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Contemporary understanding of thermalization in quantum field theory stems largely from
understanding properties of transient excitations of equilibria. These nonhydrodynamic excitations are
known to structurally differ between weakly and strongly coupled quantum field theories with no known
results at intermediate values of the interaction strength. We demonstrate that all the known behaviors of
transient excitations can be understood as a consequence of different realizations of a symmetry principle,
the shift symmetry, applied at the level of the far-from-equilibrium generalization of the hydrodynamic
effective action that we explicitly construct. Our approach naturally includes the effects of stochastic
fluctuations outside the hydrodynamic regime and allows to explicitly construct hybrid models
interpolating between weak- and strong-coupling behavior. We study properties of one such model
motivated by thermalization in nuclear collisions in light of the QCD running coupling.
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Introduction—Hydrodynamics is often referred to as the
universal low-energy effective description of many-body
systems near equilibrium [1,2]. Its applications are plentiful
and in the context of high-energy physics primarily concern
modeling the quark-gluon plasma (QGP) in ultrarelativistic
nuclear collisions at the Relativistic Heavy Ion Collider and
the Large Hadron Collider [3,4].
Motivated by this experimental research program, stud-

ies of the emergence of hydrodynamic behavior in quantum
field theories led to a simple yet deep realization: hydro-
dynamics becomes applicable when excitations not cap-
tured by it have decayed [5]. This triggered significant
interest in understanding nonhydrodynamic degrees of
freedom of holographic quantum field theories [6–13],
followed by weak-coupling studies in kinetic theory
[14–19].
Hydrodynamic excitations between the two classes of

systems differ only in the associated values of transport
coefficients. For example, for the diffusive mode

ω ¼ −iDq2 þOðq4Þ; ð1Þ

the leading difference in hydrodynamic behavior between
holography and kinetic theory is encoded in the diffusive
constant D. The mode frequency ω receives corrections
from higher powers of spatial momentum q that will be also
theory-dependent, but the structure itself is not.
In contrast to Eq. (1), nonhydrodynamic sectors are

structurally different and diverse. In particular, in strongly
coupled quantum field theories, the excitations can be
thought of as single-pole singularities of Fourier-trans-
formed retarded correlators of conserved currents and
interpreted as transient quasinormal modes (QNMs) of
holographic black holes [20]. In practical terms, they give
rise to an exponential decay in time. In contrast, non-
hydrodynamic degrees of freedom in kinetic theory appear
as branch cuts or their generalization: nonanalytic regions
[14,15]. The associated decay in time of such nonhydro-
dynamic sectors can be subexponential (also seen as the
long-time tails in fluctuating hydrodynamics [21,22]).
There is now a systematic effective field theory (EFT) for

hydrodynamics based on the Schwinger-Keldysh (SK)
formalism [23–25]. This triggers an important open ques-
tion: can the purview of EFTs be extended to systematically
capture the rich landscape of nonhydrodynamic excitations,
such as the QNMs in holographic systems or the short-lived
excitations in QGP and ultracold gases?
In this Letter we answer this question in a constructive

manner utilizing structures inspired on one hand by
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holography and on the other by kinetic theory. Our Letter
brings four main new results: (1) we demonstrate that the
shift symmetry known from the earlier studies of hydro-
dynamic EFTs can be used as a new principle in organizing
the description of nonhydrodynamic excitations for a class
of theories, including holographiclike and kinetic-theory-
like theories. (2) We show that different ways of realizing
this symmetry underlies the qualitative difference in exci-
tations in holography vs kinetic theory. (3) Our approach
allows for a construction of a new class of models of
nonequilibrium dynamics phrased directly in the language
of EFT that are hybrids of holography and kinetic theory.
They are motivated by the QCD running coupling and
earlier attempts to incorporate it in modeling QGP
dynamics [26–30]. (4) The shift symmetry also allows
us to systematically describe statistical fluctuations beyond
the low-frequency hydrodynamic regime, which so far have
eluded attention and understanding.
We refer to our framework as the shift-symmetry-based

construction. These results open a new pathway for build-
ing effective theories for nonequilibrium quantum systems
beyond hydrodynamics.
Setup—Our goal is to develop the SK framework for

describing both hydrodynamic and relevant nonhydrody-
namic excitations and fluctuations. For demonstration, we
focus on the sector with a conserved Uð1ÞV charge current
Jμ in a symmetry-unbroken phase.
The construction of SK action involves three key steps

