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We present a tangent-space Krylov method for efficient computation of zero-temperature real-frequency
spectral functions on top of ground-state matrix product states obtained from the density matrix
renormalization group. It relies on projecting the Hamiltonian to the tangent space of the ground-state
matrix product states, where resolvents can be efficiently represented using Krylov space techniques. This
enables direct computations of excitation energies and the corresponding spectral weights. We demonstrate
the accuracy and efficiency of the tangent-space Krylov approach by showcasing spectral data for various
models. These include the 1D Haldane-Shastry and Heisenberg models as benchmarks. As an interesting
application, we study the Hubbard model on a cylinder at half filling, augmented by a density-assisted
hopping (DAH) term. We find that DAH leads to particle-hole asymmetric single-particle mobilities and
lifetimes in the resulting Mott insulator, and identify the responsible scattering processes. Furthermore, we
find that DAH influences the dispersion of Green’s function zeros beyond its range, which has a frustrating
effect on the Mott insulator studied here.
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Introduction—Numerical methods based on matrix prod-
uct states (MPSs) form a robust toolbox for studying
strongly correlated systems. A prime example is the density
matrix renormalization group (DMRG) [1,2] for ground-
state searches. Numerous MPS tools are also available
for computing ground-state dynamical correlators of the
form S½Ok�ðωÞ ¼

R
dteiωthΨkð0ÞjΨkðtÞi, with jΨkðtÞi ¼

e−iðH−EgÞtOkjΨgi, relevant for experiments that probe
dynamical properties. One strategy is to time-evolve
jΨkðtÞi explicitly [3–10], but the inevitable growth of
entanglement makes it difficult to reach the long times
needed to access low frequencies. In a sense, when
computing jΨkðtÞi in full generality one works harder
than necessary since only its overlap with jΨkð0Þi is
required.
An alternative strategy is to compute dynamical corre-

lators directly in frequency space [11–19], where

S½Ok�ðωÞ ¼ hΨgjO†
kδðω −H þ EgÞOkjΨgi: ð1Þ

An early approach, due to Hallberg [20], employed a
Lanczos-based [21] continued fraction expansion. It

motivated further work [22–25] on formulating a
Lanczos scheme in the MPS context—a task that proves
challenging due to structural limitations. The core steps of
any Lanczos implementation are applying the Hamiltonian
to a quantum state, then orthogonalizing the result against
other states. In the MPS framework, these steps increase the
bond dimension and leave the manifold of MPSs of fixed
bond dimension, which lacks a vector-space structure. To
keep computational costs manageable, they must therefore
be followed by compression. This introduces truncation
errors that accumulate over iterations, leading to a global
loss of orthogonality and convergence issues. These can be
mitigated by reorthogonalization [23] or restarting proce-
dures [24].
In this Letter, we introduce a novel tangent-space Krylov

(TaSK) method, which restricts computations to the tangent
space of the MPS manifold at the ground state, instead of
the MPS manifold itself. Since the former has a vector-
space structure, it enables us to formulate a Lanczos
scheme devoid of orthogonality issues. Our approach uses
a direct finite-size MPS adaptation [26,27] of the quasi-
particle ansatz [28–35], which has been successfully
employed to compute spectral functions on top of uniform
MPSs. We further establish the two-site energy variance
[27,36] as a novel means to estimate the projection errors
due to the tangent space restriction.
We benchmark TaSK on the Haldane-Shastry and

Heisenberg chains, finding excellent agreement with ana-
lytical results for the dynamical structure factor. As a
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challenging application offering new physical insight, we
consider the Hubbard model on a cylinder, augmented by a
density-assisted hopping (DAH) term [37–47]. The spectral
functions and self-energies obtained for the Mott insulating
phase exhibit strong particle-hole asymmetry, which is
absent in a Hartree-Fock treatment of DAH. We identify
scattering processes causing the mobility and lifetime
asymmetries and find an emergent next-nearest-neighbor
contribution to the Mott-pole dispersion.
Method—Consider a Hamiltonian H of an L -site

system, represented as a matrix product operator,

ð2Þ

Here, d denotes the dimension of the local Hilbert space
and w the dimension of the internal virtual bond. Its
ground-state wave function Ψg, found, e.g., via DMRG
[48], can be expressed in site-canonical MPS form as

