation, as had long been known
[1]. At finite velocity, however, the remaining fixed-order
contributions control the shape of the distribution and
invalidate a purely Gaussian truncation, as the universal
equilibration condition [31] is only satisfied through a
detailed balance of all of the cumulants. A Gaussian
description is therefore not consistent with first-principles
calculations for generic relativistic heavy-quark transport.

FIG. 1. Normalized log-probability density for longitudinal
momentum transfer, shown as ðM2=M2

1ÞS̃ðCL; vÞ versus
CL=M1 for v ¼ 0.10, 0.50, and 0.95. Rescaling by the first
two longitudinal cumulants removes the overall drag and width,
so that any purely Gaussian process collapses onto the universal
parabola shown by the black dotted curve; deviations from that
parabola therefore isolate genuine non-Gaussian shape. Colored
curves show the weak-coupling fixed-order result for N ¼ 4

SYM with λ ¼ g2Nc ¼ 10−3; 10−2; 10−1 together with the weak-
coupling massless Nf ¼ 3 QCD result. Solid segments are
obtained directly from the integral representation of Eq. (10)
inside the interval −v=T < x < 0, while dashed segments are
obtained by analytic continuation using the moments in Eq. (14).
The red dotted curve is the strong-couplingN ¼ 4 SYM result of
Ref. [32]. The figure shows that, once the Gaussian scale set by
M1 and M2 is removed, weakly coupled N ¼ 4 SYM, strongly
coupled N ¼ 4 SYM, and weakly coupled QCD all exhibit the
same qualitative non-Gaussian structure.
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These results have direct implications for heavy-flavor
phenomenology. Since non-Gaussian momentum transfer
can modify heavy-flavor observables and the transport
coefficients extracted from them [28–30], phenomenologi-
cal descriptions based purely on Gaussian or Langevin
truncations are not microscopically justified by default. Our
calculation therefore motivates revisiting heavy-quark
transport in the QGP with non-Gaussian kernels if one
aims to extract transport coefficients that can be mean-
ingfully compared to lattice determinations. A more real-
istic, non-Gaussian description may be organized in terms
of ηDðvÞ, κLðvÞ, and a single additional parameter RðvÞ, the
tail exponent, characterizing the distribution of (rare) large
momentum kicks, which sets the slopes of the asymmetric
exponential tails. Whether such a description can consis-
tently account for heavy-flavor observables as the Pb-Pb
program becomes increasingly precise in Run 3 and, in the
longer term, with the proposed ALICE 3 detector upgrade
[54], while also accommodating the complementary sys-
tem-size constraints that should emerge from the recently
collected O-O and Ne-Ne data, should provide a sharp test.
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End Matter

Integrands—From perturbative finite temperature field theory one obtains

IHard ¼
Nc
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4jpj
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k20
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2
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p2


i
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−
4ð1 − v2Þ

p2 − ðp · vÞ2 þ
8þ 4NX
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��

k0 − jk0
���p · v
jpj u

�
2

þ k20
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�
v2 −

ðp · vÞ2
p2

�
ð1 − u2Þ

��

− 2NfTF
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ek0=Tð1 − e−p·v=TÞ
ðek0=T þ 1Þðeðk0−p·vÞ=T þ 1Þ
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4jpj

�
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p2 − ðp · vÞ2 −
4
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×
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���p · v
jpj u

�
2

þ k20
2

�
v2 −

ðp · vÞ2
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�
ð1 − u2Þ

�1A; ðA1Þ

where we have introduced u as

u ¼ p2 þ 2ðp · vÞk0 − ðp · vÞ2
2jpjjk0j

; ðA2Þ

describing the cosine of the angle between a loop
momentum and p. The Heaviside step function implies
that jpj − jp · vj < 2jk0j < jpj þ jp · vj, which in turn
implies that IHard is exponentially suppressed at large
p. Note that, at this order in Feynman gauge perturbation

theory, only the two classes of perturbative diagrams
shown in Fig. 2 contribute. All other topologies are either
L-independent, sub-extensive in the late-time limit, or
vanish identically. In other gauges, a 3-gluon vertex
diagram is also present. The result is obtained by a
tedious but straightforward evaluation of integrals over
delta functions; further details will be presented in
Ref. [48].
Using the standard HTL-resummed gluon self-energy in

the single exchange propagator [36,38,41] gives
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ISoft ¼
2ΓEððp · vÞ=jpjÞ