[23,25,31]. The first step is to choose suitable dynamical
fields, collectively denoted by χr;a, in the r-a basis [32],
where r fields represent physical observables and a fields
encode fluctuations. Second, one must identify the sym-
metry of the action, both the microscopic symmetry, such
as Uð1ÞV , and importantly, the emergent symmetries that
arise from the state under consideration. Finally, the action
must be written down in a way that is consistent with these
symmetries and other physical constraints [cf. Eq. (3)
below], organized via a gradient expansion scheme.
In the EFT for diffusion [23,24,33–35], the Uð1ÞV phase

fields χ ¼ ψ ; χa ¼ ψa (omitting the r subscript from now
on) serve as dynamical variables for describing the evolu-
tion of the associated conserved charge density. This choice
is particularly convenient for implementing Uð1ÞV sym-
metry. Additionally, the action must be invariant under
spatial shift transformation of the (r-)phase field [23]

δsψ ¼ λðxÞ; ð2Þ

while δsψa ¼ 0. This emergent shift symmetry is proposed
to ensure that the fluid under study is in the symmetry-
unbroken state, as it allows independent phase choices at
different locations x [25,31]. It prohibits unwanted propa-
gating Goldstone modes [eliminating terms linear in q in
Eq. (1)] in the EFT thus constructed, which correctly
generates diffusive dynamics and fluctuations [35].

The central ingredient of our construction is the
generalization of the shift symmetry underlying the
EFT for diffusion. We propose that multiple nonhydro-
dynamic excitations can be described by the action of a
system with multiple global U(1) symmetries. Some of
those symmetries can be spontaneously broken and
subsequently gauged to local ones. The dynamical fields
include the phase fields of U(1)’s and the dynamical
gauge fields when the broken symmetries are gauged.
There are three generic scenarios: (a) all U(1) symmetries
are unbroken; (b) all U(1) symmetries are spontaneously
broken into a diagonal U(1); and (c) the mixtures of (a)
and (b).
For each case, we formulate the appropriate and non-

trivial shift symmetries [cf. Eqs. (4) and (6)] and demon-
strate that the difference in those shift symmetries results in
qualitatively distinctive features in excitations.
The action additionally satisfies several physical

conditions [24,25],

I½χ;χa¼ 0� ¼ 0; I½χ;−χa� ¼−I�½χ;χa�; ImI ≥ 0: ð3Þ

The first condition in Eq. (3) implies that the action
can be organized as a series expanded in a field:
I ¼ Ia þ Iaa þ � � �, where the subscript counts the power
in χa. We shall first construct Ia, which suffices to
determine excitations. Then we return to Iaa, which
encodes Gaussian fluctuations, and demonstrate how shift
symmetry is crucial for describing these fluctuations.
Unbroken U(1) and kinetic theory—We begin by for-

mulating the shift symmetry for scenario (a) where the
phase fields associated with multiple global Uð1Þα are
denoted by ϕα with α ¼ 1;…; N. To ensure that those
U(1)s are unbroken, we propose that the action in this
scenario, IU, is invariant under α-dependent spatial shift
transformation,

δsϕα ¼ λαðxÞ; ð4Þ

which naturally generalizes the transformation (2). We
further require the action to be invariant under Uð1ÞV
transformations ϕα → ϕα þ ΛVðxÞ, allowing for a vector
current Jμ obtained via variation with regard to the
background gauge field Vμ.
With this, we can construct the most general IU. For now,

we highlight a specific but physically important case where
N → ∞ and the discrete index α is replaced by the single-
particle velocity v (or momentum p). In this limit, IU
recovers the action that describes collisionless linearized
kinetic theory [36] (see Ref. [37] for the nonlinear cases)
for the fluctuation of single-particle distribution nðx; pÞ
around a homogeneous and static background n0ðϵ0Þ,
where the single-particle energy ϵ0 and v ¼ dϵ0=dp depend
on p. Explicitly (in the absence of Vμ), the action
symmetric under (4) reads
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IU;a ¼
Z
x;p
½−n00ðϵ0Þ�

�
½∂tϕðvÞ�∂tϕaðvÞ

þ 1

2
½ðv · ∂ÞϕðvÞ∂tϕaðvÞ þ ðr ↔ aÞ�

�
: ð5Þ

The equation of motion (EOM) from Eq. (5) for ϕðvÞ yields
the standard linearized kinetic equation with the identi-
fication δn≡ n − n0ðϵ0Þ ¼ −n0ðϵ0Þ∂tϕðvÞ; see lhs of
Eq. (13a). The v-dependent shift symmetry reflects that
particles with different velocities choose their phases
independently. The gauge-invariant form in the presence
of Vμ can be found in Refs. [36,37].
Broken hidden U(1)—We now examine scenario