ð3Þ

with internal bond dimension D, orthogonality center Cl,
and left and right isometries and The
latter, together with their orthogonal complements,
and can be used to explicitly construct [27] the
tangent space V1s of the ground-state MPS, spanned by
one-site variations of Ψg, and the one-site projector

ð4Þ

whose image V1⊥ ¼ V1s=spanðjΨgiÞ is the space of MPS
tangent vectors orthogonal to jΨgi. Its dimension, dimV1⊥,
is equal to the number of independent variational param-
eters of Ψg and scales as OðLD2dÞ. Wave functions of
states in V1⊥ have the form

ð5Þ

In practice, the sum in Eq. (5) is never performed explicitly,
and the gauge choice constraint on Tl ensures that all terms
in this sum are mutually orthogonal. As a result, overlaps,
sums, and scalar multiplication of tangent vectors can be
performed as operations involving only the tensors Tl, at a
computational cost of OðLD2dÞ.
The vector-space structure of V1⊥ enables a controlled

and efficient computation of spectral functions of the form
(1) via the Lanczos algorithm [21], provided that we project
all involved states to V1⊥. This projection is our main

approximation [further motivated in Sec. S-1 of
Supplemental Material (SM) [49] ]. Concretely, we use

S½Ok�ðωÞ ≈ hΨ0jδðω −H1⊥ÞjΨ0i þ jhOkij2δðωÞ; ð6Þ

with hOki ¼ hΨgjOkjΨgi. Here, we have introduced the
projected Hamiltonian [69] H1⊥ ¼ P1⊥ðH − EgÞP1⊥ and
initial state jΨ0i ¼ P1⊥OkjΨgi. Within the scope of this
Letter, Ok is a sum of local operators with OkjΨgi∈V1s,
thus the initial state projection is exact [70].
Equation (6) can be evaluated efficiently by means of a

Lanczos scheme, which iteratively generates an orthonor-
mal basis of the ðN kr þ 1Þ-dimensional Krylov space

KðΨ0Þ ¼ spanfjΨ0i; H1⊥jΨ0i;…; ðH1⊥ÞN kr jΨ0ig: ð7Þ

The resulting tridiagonal representation ofH1⊥ in KðΨ0Þ is
diagonalized to obtain the approximate eigenpairs
ðωα; jΨ1⊥

α iÞ, which we then insert in Eq. (6),

S½Ok�ðωÞ ≈
XN kr

α¼0

Sαδðω − ωαÞ þ jhOkij2δðωÞ; ð8Þ

with Sα ¼ jhΨ1⊥
α jΨ0ij2. For N kr large enough, the set of

real discrete frequencies and spectral weights fωα; Sαg
becomes an arbitrarily accurate approximation of Eq. (6)
and can be broadened if desired (see Sec. S-2 B of SM
[49]). We find that N kr < 150 is sufficient for the cases
studied in this Letter.
The main computational cost of TaSK is the application

of H1⊥ to a tangent vector, done once per Krylov step. It
scales as OðLD3dwÞ, just as one single-site DMRG or
time-dependent variational principle (TDVP) sweep. In
practice, TaSK is considerably cheaper than TDVP for
computing spectral functions (see Sec. S-5 of SM [49]).
The projection of the Hamiltonian to V1⊥, H → H1⊥, is

the main source of error in TaSK. The distance of eigen-
states jΨ1⊥

α i of H1⊥ from eigenstates of H can be quan-
tified through their varianceΔα ¼ kðH − E0 − ωαÞjΨ1⊥

α ik2.
While evaluation of the full variance is challenging, its two-
site contribution [27,36],

ð9Þ

can be computed at reasonable cost (Sec. S-1 E of SM [49]).
We will use δα ¼ ðΔ2⊥

