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We prove the Penrose-Wall singularity theorem in the full semiclassical gravity regime, significantly
expanding its range of validity. To accomplish this, we modify the definition of quantum-trapped surfaces
without affecting their genericity. Our theorem excludes controlled “bounces” in the interior of a black hole

and in a large class of cosmologies.
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Introduction—Penrose’s 1965 singularity theorem [1] is
of central importance to our understanding of gravity: in
generic settings, general relativity predicts its own break-
down. However, the theorem assumes that the stress tensor
twice contracted with any null vector is nowhere negative:
the null energy condition (NEC). This condition is violated
by valid quantum states in any relativistic field theory.
Moreover, it is difficult to exclude the possibility that such
violations arise in generic gravitational collapse. This
undermines the theorem.

The situation is reminiscent of Hawking’s area theorem
[2], which also requires the NEC. Ironically, the NEC
always fails near a generic quiescent black hole horizon:
black holes evaporate [3] and their area decreases, in
violation of Hawking’s theorem. However, a quantum-
corrected area theorem, better known as the generalized
second law of thermodynamics (GSL) [4], appears to
survive: the generalized entropy See, = A/4Gh + Sy,
the sum of horizon entropy and the matter entropy in
the black hole exterior, does not decrease.

The validity of the GSL in semiclassical gravity is
conjectural. No counterexample has been found. Moreover,
the GSL follows from well-tested conjectures such as the
Bousso bound [5,6], which in turn follows from the
quantum focusing conjecture (QFC) [7]. The QFC plays
a central role in proofs of the properties of entanglement
wedges [8,9], and it led to the discovery of the quantum null
energy condition, a lower bound on the stress tensor that
was later proven directly in quantum field theory [10-12].
We view these results as overwhelming evidence that the
GSL does hold.

Based on just a fraction of this evidence, Wall [13]
proposed a profound change of perspective on the Penrose
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theorem. Wall eliminated the NEC in favor of assuming the
GSL, and introduced the novel notion of quantum-trapped
surfaces as a diagnostic of singularities. (Below, “quantum”
will be omitted before “trapped” or “expansion’; when we
mean a classical quantity, we will spell this out.) This
moved the prediction of singularities onto a new, stronger
foundation. However, semiclassical gravity—the natural
setting of the Penrose-Wall theorem—is far broader than
the narrow limit in which its proof is valid.

In this Letter, we present a significant expansion of the
Penrose-Wall singularity theorem. Our result excludes
“bounces” or any other form of singularity avoidance
inside black holes, so long as the semiclassical regime
remains valid through the bounce [14]. It similarly excludes
“bounces” in cosmology with noncompact Cauchy slices,
such as pre-big-bang [15], cyclic [16], and “born-again”
[17] models. (Bounces with compact Cauchy slices can be
excluded by singularity theorems based on entropy bounds
[18,19], whose extension to the full semiclassical regime
will be presented in future work.) Put differently, such
models require a violation of the GSL. (For example, if we
follow Ref. [17] and choose the scale factor a(#) o cosh ¢ in
a spatially flat cosmology, the future cosmological horizon
has initially infinite area and decreases monotonically with
time, so the GSL fails substantially.).

Semiclassical gravity as an asymptotic expansion—A
narrow view of semiclassical gravity would define it as a
perturbative expansion in G# in the strict limit as GA — 0
(more precisely, the limit as GA/A — 0, where A is any
other quantity of dimension area). This expansion can be
invoked to solve the Einstein equation G, = 87G(T ;)
iteratively in powers of G#, or to justify a saddle-point
approximation to the Euclidean gravitational path integral.
For example, in a universe dominated by pressureless dust,
the stress tensor can be treated as a classical fluid at leading
order (h°); one-loop corrections to (T,,) will be propor-
tional to # and thus will become arbitrarily small if the G#
limit is implemented by taking # — 0 at fixed G.