(b) where the symmetry group Uð1Þ1 ×…Uð1ÞK ×
Uð1ÞV is spontaneously broken into a diagonal U(1).
The relevant phase fields are φn with n ¼ 1;…; K and
φV . Unlike scenario (a), we can gauge φn by introducing
dynamical “photon” fields An;μ and their a-field counter-
parts that transform with independent gauge parameter
functions. This does not lead to unwanted gapless excita-
tions since those gauge fields acquire mass through
the Higgs mechanism. The gauge-invariant dynamical
variables include An;μ ≡ ð∂μφn þ An;μÞ and AKþ1;μ≡
ð∂μφV þ VμÞ.
For the “broken” scenario, we propose the shift sym-

metry under the following transformation:

δsφn ¼ λðt; xÞ so δsAn;μ ¼ ∂μλðt; xÞ: ð6Þ

Since Uð1Þn’s are broken, we can no longer require the shift
function to depend on index n. Compared to Eq. (4), the
shift function λðt; xÞ varies in time, and the transformation
(6) also applies to the gauge-invariant combination A. To
satisfy this shift symmetry, the action will depend on the
phase fields only through shift-invariant combinationsP

n cnφn with K independent choices of cn such thatP
n cn ¼ 0. We can therefore decompose them into the

basis of Goldstone bosons Δφn ≡ φnþ1 − φn.
Up to second order in derivatives, the action, expressed

in terms of ΔAn;μ ≡Anþ1;μ −An;μ and “EM” fields En ¼
∇An;t − ∂tAn and Bn ¼ ∇ × An, reads

IB;a½φV;An� ¼
Z
x

XK
n¼1

ðf2nΔAn;tΔAa
n;t − g2nΔAn · ΔAa

n

þ ϵnEn · Ea
n − κnBn · Ba

n þ σnEn ·Aa
nÞ; ð7Þ

where we count ΔA the same order as ∂A and focus on
situations whereAn can only couple to its neighbors An�1.
This choice is motivated by the locality of interactions in
terms of an additional spatial dimension, along which theK
layers lie [38,39]. By employing field redefinition, we
remove terms of the form ΔA · E. The above action
contains the dissipative part Ia;diss that is proportional to

conductivity σn. The remaining nondissipative part can be
factorized as the difference between the action on the
forward and backward leg of the SK contour [25]. This part
depends on the “decay constant” fn, the gauge boson mass
gn, and the electric and magnetic constants ϵn, κn for each
hidden photon sector.
We observe that if a finite background charge density is

permissible, we should not treat A1;t as a dynamical field,
but fix it to be A1;t ¼ 0 (see End Matter). Under this
condition, the solutions to the EOM only obey the spatial
shift, consistent with the invariance of the hydrodynamic
action under the spatial shift symmetry [25]: when inte-
grating out those hidden photon fields in the hydrodynamic
limit, our theory has to reduce to hydrodynamics. The
EOM for φV expresses charge conservation,

∂μJ
μ
B ¼ 0; JμB ¼ ðf2KΔAK;t;−g2KΔAKÞ; ð8Þ

where the charge current for the broken hidden symmetry
scenario JμB is obtained by varying the action with regard to
Vμ. The An;μ obey Maxwell-like equations in the medium:

ϵn∂ · En ¼ −f2nΔAn;t þ f2n−1ΔAn−1;t; ð9aÞ

ϵn∂tEn− κn∂×Bn ¼−g2nΔAnþg2n−1ΔAn−1−σnEn: ð9bÞ

For (9a), n ¼ 2;…; K sinceA1;t is nondynamical, while for
Eq. (9b), n ¼ 1;…; K.
We focus on excitations in the longitudinal channel and

express Eq. (8), at Vμ ¼ 0, as Rðω; qÞðωφVÞ ¼ 0, where
Rðω; qÞ is determined by solving the EOM for A. The
excitations are then determined by Rðω; qÞ ¼ 0. Below, we
survey various examples.
The K ¼ 1 and Maxwell-Cattaneo theory—When

K ¼ 1, the dispersion relation is given by (omitting the
subscript n ¼ 1)

