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We use lattice QCD calculations of the finite-volume spectra of systems of two and three mesons to
determine, for the first time, three-particle scattering amplitudes with physical quark masses. Our results are
for combinations of πþ and Kþ, at a lattice spacing a ¼ 0.063 fm, and in the isospin-symmetric limit. We
also obtain accurate results for maximal-isospin two-meson amplitudes, with those for πþKþ and 2Kþ

being the first determinations at the physical point. Dense lattice spectra are obtained using the stochastic
Laplacian-Heaviside method, and the analysis leading to scattering amplitudes is done using the relativistic
finite-volume formalism. Results are compared to chiral perturbation theory and to phenomenological fits
to experimental data, finding good agreement.
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Introduction—Predicting the properties and interactions
of hadrons directly from quantum chromodynamics (QCD)
is a formidable challenge with far-reaching implications—
from the emergence of nuclear forces and the existence of
exotic hadrons to precision tests of the standard model
through hadronic decays. Although quark models [1] and
effective field theory approaches [2,3] have provided signi-
ficant insights, first-principles lattice QCD (LQCD) calcu-
lations have matured to the point that many questions about
hadron dynamics can be addressed quantitatively [4–10].
Existing LQCD calculations of multihadron processes have

predominantly focused on two-particle decay channels and
often used quark masses heavier than their physical values.
By reducing the quark masses and incorporating decay modes
involving more than two hadrons, it is possible to explore
well-known three-pion resonances such as the ωð782Þ and
a1ð1260Þ, exotic tetraquarks such as Tcc → DDπ, the
enigmatic Roper resonance, Nð1440Þ → Nπ þ Nππ, and
even three-nucleon forces. The successful development of
three-body tools for LQCD calculations [11–45] has trans-
formed these aspirations into a practical reality [46–64].
Three-body calculations from LQCD have addressed

increasingly complicated systems over the last decade.

We highlight three milestones from this active field. First,
the determination and analysis of a large number of 2πþ
and 3πþ levels atMπ ≈ 200 MeV, showing the capabilities
of LQCD techniques [51,52,54]. Second, the calculation by
the HadSpec Collaboration of the 3πþ → 3πþ scattering
amplitude with JP ¼ 0− atMπ ¼ 391 MeV [56], providing
the first end-to-end application of the three-particle for-
malism. Third, the first constraints on the properties of
three-particle resonances, specifically the width and mass
of the ωð782Þ [63]. In this Letter, we present the results
of a further benchmark calculation, namely that of three-
meson scattering amplitudes at physical quark masses.
Furthermore, in addition to the dominant JP ¼ 0− ampli-
tudes, we also determine for the first time those with
JP ¼ 1þ and 2−.
Although our ultimate goal are three-particle resonances,

we first consider nonresonant systems in order to work at
physical quark masses, and examine all three-particle
combinations of πþ and Kþ. The absence of resonances
in these maximal-isospin systems simplifies the LQCD
calculations (no quark annihilation contractions) and the
finite-volume analysis (finite-volume spectrum close to the
noninteracting case), and enables comparisons with chiral
perturbation theory (ChPT).
A byproduct of three-body calculations is that they

constrain the two-body amplitudes contributing via pair-
wise rescattering processes. Consequently, we accurately
determine the two-particle amplitudes in maximal-isospin
channels—2πþ, πþKþ, and 2Kþ—the latter two computed
for the first time with physical quark masses. When
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possible, we compare these two-meson amplitudes with
phenomenological analyses of experimental data.
This Letter is released in parallel with a companion

article with all the details of the calculations [65]. Here, we
present the highlights and an outline of the methods.
Scattering amplitudes from lattice QCD—LQCD calcu-

lations are carried out in Euclidean spacetime and in finite
volumes. This complicates the extraction of scattering
amplitudes, which are real-time infinite-volume observ-
ables. The finite-volume formalism provides the necessary
connection, converting one set of physical quantities—
finite-volume energy levels—into another—the desired
scattering amplitudes [66].
In a finite volume with periodic boundary conditions,

stationary energies deviate from the noninteracting case
due to multihadron interactions. Intuitively, particles in a
large but finite box are mostly separate, but undergo
pairwise and triplet scatterings that shift the energy away
from its free value. Although all partial waves contribute to
this shift, higher waves are suppressed in a threshold
expansion, leading to a solvable inverse problem.
Energies are extracted from Euclidean correlation func-

tions using a large set of operators with the system’s quan-
tum numbers. The resulting matrix of correlation functions
is analyzed as a generalized eigenvalue problem [67].
Energies are obtained from the Euclidean-time dependence
of the generalized eigenvalues.
The first step in the finite-volume formalism employs

two- and three-particle quantization conditions (QC2 and
QC3). They describe all power-law 1=Ln finite volume
effects, and are valid only up to corrections suppressed by
expð−MπLÞ. They are expressed as