While the proof of the Penrose-Wall theorem applies
only in this narrow limit, semiclassical gravity has been
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successfully applied—and experimentally tested—in a far
broader regime: a strict limit as G4 — 0 is not required. For
example, the stress tensor in our own Universe was
dominated by thermal radiation until it was about
30 000 years old. The radiation epoch is tightly constrained
observationally, and all known data can be understood
accurately from semiclassical gravity and the standard
model of particle physics. (This includes the era of big
bang nucleosynthesis, from which the abundances of light
elements can be successfully predicted with great preci-
sion.) In the radiation epoch, the stress tensor (7,,) ~ A
cannot be approximated as classical without changing the
temperature of the radiation. The Hubble horizon area
scales as (G(T;,)) ™' ~ (Gh)™!, so the Gi — 0 limit cannot
be taken without changing observable quantities. A narrow
definition of the semiclassical regime that invokes this limit
would thus be inapplicable to a well-studied era of our own
Universe.

Significant theoretical advances would also be elimi-
nated if semiclassical gravity became invalid at finite G#.
There would be no basis for the conclusion that Hawking
radiation causes a black hole to shrink by any finite fraction
of its initial size, since the evaporation time scales as
(Gh)~!. The GSL and the Bousso bound would be reduced
to their field theory limits as GA — 0, where they remain
nontrivial and become provable [20-23] but are greatly
diminished in scope. Similarly, the QFC would reduce
entirely to the quantum null energy condition. The recent
semiclassical [24] derivation [25,26] of the microscopic
Hawking radiation entropy from the quantum extremal
surface prescription [27-30] also requires finite GA and
thus would not survive a strict Gi — 0 limit.

Instead, semiclassical gravity is best characterized as an
asymptotic expansion at small finite Gf. This viewpoint
allows us to include the radiation epoch, Hawking evapo-
ration, and entanglement islands within the arena of semi-
classical gravity, and it preserves the full power of the GSL,
the Bousso bound, and the QFC. This regime can be defined
most precisely in settings with a large number ¢ of light
matter fields, where the small finite asymptotic expansion
parameter becomes cGh. In order to suppress metric
fluctuations, the limit GA — O can be taken at fixed cGh.
This preserves dynamical gravity, including full black hole
evaporation. A concrete example is the brane world scenario
[31], where c is the central charge of a conformal field theory
on the brane, and c¢G# is a power of the curvature radius of
the bulk. In this setting, a version of the QFC, and hence the
Bousso bound and GSL, can be explicitly proven through a
classical bulk computation that is exactin cGh [32,33]. By a
related method, the Page curve calculation [25,26] can be
proven [34]. However, a key step in the proof of the Penrose-
Wall theorem fails at finite cGh.

Touching lemma and its limitations—The step that
confines Wall’s proof [13] to the strict cGA — 0 limit is
the “touching lemma,” which provides an inequality
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FIG. 1. Spatial projection onto a Cauchy slice. The edges of the
regions a C b touch at the point p (left figure). Classically, the
outward expansion of @ is obviously no smaller than that of b at
p. But the difference in quantum expansions is unconstrained
because a null deformation of a at p (light green) will necessarily
access a different region than any null deformation of b at p (light
blue) except if the edges of @ and b overlap in an entire open set
(black ellipse, right figure). Only the latter situation arises in the
new proof given here.

between the expansions of two nested surfaces that touch
but do not agree on any open neighborhood. At the classical
level the lemma is obvious; see Fig. 1. When area is
replaced by S, the expansion must be defined as a
functional derivative of S, under shape deformations of
each surface [13]. The orthogonal null geodesics that
generate deformations of two touching surfaces access
different new spacetime regions; see Fig. 1. This leads to a
loss of control in attempting to establish an inequality. As a
workaround, one can argue [13] that in the strict cGh — 0
limit, the classical expansions will dominate, unless the two
surfaces agree on a whole open neighborhood O. If they do
not, then the proof reduces to the trivial classical case. If
they do, the shape deformations can be restricted to O so
that they are identical for both surfaces; the desired
inequality then follows from the strong subadditivity of
the von Neumann entropy S, [13].

Without taking a ¢Gh — 0 limit, this argument fails,
since the quantum portion of the expansion need not be
negligible. “Entanglement islands” [25,26] furnish an
explicit example of a controlled semiclassical calculation
in which the classical and quantum contributions to the
expansion are by construction equal in magnitude. Near the
quantum extremal surface lie quantum-trapped surfaces for
which the conclusion of the Penrose-Wall theorem holds
but its proof does not apply; see Fig. 2. In order to prove a
singularity theorem that applies in this regime, we will need
to sidestep the touching lemma.