Rðω; qÞ ¼ f2
�
ωþ u2q2ðϵωþ ig2τBÞ

g2 − ωðϵωþ ig2τBÞ
�

¼ 0; ð10Þ

where τB ≡ σ=g2; u≡ g=f. For small q, Eq. (10) yields a
diffusive mode (1) with diffusive constantDB ¼ u2τB and a
pair of nonhydrodynamic modes ω� ¼ �ωR − iωI deter-
mined by ϵω2 þ ig2τBω − g2 ¼ 0, where the magnitude of
ωR is set by the gauge boson mass g. We refer to such
excitations with nonzero ReðωÞ at q ¼ 0 as damped
oscillatory (DO) modes, which resemble holographic
QNMs. Setting g ¼ ffiffiffiffiffi

2ϵ
p

=τB gives ω� ¼ ð�1 − iÞτ−1B .
With τB ¼ 1=ð2πTÞ and u ¼ 1, we recover the first pair
of QNMs ω� ¼ ð�1 − iÞ2πT and the diffusion constant
DSYM ¼ 1=2πT of strongly coupled N ¼ 4 supersymmet-
ric Yang-Mills (SYM) theory [8,40], indicating the model’s
capability and flexibility to describe holographic excita-
tions. This discussion is reminiscent of linear regime of
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relativistic hydrodynamics EOMs considered in [41,42]
with the key difference being that the present discussion is
driven by the symmetry principle.
The special case ϵ ¼ κ ¼ 0 is also interesting. The

Lagrangian density, in the absence of external fields,
reduces to

LB;K¼1 ¼ f2
h
ð∂tφVÞ∂tφa

V − u2ð∂φV −AÞ · ð∂φa
V −AaÞ

− u2τBAa · ∂tA
i
: ð11Þ

At small q, there is only one nonhydrodynamic mode
which is purely imaginary, while the diffusive one is
unchanged. At large q, the excitations are a pair of DO
modes with phase velocity u. This behavior is characteristic
of Maxwell-Cattaneo (MC) theory [43,44]. Indeed, the
EOM for A from Eq. (11) can be recast into the equation
for JB ¼ −f2u2ð∂φV −AÞ, which reads τB∂tJB ¼ −ðJB þ
DB∂JtBÞ. This is precisely the MC equation for the spatial
current, which relaxes to Fick’s law at the timescale τB, and
is analogous to Müller-Israel-Stewart theory in the energy-
momentum sector [3]. This demonstrates that Eq. (11)
provides an action formulation of MC theory.
General K and holography—For general K, there are K

pairs of DO modes in nonhydrodynamic sectors, corre-
sponding to the propagation and dissipation of “massive
photons.” The continuum limit K → ∞ is of particular
interest. Introducing an extradimensional coordinate ρ by
ρn ¼ nΔρ (with Δρ infinitesimal) and viewing
An ¼ AðρnÞ, the action (7) becomes that of Maxwell
theory in 4þ 1 dimensional curved background (see
End Matter). Thus, holographic models can be viewed
as a special class of action (7) in the continuum limit. This
relationship is analogous to that between hidden local
symmetry models and holographic QCD [39].
Previous works have coupled holographiclike QNMs to

hydrodynamic sectors [41] and used MC-type equations to
ensure causality. The action (11) was studied by Nickel and
Son in the context of holographic liquids [45]. However,
the unified framework presented here, which describes
diverse nonhydrodynamic excitations, is new in the
literature.
Shift symmetry and structural difference in excitations—

Our framework offers new insights into the differences in
the analytic structures of kinetic and holographic theories.
This distinction becomes evident when we consider the
homogeneous limit q → 0, where holographic QNMs
behave as DO modes, while kinetic excitations are purely
imaginary. This difference is often attributed to variations
in interaction strength.
However, our analysis reveals that this distinction is

closely tied to the underlying symmetry structure. In
scenario (b), the “broken case” where holographic theories
belong, the n-independent shift symmetry allows for a mass
term ΔAn · ΔAa

n in IB. This term generates the real part in

the dispersion relation. Conversely, in scenario (a), the
“unbroken case,” the transformation prohibits the analo-
gous term ΔϕαΔϕa

α in IU, thereby resulting in a purely
imaginary spectrum at q ¼ 0.
The hybridization of kinetic theory and QNMs—Let us

consider the mixed scenario. One motivation is to explore
the properties of QGP. It is anticipated that QGP behaves
like a holographic liquid at long distances while admitting a
kinetic description with quasiparticles at shorter scales,
making hybrid approaches particularly relevant [26–30].
A naive combination of the kinetic action IU with IB

conserves charge separately in each sector, yielding
two diffusive modes rather than one. This doubling of
hydrodynamic modes when hybridizing holographic and
kinetic sectors has already been observed in previous
models [29]. Instead, we couple those sectors through
φV as I ¼ IU½ϕ� þ IB½φV;A� þ ΔI½ϕ;φV �, where