Σ2
Eðp0 ¼ p · v; pÞ þ Γ2

Eððp · vÞ=jpjÞ

þ
2v2

	
1 − ðp·vÞ2

p2v2



ΓTððp · vÞ=jpjÞ

Σ2
Tðp0 ¼ p · v; pÞ þ Γ2

Tððp · vÞ=jpjÞ : ðA3Þ

Expanding to lowest order in the coupling yields the
contribution that has been overcounted by adding the hard
and soft contributions to each other and must therefore be
subtracted

IMatch ¼
2ΓEððp · vÞ=jpjÞ

jpj4

þ
2v2

	
1 − ðp·vÞ2

p2v2



ΓTððp · vÞ=jpjÞ

jpj4
	
1 − ðp·vÞ2

p2



2

; ðA4Þ

where

ΣTðk0¼ kη;kÞ¼ k2ð1−η2Þ

þm2
D

2

�
η2þηð1−η2Þ

2
ln

����1þη

1−η

����
�
; ðA5Þ

ΣEðk0 ¼ kη; kÞ ¼ k2 þm2
D

�
1 −

η

2
ln

���� 1þ η

1 − η

����
�
; ðA6Þ

ΓTðηÞ ¼
πm2

D

4
ηð1 − η2Þ; ðA7Þ

ΓEðηÞ ¼
πm2

D

2
η: ðA8Þ

Invariance under change in separation scale—
Choosing an arbitrary matching scale Λ ∼ g0T leads to
Eq. (10) changing in two simple ways: (1) the explicit
logarithm in the first line lnðmD=TÞ becomes lnðmD=ΛÞ,
and (2) the Heaviside step function in the last line
θðT − jpjÞ becomes θðΛ − jpjÞ.
Then, differentiating with respect to Λ gives a 1=Λ for

the first and a δðΛ − jpjÞ for the second. Using the explicit
form of IMatch (A4), it is then straightforward to check that
the two contributions exactly cancel. Physically, this is
because the log-enhanced contributions coming from the
HTL-resummed propagator can be equivalently obtained
by integrating the unresummed HTL propagator from jpj ∼
mD to jpj ∼ g0T as discussed in [1].

Closed form of cumulants at v ¼ 0—From Eqs. (10)
and (14) it is clear that Mn for n ≥ 4 is fully
determined by the hard contribution. Introducing
k≡ 2jk0j=p ≥ 1, exploiting the symmetries of the
integrands, it is straightforward to show that

Khardðx; 0Þ ¼ −
g4CF

64π3T

Z
∞

0

dp
Z

1

−1
dμ sinh2

�
pμx
2

�Z
∞

1

dk

8<
:
Nc½2k−2 − 2þ ð1þ NX=2Þk2�

sinh2
	
pk
4T


 þ 2TFNfðk2 − 1Þ
cosh2

	
pk
4T



9=
;: ðC1Þ

Because the cumulants are given by derivatives ofK asMn ¼ −∂nK=∂xnjx¼0, and the only scale in the problem is T, all that
is needed is to evaluate the integrals

J̃ ðsinhÞ
n;m ≡

Z
∞

0

dp
Z

∞

1

dk
pnkm

sinh2
	
pk
4


 ¼ 2nþ3n!ζðnÞ
ðn −mÞ ; ðC2Þ

J̃ ðcoshÞ
n;m ≡

Z
∞

0

dp
Z

∞

1

dk
pnkm

cosh2
	
pk
4


 ¼ ð1 − 21−nÞJ̃ ðsinhÞ
n;m : ðC3Þ

Using these to evaluate the cumulants yields

(a) (b)

