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We derive a universal thermodynamic uncertainty relation for fermionic coherent transport, which
bounds the total rate of entropy production in terms of the mean and fluctuations of a single particle current.
This bound holds for any multiterminal geometry and arbitrary chemical and thermal biases, as long as no
external magnetic fields are applied. It can further be saturated in two-terminal settings with boxcar-shaped
transmission functions and reduces to its classical counterpart in linear response. Upon insertion of a
numerical factor, our bound also extends to systems with broken time-reversal symmetry. As an
application, we derive trade-off relations between the figures of merit of coherent thermoelectric heat
engines and refrigerators, which show that such devices can attain ideal efficiency only at vanishing mean
power or diverging power fluctuations. To illustrate our results, we work out a model of a coherent

conductor consisting of a chain of quantum dots.
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Thermodynamic uncertainty relations have emerged as
some of the most powerful tools in stochastic thermody-
namics. Going beyond the second law, they provide strictly
positive lower bounds on the entropy production of
thermodynamic processes in micro- and nanoscale systems,
which are universal within well-defined settings, hold
arbitrarily far from equilibrium, and depend solely on
the mean and fluctuations of a single current [1-3].
These bounds have profound conceptual and practical
implications. For instance, they give rise to trade-off
relations between the figures of merit of steady-state heat
engines and refrigerators, which show that such devices
cannot reach ideal efficiency unless their power vanishes or
the fluctuations of their input or output diverge [4]. At the
same time, thermodynamic uncertainty relations can be
used to estimate the dissipation incurred by small-scale
systems, even when only a fraction of their degrees of
freedom is observable, a strategy known as thermodynamic
inference [1-3]. The prototype of all thermodynamic
uncertainty relations,
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applies to time-homogeneous Markov jump processes,
where o is the total rate of entropy production, J and S
are the mean and fluctuations of an arbitrary current and kg
denotes Boltzmann’s constant [5,6]. Since its discovery,
wide-ranging generalizations and variations of this result
have been derived in classical settings, including extensions
to systems driven by time-dependent control parameters
[7.8], kinetic uncertainty relations [9-12], and fluctuation-
response inequalities [13—16]. Beyond the classical realm,
however, the picture is less complete. Although significant
efforts were made to close this gap—see, for instance,
Refs. [17-29]—quantum thermodynamic uncertainty rela-
tions with a similar degree of universality and practical
relevance as their classical counterparts are still relatively
scarce.

Coherent conductors offer an appealing platform to
revisit this problem. These systems consist of small
samples exchanging transport carriers, which can be either
actual particles or quasiparticle excitations, with multiple
thermochemical reservoirs. If the mean free path of these
carriers is sufficiently long, they traverse the sample with-
out undergoing dephasing, inelastic collisions or inter-
actions with each other; see Fig. 1. Under these conditions,
which can be realized in experiments with semiconductor
nanostructures [30-33], atomic junctions [34—37], or ultra-
cold atomic gases [38—41], the resulting transport process
admits a simple and physically transparent description in
terms of single-particle scattering amplitudes [42-44].
Using this formalism, it was shown early on that Eq. (1)
remains valid for Bosonic carriers [45]. In fermionic
systems, however, a combination of energy filtering and
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FIG. 1. Top: chain of N quantum dots in the coherent-tunneling
regime. Carriers are exchanged between the reservoirs 1 and 2
through delocalized scattering states. If the inter-dot hopping
energies f; and the system-reservoir coupling I' are chosen
according to Eq. (24), the transmission function 7 5 is given
by Eq. (25). This function is plotted here for w = kg7/2 and
approaches a boxcar shape in the limit N — oo. Bottom: the
classical uncertainty coefficient Q,,, defined in Eq. (1), becomes
arbitrarily small for sufficiently large chemical biases F and
numbers of dots N. By contrast, the quantum uncertainty
coefficient Q,, defined in Eq. (2), satisfies Qy, > 1 for any
F and N. For both plots, we choose the temperatures and
chemical potentials of the reservoirs as 7Ty =T, =T and
i =pu+TF)2, pp=p—TF/2.