ΔL ¼ −
f2U
τR

Z
Ω
ð∂tϕðvÞ − ∂tφVÞðϕaðvÞ − φa

VÞ: ð12Þ

Here,
R
Ω ¼ R

dΩ=4π represents the solid angle integration
in phase space and f2U ¼ R ðdp=2π2Þp2½−n0ðϵ0Þ� ¼ χU is
the kinetic sector susceptibility. The combination preserves
gauge invariance and shift symmetry for ϕðvÞ.
From this action the EOM for ϕðvÞ;φV read

ð∂t þ v · ∂Þ½∂tϕðvÞ� ¼ −
1

τR
ð∂tϕðvÞ − ∂tφVÞ; ð13aÞ

∂μJ
μ
B ¼ −

f2U
τR

Z
Ω
½∂tφV − ∂tϕðvÞ�: ð13bÞ

It follows that the total charge is conserved
∂μðJB þ JUÞμ ¼ 0, where the charge current for the kinetic
sector is given by JμU ¼ f2U

R
Ωð1;vÞ∂tϕðvÞ. The charge

density will redistribute between the two sectors until they
reach a chemical equilibrium where μB ≡ ∂tφV ¼R
Ω ∂tϕðvÞ≡ μU such that the rhs of Eq. (13b) vanishes.
The charge ratio after chemical equilibration is
r≡ ½JtU=JtB�eq ¼ χU=χB, with χ ≡ Jt=μ the susceptibility,
and determines the relative importance of the two sectors.
Because of this chemical equilibration process, we find one
diffusive mode ωD and one damping mode ωC instead of
two diffusive modes. In particular, the damping mode is
given by ωC ¼ −ið1þ rÞ=τR, indicating that the chemical
equilibration between two sectors is faster than the thermal-
ization of quasiparticles. Note that the susceptibilities and
hence r are all temperature-dependent.
Explicitly solving Eq. (13) along with Eq. (9), the

condition for the dispersion relations reads (assuming
relativistic particle in the kinetic sector)
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Rðω;qÞþ if2U
τR

�
1−

1

2iqτR
log

�
ω−qþ iτ−1R
ωþqþ iτ−1R

��
¼ 0: ð14Þ

Without R, it reduces to the condition for excitations in
RTA kinetic theory [14]. For definiteness, we now take
Rðω; qÞ for K ¼ 1 from Eq. (10) and illustrate the structure
of excitations in Fig. 1. The branch points �q − iτ−1R
originated from the branch cut associated with quasiparticle
excitations, while the two DO modes, ω�, come from the
broken sector. At small q, the diffusive mode is

ωD ¼ −
i

1þ r

�
u2τB þ r

3
τR
�
q2; ð15Þ

so the diffusivity interpolates betweenDB ¼ u2τB (small r)
and kinetic theory’s τR=3 (large r).
By matching the broken sector to strongly coupled gauge

theories, we find Imω� ∼ τ−1B ∼ T, while the kinetic
description of QGP gives τR ∼ 1=ðg4QCDTÞ. This naturally
establishes the hierarchy τ−1R ≪ τ−1B , implying that quasi-
particles dominate at timescales much longer than τB.
Nevertheless, for small (but not exponentially small) r,
the diffusive constant (15) can still be comparable toDSYM.
Despite its simplicity, the model presents a novel scenario
to resolve how QGP can exhibit both quasiparticle exci-
tations and strongly coupled transport.
Fluctuation and shift symmetry—The action formalism is

advantageous for describing fluctuations, which are cap-
tured in terms beyond the linear order of the a field. We
now present the construction of Iaa. The fluctuation-
dissipation (FD) relation [or Kubo-Martin-Schwinger
(KMS) condition] fixes Iaa. This can be implemented by
requiring invariance of IFD ≡ Ia;diss þ Iaa under the KMS
transformation χ�ðtÞ → Θχ�ðt� i=2TÞ, where χ� ¼ χ �
χa=2 represent forward (−) and backward (þ) contour
fields. However, this transformation is nonlocal, indicating
Iaa thus obtained is also nonlocal. The locality of KMS
transformation is only restored at low-frequency ω=T ≪ 1,

where χðtÞ → ΘχðtÞ; χaðtÞ → ΘχaðtÞ þ iT−1
∂tΘχðtÞ, but

nonhydrodynamic modes are generally important when
ω=T is not small.
Inspired by the successful description of the tower of