Why wedges? Why max entropies? Why discrete?—Our
formalism invokes several concepts that did not appear in
Ref. [13]: wedges instead of partial Cauchy slices, the
conditional max entropy instead of von Neumann entropy,
and discrete notions of (non)expansion or contraction
instead of numerical values. The present work is self-
contained, but the reader familiar with the older literature
may be interested in the origins of these differences. We
will review them briefly while omitting many details that
can be found in the references.

Causal development of a spatial region, whether by
classical Hamiltonian evolution or by unitary quantum
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FIG. 2. Penrose diagram of an evaporating black hole; the event
horizon is blue and the future singularity is orange. The
nonexpanding null directions of spheres are shown in green
[35]. (For the green dotted line see Ref. [19].) The pink lines
denote the Hawking radiation that has arrived at Z™ (thick) and its
causal past (thin). The red dot marks the quantum extremal
surface associated with the radiation, at which the classical null
expansions are canceled by an equal and opposite quantum term.
The two terms remain comparable at the sphere marked by the
blue dot; therefore a strict cGa — 0 limit cannot be taken while
holding the overall geometry fixed. The blue sphere is quantum-
trapped, even after it is slightly perturbed to make its shape
generic. The blue geodesic is incomplete, but the proof of the
Penrose-Wall singularity theorem does not apply because it
requires ¢Gh — 0. Here, we prove a theorem that applies at
fixed nonzero cGh.

evolution, preserves its information content. Thus one
should associate any information measure not to a specific
partial Cauchy slice but to its full domain of dependence.
This domain is called a wedge and defined below.

Our choice of information measure is dictated by the
recent demonstration that the conditional max entropy
rather than the von Neumann entropy must be used for
constructing entanglement wedges [36]. To avoid a pro-
liferation of conjectures (such as a max, min, and von
Neumann QFC [37]), one would then like to use only max
entropies (and consider only outward null deformations of
wedges, since min and max entropies are exchanged under
wedge complementarity). Fortunately, the max QFC is
indeed sufficient for deriving all important properties of
entanglement wedges [38]; similarly, the max GSL (which
is a consequence of the max QFC) will suffice here. The
discrete (signed) definitions of expansion, too, maximize
generality while retaining key results [32,38].

None of these updates are critical to our proof, so one
may freely substitute partial Cauchy slices for wedges, von
Neumann for max entropies, and numerical quantum
expansions for the discrete notions of past nonexpanding
(PNE) and past noncontracting (PNC) defined below. What
is critical to generalizing the Penrose-Wall singularity
theorem is the notion of PNC itself, which enters the
new definition “trapped” we give below: it is inequivalent
to the definition used by Wall [13] even at the level of
numerical von Neumann quantum expansions of partial
Cauchy slices.

This new definition of “trapped” is, however, the only
one we were able to construct from the bare-bones structure
of discrete max expansions developed in Ref. [38]. In that
sense, the more general theorem presented here did grow
out of recent developments.

Causal structure and wedges—Let (M, g) be an inex-
tendible globally hyperbolic spacetime. A curve is a
continuous map from an interval C C R into M. A curve
is “timelike” (“causal”) if its tangent vector is everywhere
timelike (nonspacelike). For any set s C M, we denote its
interior by int s, its closure by cl s, and its boundary in M
by ds. The chronological future of s, I (s), is the set of
points g such that there exists a future-directed timelike
curve that begins at some point p € s and ends at g. I~ (s) is
defined analogously, and I(s) =1I"(s) U I (s). (We omit
further duplication of past or future definitions.).

A null geodesic is called “future complete” if it can be
extended to infinite affine parameter into the future;
otherwise, it is called “future incomplete.” (M, g) is called
“null-geodesically incomplete”—and hence, singular [1]—
if it contains at least one future- or past-incomplete null
geodesic. (Definitions so far follow Wald [39].).