Pauli blocking can lead to an exponential suppression of
current fluctuations in the chemical bias, and thus to
arbitrary strong violations of the classical relation (1)
[45-50]; see Fig. 1. Following this observation, various
relations between dissipation, current fluctuations, and
other quantities have been established for fermionic coher-
ent transport in the recent literature [51-56]. Still, the
question whether there exists a universal thermodynamic
uncertainty relation for this class of systems that involves
the same quantities as its classical counterpart and provides
practically relevant bounds on entropy production remains
open so far. To help close this gap, we here derive the
relation

where J, and S, are the mean and fluctuations of the
particle current that enters the sample from the reservoir a,
and o denotes the total rate of entropy production. This
bound is our first key result. It holds for any geometry and
potential landscape of the sample and arbitrary chemical
and thermal biases, as long as the microdynamics of the
system are symmetric under time reversal. It is further tight,

since saturation can be achieved, at least in principle, in a
two-terminal conductor with a narrow, boxcar-shaped
transmission function; see Fig. 1.

Four general remarks are in order before we move on to
more technical aspects. First, we stress that, despite some
formal similarity, Eq. (2), differs qualitatively from earlier
thermodynamic uncertainty relations that were derived
from fluctuation theorems [57-60]. The latter relations
involve nonlinear functions of an accumulated entropy
production, which becomes arbitrarily large at long times;
they therefore provide meaningful constraints usually only
for transient processes. By contrast, Eq. (2) bounds the rate
of entropy production in a steady state, which is indepen-
dent of time. Second, while Eq. (2) is derived here within
the framework of coherent transport, it still applies
in situations where incoherent or inelastic scattering
events and interactions between carriers can be described
effectively through probe terminals, i.e., virtual reservoirs
whose intensive parameters are adjusted such that they do
not exchange any heat or particles with the system on
average [61]; the same approach can also be applied to
mimic sources and sinks of energy inside the sample such
as lattice vibrations in solid-state systems. We therefore
expect the bound (2) to be robust against moderate
dephasing, internal dissipation, and carrier interactions.
Third, close to equilibrium, the particle and heat currents
entering the sample, J, and Q,, become linear functions of
the affinities F, = (u, —p)/T and A, =1/T-1/T,,
where pu, and T, denote the chemical potential and
temperature of the reservoir @, and u and T are the
corresponding reference values. The rate of entropy pro-
duction, 6 =Y, FoJ, + A, Q.. thus assumes a quadratic
dependence on the affinities. Hence, if F, and A, are
sufficiently small, the hyperbolic sine in Eq. (2) can be
replaced with its linear approximation. As a result, we
recover the classical relation (1). This observation shows
that violations of the bound (1) can occur only beyond the
linear-response regime. Finally, we note that the bound (2)
becomes an equality for an isothermal two-terminal system
with a narrow boxcar-shaped transmission function cen-
tered between the chemical potentials of the reservoirs, as
was observed in Ref. [46].

To derive the relation (2) and to discuss its implications
quantitatively, we briefly review the scattering approach to
coherent transport, where we focus on fermionic systems
throughout. The mean particle and heat currents that enter
the sample through the terminal a are given by the
Landauer-Biittiker formulas
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where & denotes Planck’s constant and

1
Tt = T expl(E — o) kaT] )

is the Fermi function of the reservoir a [42-44]. The
properties of the sample are encoded in the transmission
functions and matrices,

T¢ =u[TY] and TY =SYSY).  (6)

where the scattering matrix S%ﬂ contains the amplitudes for
coherent transitions of a single particle with energy E from
the reservoir f to the reservoir «; the trace in the formula for
T %ﬂ indicates summation over all transport channels. The
fluctuations of the particle currents can be divided into
thermal and a shot-noise contributions, S, = S% + SN,
which are given by

1 [ «
st= [TaES T+ ), )
0 pta
1 Q) (04
st = | TaESRTITIL -1 ®)
Pr

with g%ﬂ = f%(1 f/,i-) [42—44]. Since no dissipative proc-
esses occur inside a coherent conductor, entropy is gen-
erated only in the reservoirs. The total rate of entropy
production thus becomes

0 = _ZQa/Ta' <9)

This expression can be rewritten in terms of transmission
and Fermi functions by inserting the formula (3). Assuming
that 7% = 7% it is then easy to show that

k
022 [TaEY TP (g -yl /) (10)
0 pa

for any given a [62]. The right-hand side of this inequality
can be related to the thermal noise (7) as follows. We first
introduce the new variables