QNMs through inclusion of “hidden” fields, we introduce a
continuum of fields χ̃ðθ; xÞ with an extra coordinate
θ∈ ð0; 2πÞ for the construction of Iaa. Including χ̃ is also
motivated by the general situation in field theory, where
recovering locality requires relevant modes to be “inte-
grated in.” Those fields χ̃ðθ; xÞ are assumed to be related to
SK fields via

χ̃ðθ ¼ 0Þ ¼ χ−; χ̃ðθ ¼ 2πÞ ¼ χþ: ð16Þ

We seek a local action Ĩ½χ̃� such that

exp ðiIFD½χ; χa�Þ ¼
Z

Dχ̃ exp
�
iĨ½χ̃�

�
: ð17Þ

The key idea underlying the construction is again the shift
symmetry of Ĩ under the transformation

δsχ̃ðθ; xÞ ¼ λ̃ðxÞ: ð18Þ

We take this spatial shift symmetry as our postulate and
write down the most general quadratic action that is
consistent with Eq. (3) and up to second order in deriv-
atives,

Ĩ ¼
Z
x

Z
2π

0

dθγ½2πT 0ið∂θχ̃Þ2 − ð∂θχ̃Þ∂tχ̃�; ð19Þ

where γ; T 0 are real parameters, and the i factor in front of
ð∂θχ̃Þ2 together with γ ≥ 0 is required by Eq. (3). The ð∂tχ̃Þ2
term is admissible by symmetry but is excluded by the
condition I½χ; χa ¼ 0� ¼ 0 in Eq. (3) since this term does
not vanish when χ̃ðθ; xÞ ¼ χðtÞ. Evaluating the path inte-
gral (17) at the saddle point under the condition (16) gives

IFD ¼
Z
x;ω

iωγχað−ωÞ
	
χðωÞ þ 1

2
coth

�
ω

2T 0

�
χaðωÞ



: ð20Þ

The action (20) is invariant under the KMS transformation
with T 0 ¼ T. Note that the first term in real spaceR
d4xð−γχa∂tχÞ represents damping, but the second one,

corresponding to Iaa, is nonlocal. This concludes our
construction, where the nonlocal IFD is represented by
the local action (19) in terms of the hidden fields χ̃ obeying
shift symmetry and condition (16). To our knowledge, both
the result and the shift-symmetry-based approach we
employ are new in the literature. Notably, the derivation
of the action (19) is solely based on symmetry, making it
potentially useful in far-from-equilibrium situations.
Our general approach to fluctuations applies to various

cases. For the action (7), identifying A, σ with χ, γ

FIG. 1. Mode structure of the retarded correlation function for
the hybrid model at small values of qτB, showing the hierarchy
between the excitations. The arrow indicates the motion of the
diffusive mode when increasing q.
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respectively yields a complete description of excitations
and fluctuations. Recent efforts [46–48] have incorporated
fluctuations in MC-type theories using local KMS sym-
metry, while fluctuating RTA kinetic theory was similarly
formulated in [49]. Our approach goes beyond them by
remaining valid for general frequencies. In the continuum
limit, our approach matches with the SK action for holo-
graphic theories, which are based on a specific prescription
to select the in-falling wave boundary condition near the
black hole horizon [50–55]. However, our findings arise
from imposing the shift symmetry rather than specific traits
of black holes.
Summary—“Hydrodynamic modes are all alike; every

nonhydrodynamic sector is different in its own way.”
Contrary to this common lore of thermalization in quantum
field theory, we have shown that diverse nonhydrodynamic
excitations—from holographic quasinormal modes to
kinetic quasiparticles and their fluctuations—can be unified
in a local EFT framework by generalizing the concept of
shift symmetry. These symmetries underlie the distinct
analytic structures of different theories and enable the
construction of hybrid models relevant to systems like
the asymptotically free QGP liquid. The restrictive shift-
symmetry constraint notwithstanding, our framework cov-
ers almost all interesting situations discussed in the
literature regarding charge current.
Our Letter is motivated by the apparent importance of

nonhydrodynamic modes in characterizing the thermal-
ization in various physical systems [56–64]. The frame-
work presented here provides the basis for the action
formulation to describe these modes.
Future directions include extension for the energy-

momentum sector [25], non-Abelian symmetries [e.g.,
SU(2) in the context of spin hydrodynamics [65] and spin
kinetic theory [66] ] and higher spin symmetries [67]. All of
these aspects are directly relevant for QCD applications.
Our hybrid model can be further developed in more
complex scenarios that in turn lead to a richer landscape
of nonhydrodynamic excitations [68–70]. Finally, the
applications of our framework to non-Gaussian fluctuations
far from equilibrium are worth exploring [71–74].
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End Matter