Following Refs. [9,38] (where more details and figures
are given), the “spacelike complement” of a set s C M is
s' = int[M\1(s)]. A “wedge” is a set a C M that satisfies
a = a". (Thus, a wedge is open, and the intersection of two
wedges is a wedge.) The “wedge union” of two wedges a, b
is the wedge awb = (a’ N b')’. Given a wedge a, its “edge”
is da =da\l(a) and its “future Cauchy horizon” is
H*(a)=0a nI"(a). The area of da will be denoted
Area (a). The following properties follow immediately:
H*(a) is a Cauchy slice of @, da and da U %, are closed in
M, and a = X]}, where X, is any Cauchy slice of a.

Let the “unphysical spacetime” (M, §) be the conformal
completion [39] of (M, g) by addition of a “conformal
boundary,” oM = M\M. “Future null infinity”, Z*, is the
subset of dM consisting of the future endpoints in M of null
geodesics of future-infinite affine length in M.

A “causal horizon” C is the boundary of the past of any
subset s CZ* of null infinity: C=1"(s). (In many
common examples such as black hole horizons, Rindler
horizons, and the cosmological horizon of de Sitter space, s
consists of a single point, but this is not assumed in our
definition.) We will call a wedge a the “exterior” of C at the
“cut” da if da C C and I~ (s) contains a Cauchy slice of a.
[Note that not all Cauchy slices of a need to be in I~ (s); for
example, if C is the intersection of two Rindler horizons in
Minkowski space, then at sufficiently early times the
exterior of C is M.] Given a Cauchy slice £ of M, the
exterior of C with cut X N C is the wedge [X N I~ (s)]". For
two exteriors a and b of C, a D b if and only if da is
nowhere to the future of db.

Generalized max conditional entropy—For any nested
pair of wedges a C b C M, there exists a family, para-
metrized by ¢, of “generalized smooth conditional max

011501-3



PHYSICAL REVIEW LETTERS 135, 011501 (2025)

entropies,” Hf,, en(P|@). To leading order in G# they are
defined by

Area(b) — Area(a)
4Gh

+ Hiy (bla) + O(Gh).
(1)

anax,gen (bla) =

where H¢,,, (b|a) is the standard smooth max entropy of the
matter field quantum state restricted to b conditioned on a
[36,37,40]. Each right-hand-side term in Eq. (1) requires a
short-distance cutoff on which both Newton’s constant and
H ax (b|a) will depend. There is strong evidence [10] that
the sum Hfy oen(bla) is independent of the cutoff.
Moreover, a more careful algebraic definition of H .y gen
allows for fluctuations of the area by treating it as an
operator [37]; thus the above expansion is included mainly
as a heuristic. As noted above, a reader unfamiliar with
single-shot entropies can replace Hpygen Dy the condi-
tional generalized entropy, H iy gen(P|@) = Seen(bla) =
Sgen(b) - Sgen(“) = Area(b) - Area(a) + Sout(b) - Sout(a)’
so long as the relevant bulk quantum states are compress-
ible [36]. We shall work directly with Hf,, gen; to avoid
clutter, we will drop the € below.

H ax gen Satisfies “strong subadditivity”™: let a C b be
wedges. Then for any wedge ¢ spacelike to b,

H oy gen (b€ |aWC) < Hingy gen (@) (2)

In fact, strong subadditivity holds separately for the area
and for H,(b|a). At higher orders in G, it should be
considered a conjecture [38].

Discrete max expansions—A wedge a is called “past
nonexpanding” (PNE) at p € da if there exists an open set
O containing p such that H .y gen(b]a) < 0 for all wedges
b D a such that db C da U [H — (a’) N O]. A wedge a is
“past noncontracting” (PNC) if there exists an open set
O D da such that no proper future-directed outward null
deformation of a within O is PNE at all new edge points.
That is, no wedge b2a with db C da U [H' (d') N O] is
PNE on all points in 85\0a.

Conjecture (generalized second law of thermodynamics)
—Let s CZ" and let C = I (s) be a causal horizon with
exteriors a and b. If a D b, then H,y gen(alb) < 0.

Lemma—The GSL immediately implies that the exterior
of C at any cut is PNE.