α Þ1=2 as error estimate for ωα. Since
dim V1⊥ ∼D2, increasing D reduces the projection error.
Spin chains—As the first benchmark, we consider the

one-dimensional SU(2) Haldane-Shastry model (HSM)
with periodic boundary conditions,
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HHSM ¼
X

l<l0≤L

π2Sl · Sl0

L 2sin2 π
L ðl − l0Þ : ð10Þ

The 1=r2 spin exchange yields a Luttinger liquid of free
two-spinon excitations [71,72]. Unlike magnons, these
fractionalized excitations are not naturally represented
within V1⊥, since this space is spanned by MPSs that
differ from the ground state at most on a single site.
Thus, HSM is a challenging test for TaSK, despite its
integrability.
The ground-state MPS is obtained using state-of-the-art

single-site DMRG with controlled bond expansion [51].
Using the QSpace tensor library [73–75], we exploit the
non-Abelian SU(2) symmetry, retaining at most D� ¼ 700
multiplets. We consider the dynamical structure factor
SkðωÞ¼S½Szk�ðωÞ, where Szk ¼ð1= ffiffiffiffiffi

L
p ÞPL

l¼1 expðilkÞSzl
is a spin-wave operator, with k ¼ mπ=L ; m∈Z mod L .
Figure 1(a) displays SπðωÞ for L ¼ 40, computed with

TaSK (black circles) and from exact formulas [58,72,76]
(blue dots). We useN kr ¼ 30 (see Sec. S-3 of SM [49] for a
convergence analysis). The analytical and numerical results
agree very well. Slight deviations appear only at high
frequencies (inset), but remain within the error bars,
confirming the reliability of δα as an error estimate.
Figure 1(b) demonstrates the convergence of low-lying

excitations: their error estimates δα decrease monotonically

with increasing D�. Thus, as expected, the projection error
is reduced as dimV1⊥ ∝ D2 grows.
Next, we benchmark TaSK for the antiferromagnetic

spin-1
2
Heisenberg chain HHeis ¼

P
L−1
l¼1 Sl · Slþ1. In con-

trast to the HSM, the spinons in this model interact,
leading to multispinon contributions in SkðωÞ (∼27% of
the total spectral weight [77]) and a broad distribution
of spectral weight over the entire frequency range. This
poses a particular challenge for Lanczos-based methods
[11,20,23] as each new peak requires an additional
iteration.
In Fig. 2 we present SπðωÞ computed for L ¼ 64 and

L ¼ 128 and compared with Bethe ansatz results [77] in
the thermodynamic limit. For both system sizes, we keep
D� ¼ 512 SU(2) multiplets and define the spin-wave
operator Szk as above. To approximate SπðωÞ in the
thermodynamic limit, the two datasets of discrete frequen-
cies ωα are collapsed onto a single curve using the rescaling
scheme described in Sec. IV D of Ref. [14] after prelimi-
nary binning (see Sec. S-3 of SM [49]). The resulting data
points closely follow the Bethe ansatz curve corresponding
to the full 2þ 4-spinon contribution.
Density-assisted hopping in the 2D Hubbard model—

Because of its efficiency, TaSK can readily obtain spectra of
interacting electrons on a 10 × 4 cylinder, where ground-
state calculations are already challenging. Our goal is to
study how DAH influences the physics of the 2D Hubbard
model at half filling, where it describes a Mott insulator—
the parent system from which superconductivity arises
upon doping. Hirsch has argued that DAH is pivotal for
high-Tc superconductivity in cuprates [37,38], and under-
standing its physical consequences is an active area of
research [39–47].
A recent DMRG-based downfolding study of the Emery

model [46] yielded a single-band Hubbard model aug-
mented by a DAH term, H ¼ Ht−U þHn, with

Ht−U ¼ −t
X

hrr0i;σ
ðc†rσcr0σ þ H:c:Þ þU

X

r

nr↑nr↓; ð11aÞ

(a)

(b)

FIG. 1. Dynamical structure factor of the L ¼ 40 Haldane-
Shastry model at k ¼ π and N kr ¼ 30. (a) Comparison between
analytical values (blue dots) and the TaSK result (black circles)
for D� ¼ 700. Horizontal bars depict δα as error estimate for ωα.
Inset: enlargement to high frequencies. (b) Convergence trend
across datasets with increasing D�, relative to δα. Dashed lines
indicate the analytical values from (a).