On the condition A1;t ¼ 0—Let us now explain the
rationale for imposing A1;t ¼ 0. If instead all An;t,
n ¼ 1;…; K, are dynamical, the EOMs for those
fields, in the homogeneous and static limit, with
Jn;t ≡ f2nΔAn;t, becomes

J1;t ¼ 0; J1;t ¼ J2;t; …; JK−1;t ¼ JK;t ≡ JB;t: ðA1Þ

The second through Kth conditions, Jn−1;t ¼ Jn;t, arise
from varying Aa

n;t, n ¼ 2;…; K. They together imply
J1;t ¼ J2;t ¼ � � � ¼ JK;t ≡ JB;t. The first condition,
J1;t ¼ 0, originates precisely from the EOM for A1;t,
and it forces the background charge density JB;t to
vanish. To allow a finite background charge for a
homogeneous, static state, we must instead hold
A1;t fixed.
Equation (A1) also shows why it is A1;t, and not another

field, that must be fixed. SinceA1;t is the end of the hidden-
sector chain, only this end-point field’s EOM produces
J1;t ¼ 0. As for the value zero (the Dirichlet boundary
condition for the chain), we can always reach it by a time-

dependent shift, since δsA1;t ¼ ∂tλðt; xÞ without changing
the physical observables such as JB;t.

Discussion on the fluctuation-dissipation part of the
action—We detail here the evaluation of action (19) to
obtain (20). Denoting Λ≡ ∂θχ̃, the EOM for χ̃ by
varying (19) reads

i2πT 0
∂θΛ ¼ ∂tΛ: ðB1Þ

In Fourier space, the solution becomes

Λðθ;ωÞ ¼ CðωÞe− ω
2πT0θ: ðB2Þ

The integration constant CðωÞ is fixed by matching to
the boundary condition

Z
2π

0

dθΛ ¼ χ̃ð2πÞ − χ̃ð0Þ ¼ χþðωÞ − χ−ðωÞ ¼ χaðωÞ:

ðB3Þ

Evaluating the integral of the solution (B2) gives
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CðωÞ ¼ ωχaðωÞ
2πT 0ð1 − e−ω=T

0 Þ : ðB4Þ

Upon using the EOM, the on-shell action reduces to the
boundary term, which is identified as

IFD ¼ i2πT 0γ
Z
x;ω

Λχ̃
���θ¼2π

θ¼0
: ðB5Þ

Substituting the on-shell solution for Λ and using
χ� ¼ χr � χa=2, we obtain after straightforward algebra
and relabeling ω → −ω precisely the expression (20)
with the identification T ¼ T 0. Note in the low-
frequency limit, it reduces to the familiar form

IFD ≈ i
Z
x;ω

γχað−ωÞ
h
ωχrðωÞ þ TχaðωÞ

i
: ðB6Þ

Continuum limit and holographic matching of IB—We
derive the continuum limit of IB ¼ IB;a þ IB;aa in the
symmetry-broken case, and demonstrate that it can
be matched to the holographic SK action under the
prescription specified below. We now suppress the
subscript B throughout.
We decompose the full action into a nondissipation (ND)

and a fluctuation-dissipation (FD) part. The nondissipation
part is obtained from Eq. (7) by dropping terms propor-
tional to σn, and factorizes as

IND ¼ I0½Aþ� − I0½A−�; ðC1Þ

where

I0½A� ¼ 1

2

Z
x

XK
n¼1

ðf2nΔA2
n;t−g2nΔA2

nþ ϵnE2
n− κnB2

nÞ: ðC2Þ

To take K → ∞ limit, we introduce the infinitesimal layer
or site spacing Δρ and define rescaled couplings that
remain finite as Δρ → 0,

ðfðρnÞ2; gðρnÞ2Þ ¼ ðf2n; g2nÞΔρ;
ðϵðρnÞ; κðρnÞÞ ¼ ðϵn; κnÞ=Δρ: ðC3Þ

No rescaling is needed for the gauge field: An;μ ¼ AμðρnÞ,
En ¼ EðρnÞ, Bn ¼ BðρnÞ. Through ρn ¼ nΔρþ ρ0, with
ρ0 being the coordinate of the boundary where A1 lives, all
n-dependent couplings and gauge fields become smooth
functions of the fifth-dimensional coordinate ρ. At the same
time the value ofA at ρK precisely gives that of the external
gauge field.
Introducing a 5D gauge field AM ¼ ðAμ; AρÞ via