FIG. 2. Contributing order-g4 perturbative topologies in Feyn-
man gauge. Panel (a) denotes the crossed one-gluon exchanges
between opposite contour branches; panel (b) denotes the self-
energy correction to a single exchanged gluon, including gauge,
fermion, and scalar contributions.
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Mnð0Þ ¼
3g2CFm2

D2
n−1Tn−2ðn − 1Þ!ζðnÞ

π3ðnþ 1Þ
	
Nc þ NcNX

2
þ TFNf



�
NcðNXnðnþ 2Þ þ 2ðn2 − 2nþ 8ÞÞ

8ðn − 2Þðnþ 2Þ þ ð1 − 21−nÞTFNf

n − 2

�
ðC4Þ

for all even n ≥ 4, whileMnð0Þ ¼ 0 for odd n. The explicit
ðn − 2Þ−1 pole signals the special infrared sensitivity of the
diffusion coefficient, and is precisely why the n ¼ 2 case
must be treated separately.

HQ diffusion coefficient at v ¼ 0—The heavy quark
momentum diffusion coefficient is determined in terms
of M2ð0Þ as

κ ≡ TM2ð0Þ: ðD1Þ

We set NX ¼ 0 for easier comparison with the QCD
literature. To evaluate M2ð0Þ, it is convenient to analyt-
ically continue the hard result in Eq. (C4) in n, combine it
with the quadratic HTL-matching part of Eq. (10) also
analytically continued in n, and then take the limit n → 2.
The poles cancel in the sum, as they must. We obtain

κ ¼ g2CFm2
DT

6π

�
ln

�
2T
mD

�
þ TFNf ln 2

Nc þ TFNf
þ ξ

�
ðD2Þ

with ξ ¼ 1
2
− γE þ ðζ0ð2Þ=ζð2ÞÞ, in agreement with the

known leading-order heavy quark diffusion coefficient
[1,20].
RðvÞ in the ultra-relativistic limit at weak coupling. In

the v → 1 limit the dominant contribution to the large-n
cumulants comes from nearly collinear corners of the hard
integrand, where p · v ≃ jpj, asymptotically pinched
against the kinematic boundary imposed by Θð1 − u2Þ,
which sets the boundaries of the k0 integral to be k0 >
ðjpj þ p · vÞ=2 and k0 < −ðjpj − p · vÞ=2. To isolate these
corners it is convenient to introduce

l≡ k0
p
; q≡ ð1 − v2Þp

T
: ðD3Þ

The variable l makes the kinematic support asymptotically
independent of p, since the hard-region bounds are linear in
p, while q removes the leading velocity dependence of the
singularity driven by the difference between p · v and jpj.
Since p ¼ γ2Tq, the n th moment weight contributes a
factor ðγ2TÞn, which is the origin of the γ2nTn scaling
quoted in the main text. Schematically, the remaining
q-integral produces the factorial growth throughR
dq qn=ðeq − 1Þ ¼ n!ζðnþ 1Þ. A more detailed account

will be given in [48]. The conclusion of this analysis is that
as γ → ∞ one has

RðvÞ ∼ 1=ð4γ2TÞ: ðD4Þ

RðvÞ in the ultra-relativistic limit at strong coupling—In
light of the Legendre transform map x ¼ ∂S̃=∂CL, and
because the explicit expression for S̃ is known [32], the
radius of convergence of KðxÞ in strongly coupled N ¼ 4
SYM can be determined by directly calculating the deriva-
tive of S̃ with respect to CL at large jCLj (considering both
positive and negative CL separately). Going through this
calculation, to be discussed in more detail in [48,55], one
finds

r0 ¼
8

ffiffiffi
2

p
Γð7=4Þ2
3

ffiffiffi
π

p ≈ 1.7972: ðD5Þ
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