FIG. 2. Dynamical structure factor of the Heisenberg chain at
k ¼ π. We have usedN kr ¼ 100 andN kr ¼ 140 forL ¼ 64 and
L ¼ 128, respectively. Dashed line: the exact Bethe ansatz result
for the full 2þ 4-spinon contribution from Ref. [77]. For other
values of k, see Figs. S-7 and S-8 in SM [49].
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Hn ¼ −tn
X

hrr0i;σ
ðc†rσcr0σ þ H:c:Þðnrσ̄ þ nr0σ̄Þ: ð11bÞ

Here, c†rσ is a hole creation operator, nrσ ¼ c†rσcrσ the hole-
number operator, σ̄ denotes the spin projection opposite to
σ, and hrr0i denotes nearest neighbors. The DAH hopping
rate was found [46] to be substantial, tn ≃ 0.6t, significantly
enhancing hole mobility and pairing. The latter finding
cannot be understood within a simple Hartree-Fock (HF)
treatment of DAH, which effectively replaces t by
teff ¼ tþ 2tnhnσ̄i, thereby remaining a pure Hubbard
model that does not exhibit superconductivity [78].
Here, we use TaSK to examine the (beyond-HF) effects

of DAH on the single-particle spectral function,
AkðωÞ ¼ S½c†kσ�ðωÞ þ S½ckσ�ð−ωÞ, of the half-filled Mott
insulator. We find a surprisingly strong particle-hole
asymmetry in AkðωÞ and a next-nearest-neighbor contri-
bution to the dispersion of the self-energy pole.
We study the model (11) on a half-filled 10 × 4 cylinder,

with U ¼ 12.6 and either t ¼ 1.68, tn ¼ 0 (denoted
“t − U”), or t ¼ 1, tn ¼ 0.6 (denoted “t − tn −U”), match-
ing the parameters of Fig. 4 of Ref. [46]. (For t − tn − U, an
HF treatment of DAH yields teff ¼ 1.6, similar to our t ¼
1.68 for t −U.) We keep at leastD� ¼ 2000 Uð1Þ × SUð2Þ
multiplets. Figures 3(a) and 3(c) show AkðωÞ for the Mott
insulators obtained for t-U or t-tn-U, respectively, and
Figs. 3(b) and 3(d) the imaginary parts of the corresponding
self-energies ΣkðωÞ. To obtain smooth curves from the
discrete spectral data fωα; Sαg, we used a continued-
fraction-based broadening scheme that conserves the first
few spectral moments of AkðωÞ. This scheme and TaSK
convergence properties are discussed in Secs. S-2 and S-3
of SM [49], respectively.

For t-U, AkðωÞ [Fig. 3(a)] exhibits a Mott gap of size
6.67 < U. Apart from broad incoherent features, the
Hubbard bands exhibit dispersive coherent features, in
particular at their inner edges. The self-energy [Fig. 3(b)]
has a characteristic S-shaped spectrum [79], exhibiting
broad horizontal bands connected by a sharp, dispersive
pole. Both AkðωÞ and ImΣkðωÞ are particle-hole symmet-
ric, as expected, i.e., invariant under ω → −ω, k → kþΠ,
where Π ¼ ðπ; πÞ.
For t-tn-U, the corresponding results are shown in