X7 = (fo - 1)/ 200 gl (11)
and rewrite Eq. (10) as
4 o0 |
o2 ®2 [TaES TP texy] (12
0 p#a

with ®[x] = x - arsinh[x] = x - In[x + [1 + x?]2]. Since this
function is convex, we have

o[Xy] > O[X] + ¥'[X](XY - X) (13)

for any real X. We now insert this bound into Eq. (12),
where we set

J 1
X — a , Na _
2N, /

such that the term proportional to the derivative @' of ®
vanishes. As a result, we obtain the inequality

dEY TY (gl (14)

f#a

o > 2kgJ arsinh[J,/2N,]. (15)

To eliminate N,, we note that 2N, < ST < S, where the
first bound follows by comparing the Eqgs. (7) and (14) and
using the arithmetic-geometric mean inequality, and the
second one by recalling that S" = S, — S > 0. Thus,
since the inverse hyperbolic sine is antisymmetric and
monotonically increasing, the bound (15) remains valid
after replacing 2N, with S,, which leads to Eq. (2).

The above derivation uses the relation 7° };ﬂ =T é",
which holds in general only if the microdynamics
of the system are symmetric under time reversal [42-44].
If this symmetry is broken, for instance due to an external
magnetic field, the bound (2) is no longer applicable.
As our second key result, we find that this restriction
can be removed by introducing a numerical factor. Upon

replacing the symmetry 7% = 7% with the sum rules
YT e YT Pz which reflect the principle of current
conservation and hold regardless of how the system
behaves under time reversal [42-44], we obtain the bound

> 1 (16)

—Zsinh [
Ja l//OkBJa

with y ~ 0.85246 > 17/20 [62,63]. This bound applies to
any coherent conductor, including systems with chiral
quantum Hall edge states, which are commonly used to
engineer mesoscopic devices [64—69].

As one of their main applications, thermodynamic
uncertainty relations make it possible to quantitatively
describe the trade-off between different figures of merit
of small-scale thermal machines [4]. To show how such
devices can be implemented with coherent conductors, we
consider a two-terminal setup with 7} > T, and p; < p,. If
J; > 0, this system acts as a thermoelectric heat engine
with power output P = (u, —u;)J; and efficiency
n=P/Q, <nc, where 5nc=1-T,/T, denotes the
Carnot bound. Alternatively, for O, > 0, the system forms
a thermoelectric refrigerator with output Q = Q, and
efficiency, or coefficient of performance, e = —Q/P < ec,
where ec = T,/(T; — T»). In both cases, the output of the
device and its thermodynamic efficiency are constrained
by the relation (2), which applies to any two-terminal
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conductor, since the sum rules 3, TY = >p T5 imply
T2 =T2 =T if a and B take only two values.
Specifically, upon inserting the expression (9) for the rate
of entropy production ¢ and the first law P = Q; + Q,, we
obtain the trade-off relations

S . (ﬂc =) (U2 — 1)
OHE — P smh[ >1, (17
K P(ﬂz —ﬂl) 2kgTHn ( )
Spe [ (ec — &) (2 — 1)
ORF — P smh[ >1, (18
d Oz — 1) 2kgT ec (18)

for heat engines and refrigerators, respectively, where the
power fluctuations Sp = (i, — u;)*S; enter as a third
figure of merit. These relations show, like their classical
counterparts [4],

HE 1 SP(WC —'7)

= > 1, 19

¢ 2T,  Pp T (19)

R _ 1 Spg(ec—e)zl’ (20)
2kg T Qec

which follow directly from the classical thermodynamic
uncertainty relation (1), that operation at ideal efficiency,
i.e.,1] = ¢ Or € = &, is possible only with either vanishing
output or diverging power fluctuations. At the same time,
the bounds (17) and (18) can be rearranged as

l’]/ﬂcSl/(l-f-TzX) and €/€CS1+T1X, (21)
where the parameter X = 2kg - arsinh[J,/S;]/ (42 — 1)
depends only on the mean J; and fluctuations S of the
particle current, and the intensive properties of the reser-
voirs. The relations (21) thus make it possible to estimate
the efficiency of thermal machines without measuring any
heat currents, which is often difficult in practice.

With these insights, which constitute our third main
result, we conclude the general part of this Letter and move
on to the specific setup of Fig. 1. The key feature of this
system is that its transmission function can be tuned to
approximate a boxcar function. Such transmission profiles
have been shown earlier to maximize the performance of
coherent thermoelectric devices [70-73], while at the same
time leading to strong violations of the classical thermo-
dynamic uncertainty relation (1) [48,50]. To realize these
effects in an experimentally relevant setting, chains of
quantum dots provide a natural starting point [74—80]. The
basic idea here is to generate a band-structured trans-
mission spectrum with sharply bounded transmission
windows through a spatially periodic scattering potential.
In addition, the couplings between the dots need to be fine-
tuned to suppress oscillations of the transmission function,
which appear generically for finite chains and can lead to

large shot-noise contributions enhancing the overall current
fluctuations [48,71].