detΦn

�
FnðE�

n;P; LÞ−1 þKnðE�
nÞ
� ¼ 0; ð1Þ

with n ¼ 2 (n ¼ 3) corresponding to QC2 (QC3). These
QCs depend on the total center of mass (c.m.) energy E�

n
of the n-body system, the total momentum P, and the box
size L. Each solution to the QCs corresponds to a finite-
volume energy level. In the QC2, K2 is the two-particle K
matrix, an infinite-volume quantity that is related to the
two-particle scattering amplitude, M2. F2 is a known
finite-volume geometric function. In the QC3, K3 is a
three-particle K matrix describing short-range three-body
interactions, and F3 is a known matrix that incorporates
kinematic effects and two-particle interactions via K2. The
determinant is taken over indices, Φn, that characterize the
n-body state at fixed energy: two-body partial waves for
the QC2, and pair partial waves as well as the finite-volume
momentum, p, and flavor of the third, “spectator,” particle
for the QC3. The matrices in the QCs are finite because we
keep only two-body interactions up to a highest partial
wave, l ≤ lmax, and, in the QC3, a cutoff in spectator
momentum, p ≤ pmax. The latter condition defines a
scheme for K3, which is an unphysical intermediate object.

In order to constrain K2 and K3, simple parametrizations
of their kinematic dependence must be assumed. K2 is
parametrized as an expansion about threshold, using the
standard effective-range expansion (2Kþ) or a form incor-
porating the Adler zero (2πþ and πþKþ) [68]. These forms
are truncated, and in practice involve 2–4 parameters.
Partial waves beyond l > 2 are assumed to vanish.
Similarly, K3 is parametrized by a generalized threshold
expansion, using a truncation consistent with that of K2

[25], and also includes 2–4 parameters.
For the systems studied here, the QCs are valid below the

first inelastic threshold, i.e., the c.m. energy at which more
than two (for the QC2) or three (for the QC3) particles can
be on shell. For 2πþ and 3πþ the first inelastic threshold
corresponds to adding two pions due to G parity. For all
other systems with at least one kaon, the inelastic threshold
is obtained by adding a pion. We restrict our fits to the
regions of validity, although we find that the QCs work well
for some range above.
The second step in the finite-volume formalism involves

using the K matrices as input into integral equations whose
solutions are the various three-particle amplitudes, M3

[16,34]. These equations produce amplitudes that auto-
matically satisfy unitarity [26,69]. They are solved as in
Refs. [70–73], with results discussed below.
LQCD details—We use the Nf ¼ 2þ 1 CLS LQCD

ensembles [74] listed in Table I, with nonperturbatively
OðaÞ-improved Wilson fermions and the tree-level
Oða2Þ-improved Lüscher-Weisz gauge action. These have
a fixed lattice spacing, a ≃ 0.063 fm, isospin symmetry
(mu ¼ md ≡ml), and lie on trajectory with constant
2ml þms. The main results of this Letter use the E250
ensemble, which has approximately physical pion and kaon
masses. We neglect the slight mistuning of the quark masses
and treat them as physical. All ensembles have MπL > 4,
leading to small exponentially suppressed effects.
Energy levels are obtained for 2πþ; πþKþ; 2Kþ; 3πþ;

2πþKþ; 2Kþπþ, and 3Kþ channels, using several fitting
approaches and two independent analyses. Correlated
errors are obtained using the jackknife method. The levels
are fit using the QC2 and QC3 to determine the K-matrix
parameters. Details of our most extensive fits are given in
Table II, all of which have a χ2 per degree of freedom
(d.o.f.) lower than 2.

TABLE I. Key parameters for ensembles used in this Letter.
Ncfg is the number of gauge configurations.

ðL=aÞ3 × ðLt=aÞ Mπ [MeV] MK [MeV] MπL Ncfg

E250 963 × 192 130 500 4.05 505
D200 643 × 128 200 480 4.20 2000
N200 483 × 128 280 460 4.42 1712
N203 483 × 128 340 440 5.41 771
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Two-meson phase shifts—Our most accurate results are
for the two-particle phase shifts. These are obtained from
combined correlated fits to two- and three-particle spectra,
leading to smaller errors than fits to the two-particle spectra
alone. Both 2Kþ and πþKþ have been explored directly at
the physical point for the first time, while the 2πþ system
was previously explored in Ref. [55].
In Fig. 1, we show the resulting phase shifts for the

lowest two partial waves. To illustrate the range of energy
levels that contribute, we display the results that would be
obtained were one to keep only the dominant partial wave
contributing to each energy level. In this approximation,
there is a one-to-one relation between each energy and the
phase shift. The curves are not fits to these points, but
include much more information.
As can be seen, we obtain results with small errors for the

s-wave phase shifts, while those for the higher waves are
consistent with zero within small errors, with some indi-
cation for a repulsive interaction in the 2Kþ case. For 2πþ
and πþKþ, we can compare our results to those obtained
using dispersive fits to the experimental data [75,76]. We
find results that are consistent within errors, and note that
our errors are comparable in size. For the 2Kþ channel,
there is no “experimental” result available, so our result is a
first-principles prediction.