Figs. 3(c) and 3(d). The overall features are similar to those
of t-U, but tn, though small (tn < 0.05U), introduces a
significant particle-hole asymmetry [see also Figs. 3(g)–3(i)],
a dynamical effect that goes beyond HF. In particular, the
particle part (ω < 0) of AkðωÞ is more coherent, i.e.,
dispersive features are sharper and exhibit smaller decay
rates, and conversely for the hole spectrum (ω > 0).
ImΣkðωÞ shows corresponding weight redistributions.
Moreover, the effective bandwidth is reduced or increased
for particle or hole excitations, respectively, i.e., spectral
features at ω < 0 or > 0 are “squeezed” or “stretched” in ω.
Thus, tn dynamically enhances hole mobility compared to
particle mobility (an effect also reported in Ref. [46]) and
reduces hole lifetimes compared to particle lifetimes.
Which scattering events generate the particle-hole asym-

metric features? A perturbative expansion of ΣkðωÞ in tn
and U shows that at second order, they arise from mixed
tn-U scattering (see Sec. S-6 of SM [49]): a propagating
particle or hole emits a particle-hole pair via the tn vertex
and reabsorbs it via the U vertex, or vice versa. Using this
insight, and the fact that the U vertex and part of the tn
vertex do not depend on transfer momenta, we can estimate
the latter’s contribution to the DAH-induced change in the
self-energy, δΣtn

k , as follows (see Sec. S-7 of SM [49]): we
use TaSK to compute the self-energy of the t-U Hubbard

FIG. 3. Comparison of AkðωÞ and − ImΣkðωÞ for the Hubbard model on a 10 × 4 cylinder, computed via TaSK (a), (b) without and
(c), (d) with DAH, and (e), (f) computed by treating DAH simplistically via Eq. (12). Solid gray lines in (b), (d), (f) mark the self-energy
pole where it becomes too sharp for the frequency resolution of our grid. Dashed gray lines indicate ω ¼ �U=2. Inset in (b): purple lines
show the Brillouin zone paths Γ → X and X → Π. (g)–(i) Line cuts of AkðωÞ for k ¼ Γ; X;Π.
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model with hopping teff , denoted Σ
teff−U
k ; from the latter, we

obtain δΣtn
k by replacing either the initial or final U vertex

by the transfer-momentum-independent part of the tn
vertex. This yields

δΣtn
k ðωÞ ¼ −4

tnγk
U

½Σteff−U
k ðωÞ − ΣHF

k �; ð12Þ

where γk ¼ cos kx þ cos ky and ΣHF
k is the HF self-energy.

This “teff -U-δΣ” scheme yields a total self-energy of
Σteff−U
k ðωÞ þ δΣtn

k ðωÞ. It is shown in Fig. 3(f), computed
using teff ¼ tþ tn ¼ 1þ 0.68 [so that Σteff−U

k ðωÞ equals
ΣkðωÞ of Fig. 3(b)], almost matching the t-tn-U settings of
Fig. 3(d) (where teff ¼ 1þ 0.6). The corresponding
teff -U-δΣ spectral function [Fig. 3(e)] indeed reproduces
several properties of the coherent features of t-tn-U in
Fig. 3(c): reduced effective bandwidth and decay rate for
particle excitations, and vice versa for hole excitations [see
also Figs. 3(g)–3(i)]. By contrast, δΣtn hardly affects the
incoherent background; reproducing the latter’s t-tn-U
properties thus requires a more elaborate treatment.
A hallmark feature of Mott insulators is their self-energy

poles [gray lines in Figs. 3(b) and 3(d)], which cause
Green’s function zeros. Their generically dispersive nature,
which has only recently been fully appreciated [54], is
currently under active investigation, with interesting results
ranging from topology [54,80–84] to possible connections
to spinon physics [85–88]. If the interaction is purely
Hubbard, it can be shown that the pole dispersion is directly
inherited from the noninteracting dispersion [54].
Thus, for t-U, the Mott pole dispersion ξk should contain