To find a suitable tunneling profile, we assume that the
coupling strength I' between conductor and reservoirs and
the internal hopping constants ¢; are energy independent.
The transmission function of the chain is then given by the
formula [71]

Ty =AT*[(N|[E = Hegr] 7' |1) 2. (22)

For a chain with nearest-neighbor hopping, the effective
single-particle Hamiltonian takes the form

N-1
Heg = > 1;V; —il[1)(1] = iT|N)(N| (23)
j=1

with the tunneling operator V; = [j)(j + 1] + |j + 1){j]
and |j) being the quantum state, where the particle is
localized at the dot j. With these prerequisites it is now in
principle possible to optimize the parameters I" and 7; with
respect to some given objective function. Rather than
delving into the intricacies of such optimization problems,
which have been considered in Ref. [48], we here make the
ansatz

iF:toth,

f=ty_ :% [sin[(zj ;Vl)”] sin {(2]' 2_1\/1)””_%’ (24)

which leads to [81]

1

Tpm—— .
71+ QE/w)N

(25)

This transmission function indeed converges to a boxcar
function of width w in the limit N — oo. The plots of Fig. 1
show that this approach is accompanied by increasingly
strong violations of the classical bound (1), while the
quantum bound (2) is practically saturated over an increas-
ingly large range of chemical biases. Figure 2 illustrates the
performance of the quantum dot chain as a thermoelectric
refrigerator, where two main observations stand out. First,
the bound (21) provides a loose but non-trivial estimate of
the efficiency of the device for a significant range of model
parameters. Second, the classical trade-off relation (20) can
be violated for sufficiently small temperature gradients and
N > 4 dots. To understand why these violations are small,
we recall that the temperatures of the reservoirs are encoded
in the broadening of their Fermi functions. To generate a
strong thermoelectric response, and thus positive cooling
power, the chemical potentials must be tuned such that both
Fermi edges overlap with the transmission window, which
leads to significant thermal noise. This situation differs
qualitatively from the setting of Fig. 1, where the Fermi
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FIG. 2. Chain of quantum dots as a coherent refrigerator. Top
left: Solid lines show the normalized efficiency &/¢¢ as a function
of the temperature ratio 7', /T, for different numbers N of dots;
dashed lines indicate the corresponding heat current Q in units of
Qo = (kgT,)*/10h. Top right: normalized efficiency plotted
against its estimated value from mean and fluctuations of the
particle current J; for 7';/T, varying between 1 and 8. The
shaded area indicates the bound (21). Bottom: the classical trade-
off coefficient QRF, defined in Eq. (20), falls below 1 for N > 4
and sufficiently small temperature ratios, while its quantum
counterpart O, defined in Eq. (18), remains larger than 1
throughout. For all plots, we have set u; =—-2kgT},
uy = —kgT,/5, w=kgT,/2 and varied T, while keeping T,
fixed.

energies of both reservoirs are far outside the transmission
window and thermal noise is strongly suppressed as a
result. Nonetheless, the fact that the classical trade-off
relations (19) and (20) can be violated shows that coherent
thermal devices can offer a thermodynamic advantage over
their classical counterparts. We leave it to future research to
establish whether stronger violations of the classical
relations (19) and (20) can be achieved in more elaborate
models and experimentally relevant systems, and whether
their quantum counterparts (17) and (18) can be strength-
ened by taking into account further practical constraints.
From a more general perspective, it remains to be seen
whether the bounds (2) and (16) can be extended to energy
or heat fluxes, which would require either structural
changes or the incorporation of at least one additional
parameter to account for the physical dimension of these
quantities. It would further be interesting to explore
whether the approach developed here can be adapted to
coherent conductors that are subject to time-dependent
driving fields [21,82], or involve superconducting junc-
tions, which have recently been pointed out as an alter-
native means to overcome classical thermodynamic
uncertainty relations [83]. Finally, we hope that the present

Letter will encourage experimenters to test our theory and
to prove that classical thermodynamic uncertainty relations
can indeed be overcome with coherent conductors.
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