Three-meson amplitudes—Having constrained K2 and
K3 from LQCD energies, we solve the integral equations to
obtain elastic three-meson scattering amplitudes. We
decompose the three-meson amplitude in partial waves

M3ðfpg; fkgÞ ¼
X

J

MJ
3ðfpg; fkgÞ; ð2Þ

where fkg and fpg represent the set of three initial and final
momenta, respectively. We study fixed-J amplitudes, MJ

3,
which depend on eight independent variables after con-
sidering Poincaré invariance. To obtain a two-dimensional
representation, we impose additional constraints by fixing
certain relative orientations among the momenta—a proc-
ess we refer to as “choosing a kinematic configuration.”
We show our chosen kinematic configuration in Fig. 2.

Both the incoming and outgoing momenta lie in the same
plane. Each momentum lies along the bisector of a triangle:
an equilateral triangle for the incoming momenta, and an
isosceles triangle for the outgoing. The angle θ22 specifies

TABLE II. Examples of fits. Particle charges are omitted.

Channels No. levels No. parameters χ2=d:o:f:

2π þ 3π 34þ 32 6 1.14
2π þ πK þ 2πK 24þ 25þ 23 9 1.23
2K þ πK þ 2Kπ 25þ 40þ 50 10 1.95
2K þ 3K 40þ 53 6 1.49

FIG. 1. LQCD results for physical two-meson scattering phase shifts as a function of scattering momentum, k, in the lowest two partial
waves for each system. Errors are statistical. Dispersive results [75,76] are also shown. The vertical dashed lines indicate the inelastic
threshold, above which the analysis breaks down. The “data points” are explained in the text.

FIG. 2. Kinematic configuration used in this Letter.
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the relative orientation between the incoming and outgoing
triangles, while the angle α is measured between the two
outgoing momenta of equal length (α ¼ 120° recovers an
outgoing equilateral triangle).

The panels of Fig. 3 shows the squared amplitude in
three different partial waves for the 2Kþπþ system as a
function of either E, α, or θ22 while fixing the remaining
two variables. Several features can be observed. First, when
considered as functions of the E, all amplitudes diverge at
threshold due to one-particle exchange between two pair-
wise scatterings, an effect dominating all solutions of three-
body integral equations. Second, the dependence of the
definite-J amplitudes on α reveals logarithmic singularities
(rounded into cusps by numerical approximations) pre-
cisely at the transition point where on-shell one-particle
exchanges become kinematically allowed. Third, the θ22
dependence is flat for J ¼ 0 and exhibits the expected
periodicity for J ¼ 1 and 2.
Quark mass dependence—The quark mass dependence

of the three-meson systems is investigated in Fig. 4.
Because of the normalization by the pion mass, all
amplitudes become smaller as the pion mass is reduced.
However, amplitudes involving pions contain an additional
suppression, consistent with expectations from ChPT.
Given the lack of experimental results for such systems,

the only source of guidance comes from effective theories,
specifically ChPT. We plot the next-to-leading-order ChPT
result for the 3πþ system, obtained by applying the inverse
amplitude method [77] and the three-body integral equa-
tions to the results of Refs. [78–81], and compare it to
the LQCD results. As can be seen, better agreement is
observed for lower pion masses and closer to threshold,
which is consistent with the power counting of the chiral
expansion.

FIG. 3. Squared magnitude of the 2Kþπþ amplitude for angular
momentum J ¼ 0, 1, 2 as a function of three kinematic variables.
From top to bottom: E dependence for θ22 ¼ 0 and α ¼ 120°; α
dependence for E ¼ 2ðMK þMπÞ and θ22 ¼ 0; θ22 dependence
for E ¼ 2ðMK þMπÞ and α ¼ 120°.

FIG. 4. JP ¼ 0− three-meson scattering amplitude squared as a function of the energy difference to threshold for different systems and
ensembles. Incoming and outgoing momenta are both chosen to lie in an equilateral triangle configuration. Results are independent of
θ22. Next-to-leading-order ChPT predictions are shown for the three-pion system. The dashed vertical gray lines indicate the lowest
inelastic threshold. For 3π, this is beyond the plotted region.

PHYSICAL REVIEW LETTERS 135, 021903 (2025)

021903-4



Conclusions—We have demonstrated that LQCD calcu-
lations have reached a stage where physical-point three-
particle scattering amplitudes can be determined, both in
the lowest and higher waves. LQCD thus provides a
complementary tool in the study of resonances—accessing
direct three-to-three scattering processes, while experimen-
tal measurements are necessarily less direct.
Given the success of three-hadron studies directly at the

physical point, next steps will involve improved control of
systematic uncertainties and studies of more complex
systems with resonances or baryons.
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