Δφn ¼ −ΔρAρðρnÞ, the field strength FMN ≡ ∂MAN −
∂NAM leads to the relation ΔAn;μ ¼ FρμðρnÞΔρ. Now

replacing the sum with an integral yields

I0½A� ¼ 1

2

Z
x;ρ

�
f2F2

ρt − g2F2
ρi þ ϵF2

it −
1

2
κF2

ij

�
: ðC4Þ

Equation (C4) is identified with the Yang-Mills action in
4þ 1D bulk spacetime,

I0 ¼ −
1

4

Z
x;ρ

ffiffiffiffiffiffi
−g

p
gMM0

gNN0
FMNFM0N0 : ðC5Þ

Here, the diagonal metric ds2 ¼ −gttdt2 þ giidx2 þ gρρdρ2

is determined by

ffiffiffiffiffiffi
−g

p
gρρgtt ¼ f2ðρÞ; ffiffiffiffiffiffi

−g
p

gρρgii ¼ g2ðρÞ;ffiffiffiffiffiffi
−g

p
giigtt ¼ ϵðρÞ; ffiffiffiffiffiffi

−g
p

giigjj ¼ κðρÞ: ðC6Þ

Hence, the discrete hidden-layer couplings in continuum
limit directly encode an emergent gravitational geometry.
Now we turn to the FD part of the action, which encodes

both dissipation and statistical fluctuations. For definite-
ness, we shall assume that the only nonzero σ1 ¼ σ.
Applying the general expression (19) to the last term in
Eq. (7), we obtain

IFD ¼
Z
x;θ

σ
h
2πTið∂θÃÞ2 − ð∂θÃÞ · ∂tÃ

i
: ðC7Þ

Finally, we demonstrate that the action (C4) together with
(C7) can be matched to the holographic description of
gauge plasma. According to the holographic prescription
for the thermal system, the metric has to have a horizon at
ρ0. So it is convenient to consider the ingoing Eddington-
Finkelstein (EF) coordinate v, where

dv ¼ dtþ
ffiffiffiffiffiffiffi
gρρ
gtt

r
dρ; ðC8Þ

and the metric takes the form

ds2 ¼ −gttdv2 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
gttgρρ

p
dvdρþ giidx2: ðC9Þ

For illustrative purpose, we focus on the part of the action
that depends on A and will consider the situation that A
has no spatial dependence. The relevant action in EF
coordinates then takes the form

I0½A� ¼ 1

2

Z
x;v;ρ

ffiffiffiffiffiffi
−g

p 	
−

2giiffiffiffiffiffiffiffiffiffiffiffigttgρρ
p FviFρi −

gii

gρρ
ðFρiÞ2



:

ðC10Þ

Near the horizon, the metric functions behave universally
as
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gtt ≈ ctðρ − ρ0Þ; gρρ ≈
cρ

ρ − ρ0
; ðC11Þ

where ct, cρ are constants. Particularly, the Hawking
temperature is given by 4πT ¼ ffiffiffiffiffiffiffiffiffiffiffi

ct=cρ
p

. The near-horizon
action now reads

I0½A� ¼−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
giiðρ0Þ

q Z
v;ρ

∂vA ·∂ρAþ2πTðρ−ρ0Þð∂ρAÞ2:

ðC12Þ

To make a connection to the action (C7), we consider action
(C12) for the field lives on a small circle in ρ space
and is parametrized by θ: ρ − ρ0 ¼ reiθ for an infinitesimal
r. The radial derivative and measure become ∂ρ ¼
−ði=rÞe−iθ∂θ; dρ ¼ ireiθdθ, and the action (C12) indeed
reduces to the action (C7) with σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
giiðρ0Þ

p
if we further

identify t in (C7) with time in EF-coordinate v. This
identification, though, looks quite natural.
To complete the matching, we still need to impose the

boundary in accordance with Eq. (16),

Ãðθ ¼ 0Þ ¼ A−; Ãðθ ¼ 2πÞ ¼ Aþ: ðC13Þ

This boundary condition has the following interpretation
for the full action in the continuum limit,

IB ¼ I0½Aþ� − I0½A−� þ IFD½Ã�; ðC14Þ

for the complexified contour as illustrated in Fig. 2. The
contour consists of two parallel paths connecting ρK and ρ0,
and the fields on the first and second legs are represented by
A− andAþ, respectively. Meanwhile, the field on the circle
that connects two legs is denoted by Ã, as we have just
demonstrated. It is now straightforward to verify that this
action is equivalent to the holographic SK action defined on
the contour in Ref. [52].

FIG. 2. Illustration of the SK contour.
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