Definition—A wedge a is called “trapped” if da is
compact and a is past noncontracting. (This definition
deviates substantially from Refs. [1,13,39] even at the
classical level. For example, a cut of a stationary black hole
event horizon is considered trapped with our definition. The
difference is critical to our ability to prove a singularity
theorem in the full semiclassical regime. However, it is easy
to verify that generic surfaces that are trapped in the sense

Z],,’

FIG. 3. Wedges involved in the proof of the singularity
theorem. Top left: conformal spacetime diagram. Bottom right:
only the Cauchy slice X and its subregions are shown. a is the
blue shaded region, assumed to be noncompact and trapped
(PNC). Its future null deformation b is the exterior of the red
circle. Assuming geodesic completeness (no singularity), the null
geodesic y defines a causal horizon I~ (y). The orange curve is
I=(y) N Z, and the wedge c lies to its right. The wedge d = auc
(blue and pink regions combined) must be PNE on the edge
portion dd\da (the arc where the orange and purple curves
coincide), in contradiction with a being PNC.

of Refs. [1,13,39] are trapped also by the present
definition.)

Semiclassical singularity theorem—Let (M,g) be an
inextendible, globally hyperbolic spacetime containing a
trapped wedge a C M with Cauchy slice Z,. If £, U da is
noncompact, then M is singular. Specifically, there exists
an open set O D da such that every proper future null
outward deformation b of a within O has the property that
at least one null geodesic generator of H'(b) is future-
incomplete.

Proof—Let O be the open set guaranteed by the
assumption that a is PNC. Let b2a with db C da U
[H"(d') n O]. We note that £, = [£, Uda UH"(d')] n
b is a Cauchy slice of b; see Fig. 3. We will suppose for
contradiction that every null geodesic generator of H*(b) is
future-complete.

At least one null geodesic generator y of H"(b) must
remain on H'(b) for infinite affine time. Otherwise,
H*(b) U db would be compact, so that X, Udb would
be compact [1,13], and hence its closed subset X, U da
would also be compact, in contradiction with its assumed
noncompactness.

Let s be the endpoint of y on future null infinity, and let
C=17(s)=1(y) be the associated causal horizon. Let
%, be a Cauchy slice of b, sothat Z=X, UOb U X, is a
Cauchy slice of M. Let ¢ = [I~(s) N X]” be the exterior of C
at the cut C N Z. The above lemma dictates that ¢ is PNE.

Since s C H*(b) in M, no timelike curve connects db U
X, to s. Hence, dc Cc 0b U X, C O. Thus, ¢ C b, and ¢
admits the Cauchy slice
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T.=X,Nnc=[X,VdaVUH"(d)nc. (3)

Let d = avc. Thus, d D a, dd C O, and d admits the
Cauchy slice

S, = [Z, Udau H*(a)] nd. 4)

Moreover, d # a since the past endpoint of y on dc lies is
dd\da. Hence, d2a and 0d C da U [H (a') N O], sodisa
proper future outward deformation of a within O.

By construction, dc and da are nowhere timelike related,
$0 dd C 8¢ U da and hence dd\da C dc. Because c¢ is PNE,
strong subadditivity of H ., ., implies that d is PNE on all
points in dd\da. This contradicts the assumption that a is
PNC. Therefore, at least one null geodesic generator of
H™" (D) is future-incomplete. ]

Acknowledgments—I would like to thank L. Bariuan,
S. Kaya, P. Rath, A. Shahbazi-Moghaddam, E. Tabor,
A. Wall, and E. Witten for discussions. I am particularly
grateful to A. Shahbazi-Moghaddam for emphasizing to me
the limitations of the touching lemma. This work was
supported by the Department of Energy, Office of Science,
Office of High Energy Physics under QuantISED Award
No. DE-SC0019380.

Data availability—No data were created or analyzed in
this Letter.

[1] R. Penrose, Gravitational collapse and space-time singular-
ities, Phys. Rev. Lett. 14, 57 (1965).

[2] S. W. Hawking, Gravitational radiation from colliding black
holes, Phys. Rev. Lett. 26, 1344 (1971).

[3] S. W. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975).

[4] J.D. Bekenstein, Black holes and the second law, Lett.
Nuovo Cimento 4, 737 (1972).

[51 R. Bousso, A covariant entropy conjecture, J. High Energy
Phys. 07 (1999) 004.