only nearest-neighbor terms. Indeed, using the ansatz ξk ¼
−2τðcos kx þ cos kyÞ − 4τ0 cos kx cos ky [89], where τ and
τ0 are nearest and next-nearest-neighbor amplitudes, we
obtain a good fit with τ ≃ −2.03 and τ0 ¼ 0, confirming this
expectation (see Sec. S-8 C of SM [49]). By contrast, for
t-tn-U we find τ ≃ −1.86 and τ0 ≃ 0.17. Hence nearest-
neighbor DAH generates a sizeable next-nearest-neighbor
term τ0—a remarkable result, arising from the fact that the
DAH tn vertex, unlike the U vertex, delocalizes electrons
beyond single-particle hopping and HF (see Sec. S-8 of SM
[49]). This emergence of nonzero τ0 suggests that tn may
have a similar frustration effect as the much-studied next-
nearest-neighbor hopping t0 for the t-t0 Hubbard model, in
particular if ξk can be interpreted as a spinon dispersion.
Since frustration from t0 can stabilize superconductivity in
the Hubbard model [90,91], a similar effect from tn may,
together with the previously discussed mobility and life-
time effects, stabilize superconductivity in the t-tn Hubbard
model [46].
Outlook—We showed that TaSK is an efficient and

accurate method for computing real-frequency spectral
functions. Its main source of error comes from the
projection to the tangent space and can be estimated via
the introduced two-site variance. Because of its relatively

light-weight nature, it is especially useful in cases where
ground-state calculations are already challenging. These
include strongly correlated electron systems on cylinders,
geared, for instance, toward cuprates [92–95], heavy
fermions [96–103], Moiré systems [104–106], or systems
with strong electron-boson couplings [107–110].
As a first step in this direction, we have applied TaSK to a

Hubbard cylinder exhibiting DAH, a problem relevant to
cuprates. Our finding that mixed tn-U scattering leads to
enhanced hole mobilities and a possibly frustrating next-
nearest-neighbor contribution to the dispersion of the self-
energy pole may be relevant for high-Tc superconductivity.
A more detailed study of this, which would include doping
and the calculation of other dynamical properties such as
spin or pair spectra, is left for future work.
While TaSK is designed to tackle challenging strongly

correlated systems, it is, in its current form, less effective
for models with exact or near-exact MPS ground states.
There, the restricted tangent-space dimension may not
adequately capture multiparticle continua. A generalization
of TaSK that aims to overcome this limitation is proposed
in Sec. S-1 F of SM [49] and will be pursued in future work.
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[83] E. Pangburn, C. Pépin, and A. Banerjee, Topological
charge excitations and Green’s function zeros in para-
magnetic Mott insulators, Phys. Rev. B 112, 085105
(2025).

[84] E. Pangburn, A. Banerjee, C. Pépin, and C. Bena,
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[97] P. Coleman, C. Pépin, Q. Si, and R. Ramazashvili, How do
Fermi liquids get heavy and die?, J. Phys. Condens. Matter
13, R723 (2001).

[98] T. Senthil, S. Sachdev, and M. Vojta, Fractionalized Fermi
liquids, Phys. Rev. Lett. 90, 216403 (2003).

[99] B. Danu, Z. Liu, F. F. Assaad, and M. Raczkowski,
Zooming in on heavy fermions in Kondo lattice models,
Phys. Rev. B 104, 155128 (2021).

[100] M. Raczkowski, B. Danu, and F. F. Assaad, Breakdown of
heavy quasiparticles in a honeycomb Kondo lattice: A
quantum Monte Carlo study, Phys. Rev. B 106, L161115
(2022).

[101] M. Raczkowski and F. F. Assaad, SUðNÞ Kondo-Heisen-
berg chain: Phase diagram, Ising criticality, and the
coexistence of heavy quasiparticles and valence bond solid
order, Phys. Rev. B 109, 205154 (2024).

[102] A. Gleis, Seung Sup B. Lee, G. Kotliar, and J. von
Delft, Emergent properties of the periodic Anderson
model: A high-resolution, real-frequency study of heavy-
fermion quantum criticality, Phys. Rev. X 14, 041036
(2024).

[103] A. Gleis, Seung Sup B. Lee, G. Kotliar, and J. von Delft,
Dynamical scaling and Planckian dissipation due to heavy-
fermion quantum criticality, Phys. Rev. Lett. 134, 106501
(2025).

[104] T. Soejima, D. E. Parker, N. Bultinck, J. Hauschild, and
M. P. Zaletel, Efficient simulation of Moiré materials using
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