[6] E.E. Flanagan, D. Marolf, and R. M. Wald, Proof of classical
versions of the Bousso entropy bound and of the generalized
second law, Phys. Rev. D 62, 084035 (2000).

[7] R. Bousso, Z. Fisher, J. Koeller, S. Leichenauer, and A. C.
Wall, Proof of the quantum null energy condition, Phys.
Rev. D 93, 024017 (2016).

[8] C. Akers, J. Koeller, S. Leichenauer, and A. Levine, Geo-
metric constraints from subregion duality beyond the
classical regime, arXiv:1610.08968.

[9] R. Bousso and G. Penington, Holograms in our world, Phys.
Rev. D 108, 046007 (2023).

[10] R. Bousso, Z. Fisher, S. Leichenauer, and A. C. Wall, Quantum
focusing conjecture, Phys. Rev. D 93, 064044 (2016).

[11] S. Balakrishnan, T. Faulkner, Z. U. Khandker, and H. Wang,
A general proof of the quantum null energy condition,
J. High Energy Phys. 09 (2019) 020.

[12] F. Ceyhan and T. Faulkner, Recovering the QNEC from the
ANEC, Commun. Math. Phys. 377, 999 (2020).

[13] A.C. Wall, The generalized second law implies a quantum
singularity Theorem, Classical Quantum Gravity 30, 165003
(2013).

[14] Tt is difficult to think of any other regime in which a bounce
could be operationally established. Note that causal structure
would have to be preserved in order to transmit information
through a bounce and thus make the bounce verifiable. But
then the GSL is applicable across the bounce and the contra-
diction established in our theorem still excludes the bounce.

[15] G. Veneziano, String cosmology: The pre-big bang scenario,
in 71st Les Houches Summer School: The Primordial
Universe (Springer, Berlin, Heidelberg, 2000), pp. 581-628.

[16] J. Khoury, B. A. Ovrut, P.J. Steinhardt, and N. Turok, The
ekpyrotic universe: Colliding branes and the origin of the
hot big bang, Phys. Rev. D 64, 123522 (2001).

[17] P. W. Graham, D. E. Kaplan, and S. Rajendran, Born again
universe, Phys. Rev. D 97, 044003 (2018).

[18] R. Bousso and A. Shahbazi-Moghaddam, Singularities from
entropy, Phys. Rev. Lett. 128, 231301 (2022).

[19] R. Bousso and A. Shahbazi-Moghaddam, Quantum singu-
larities, Phys. Rev. D 107, 066002 (2023).

[20] H. Casini, Relative entropy and the Bekenstein bound,
Classical Quantum Gravity 25, 205021 (2008).

[21] A.C. Wall, A proof of the generalized second law for
rapidly changing fields and arbitrary horizon slices, Phys.
Rev. D 85, 104049 (2012).

[22] R. Bousso, H. Casini, Z. Fisher, and J. Maldacena, Proof of
a quantum Bousso bound, Phys. Rev. D 90, 044002 (2014).

[23] R. Bousso, H. Casini, Z. Fisher, and J. Maldacena, Entropy
on a null surface for interacting quantum field theories and
the Bousso bound, Phys. Rev. D 91, 084030 (2015).

[24] A. Lewkowycz and J. Maldacena, Generalized gravitational
entropy, J. High Energy Phys. 08 (2013) 090.

[25] G. Penington, Entanglement wedge reconstruction and the
information paradox, J. High Energy Phys. 09 (2020) 002.

[26] A. Almbheiri, N. Engelhardt, D. Marolf, and H. Maxfield,
The entropy of bulk quantum fields and the entanglement
wedge of an evaporating black hole, J. High Energy Phys.
12 (2019) 063.

[27] S. Ryu and T. Takayanagi, Holographic derivation of
entanglement entropy from AdS/CFT, Phys. Rev. Lett.
96, 181602 (20006).

[28] V.E. Hubeny, M. Rangamani, and T. Takayanagi, A
covariant holographic entanglement entropy proposal, J.
High Energy Phys. 07 (2007) 062.

[29] T. Faulkner, A. Lewkowycz, and J. Maldacena, Quantum
corrections to holographic entanglement entropy, J. High
Energy Phys. 11 (2013) 074.

[30] N. Engelhardt and A. C. Wall, Quantum extremal surfaces:
Holographic entanglement entropy beyond the classical
regime, J. High Energy Phys. 01 (2015) 073.

[31] L. Randall and R. Sundrum, An alternative to compactifi-
cation, Phys. Rev. Lett. 83, 4690 (1999).

[32] A. Shahbazi-Moghaddam, Restricted quantum focusing,
Phys. Rev. D 109, 066023 (2024).

[33] I thank A. Shahbazi-Moghaddam for emphasizing the
significance of this result to me.

[34] A. Almheiri, R. Mahajan, J. Maldacena, and Y. Zhao,
The Page curve of Hawking radiation from semiclassical
geometry, J. High Energy Phys. 03 (2020) 149.

011501-5


https://doi.org/10.1103/PhysRevLett.14.57
https://doi.org/10.1103/PhysRevLett.26.1344
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02757029
https://doi.org/10.1007/BF02757029
https://doi.org/10.1088/1126-6708/1999/07/004
https://doi.org/10.1088/1126-6708/1999/07/004
https://doi.org/10.1103/PhysRevD.62.084035
https://doi.org/10.1103/PhysRevD.93.024017
https://doi.org/10.1103/PhysRevD.93.024017
https://arXiv.org/abs/1610.08968
https://doi.org/10.1103/PhysRevD.108.046007
https://doi.org/10.1103/PhysRevD.108.046007
https://doi.org/10.1103/PhysRevD.93.064044
https://doi.org/10.1007/JHEP09(2019)020
https://doi.org/10.1007/s00220-020-03751-y
https://doi.org/10.1088/0264-9381/30/16/165003
https://doi.org/10.1088/0264-9381/30/16/165003
https://doi.org/10.1103/PhysRevD.64.123522
https://doi.org/10.1103/PhysRevD.97.044003
https://doi.org/10.1103/PhysRevLett.128.231301
https://doi.org/10.1103/PhysRevD.107.066002
https://doi.org/10.1088/0264-9381/25/20/205021
https://doi.org/10.1103/PhysRevD.85.104049
https://doi.org/10.1103/PhysRevD.85.104049
https://doi.org/10.1103/PhysRevD.90.044002
https://doi.org/10.1103/PhysRevD.91.084030
https://doi.org/10.1007/JHEP08(2013)090
https://doi.org/10.1007/JHEP09(2020)002
https://doi.org/10.1007/JHEP12(2019)063
https://doi.org/10.1007/JHEP12(2019)063
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP01(2015)073
https://doi.org/10.1103/PhysRevLett.83.4690
https://doi.org/10.1103/PhysRevD.109.066023
https://doi.org/10.1007/JHEP03(2020)149

PHYSICAL REVIEW LETTERS 135, 011501 (2025)

[35] R. Bousso, Holography in general space-times, J. High [38] R. Bousso and E. Tabor, Discrete max-focusing,

Energy Phys. 06 (1999) 028. arXiv:2410.18192.
[36] C. Akers and G. Penington, Leading order corrections to the [39] R. M. Wald, General Relativity (Chicago University Press,
quantum extremal surface prescription, J. High Energy Chicago, USA, 1984).
Phys. 04 (2021) 062. [40] R. Renner and S. Wolf, Smooth Renyi entropy and
[37] C. Akers, A. Levine, G. Penington, and E. Wildenhain, applications, in IEEE International Symposium on Infor-
One-shot holography, SciPost Phys. 16, 144 (2024). mation Theory—ISIT 2004 (IEEE, 2004), p. 233.

011501-6


https://doi.org/10.1088/1126-6708/1999/06/028
https://doi.org/10.1088/1126-6708/1999/06/028
https://doi.org/10.1007/JHEP04(2021)062
https://doi.org/10.1007/JHEP04(2021)062
https://doi.org/10.21468/SciPostPhys.16.6.144
https://arXiv.org/abs/2410.18192

	Robust Singularity Theorem
	Introduction
	Semiclassical gravity as an asymptotic expansion
	Touching lemma and its limitations
	Why wedges? Why max entropies? Why discrete?
	Causal structure and wedges
	Generalized max conditional entropy
	Discrete max expansions
	Acknowledgments
	Data availability
	References


