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Infrared Singularities of Multileg Amplitudes with a Massive Particle at Three Loops
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We determine the complete three-loop QCD soft anomalous dimension for multileg amplitudes
involving a single massive colored particle and any number of massless ones. This is achieved by
applying a novel strategy based on a light-cone expansion of correlators of semi-infinite Wilson lines using
the method of regions. The resulting region integrals depend exclusively on rescaling-invariant ratios that
remain finite in the limit. We evaluate these integrals using differential equation techniques. The result is
written in terms of uniform weight five generalized polylogarithms of a 12-letter alphabet in three variables,
and is compatible with the massless limit as well as with two- and three-particle collinear factorization.
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Infrared singularities are an important feature of on-shell
gauge-theory amplitudes. These singularities admit a
highly constrained, universal structure [1-41]. Their origin
in soft and collinear loop momentum regions guarantees
their all-order factorization from the finite hard amplitude.
Using renormalization-group equations, factorization can
be used to prove that the singularities of any amplitude
exponentiate in terms of the so-called soft anomalous
dimensions. This universal quantity is therefore of unique
importance in the study of amplitudes [25].

In QCD, infrared singularities present one of the key
challenges for collider physics. Their cancellation in
observables involves a sum over states of different multi-
plicity, requiring sophisticated subtraction techniques
[42-48]. The singularities also give rise to enhanced
logarithmic corrections, which often need to be resummed
to achieve precise predictions. In any of these applications,
the soft anomalous dimension is essential.

The soft anomalous dimension for multileg massless
scattering is currently known to three loops [36]. However,
in the case of massive particles, the state of the art is still
two loops [49-51]. Important collider physics applications,
such as resummation of top production cross sections
[54-62], require knowledge of the three-loop soft anoma-
lous dimension for processes involving heavy quarks
alongside light quarks and gluons. Recently, first results
for such corrections were obtained [63], namely those
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associated with the interaction between one massive
particle and two massless ones. In this Letter we compute
the remaining contributions, and provide the complete
three-loop result for the soft anomalous dimension in
amplitudes involving one massive particle and any number
of massless ones.

The soft anomalous dimension is remarkably simple in
comparison with finite corrections to multileg amplitudes.
In particular, its multileg components are spin-independent
and feature rescaling symmetry with respect to the external
momenta, as expected from its relation with Wilson-line
correlators. This symmetry significantly reduces the num-
ber of independent kinematic variables on which the soft
anomalous dimension depends, especially so in massless
scattering [19-22,64]. However, it has been difficult to
make use of this simplification when computing the soft
anomalous dimension because multiplicative renormaliz-
ability [1-4] of Wilson-line correlators only holds when the
Wilson lines are nonlightlike. Our novel strategy for
computing the soft anomalous dimension [65] directly
addressed this issue. We use the method of regions
(MoR) [66-77] to perform an asymptotic light-cone
expansion of correlators of timelike Wilson lines. In this
way, the integrals we compute involve only the kinematic
variables that remain finite in the limit of interest.

One-mass soft anomalous dimension—Consider a renor-
malized amplitude M with one massive particle p, and
any number of massless particles {p;} [78]. Infrared
singularities can be factorized as M = ZH where the
singularities are given by

zzpexp{—/o”fr(z,as(ﬁ))} (1)

T

and H is the finite hard amplitude. The one-mass soft
anomalous dimension is

Published by the American Physical Society


https://orcid.org/0000-0002-4067-7935
https://orcid.org/0009-0006-6900-4706
https://ror.org/01nrxwf90
https://crossmark.crossref.org/dialog/?doi=10.1103/6bzh-h122&domain=pdf&date_stamp=2026-09-02
https://doi.org/10.1103/6bzh-h122
https://doi.org/10.1103/6bzh-h122
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 137, 101901 (2026)
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+ ZTiQ;ijl,z(”ijQ) + O(a3),

i<j

where T, and p; are the color generator [79] and outgoing
four-momentum associated with parton i. We assume here
that all scalar products p;-p; are spacelike; physical
kinematics can be reached by analytic continuation. The
dipole terms entering the first two lines in Eq. (2) start at
one loop, while the quadrupole ones in the subsequent lines
start at three loops, F),; = > 25 (a,/4n)" F 2"1) Here, the
subscripts 4 and [ count the number of heavy and light
particles, respectively. In Eq. (2) we suppress any contri-
bution associated with two or more heavy particles, and any
new structures appearing from four loops [39-41]. The
lightlike yusp 1s known to four loops [80-93], while the
color-singlet terms, y; and €, are known to four loops
[92-97] and three loops [52,53,98], respectively [99].

In Eq. 2) (u,v;w)eP={(i,k;j), (j, ks i), (i,j;k)}
defines the three quadrupole channels, having color struc-
tures

Tuv;wq = fabedee{Ta Tg’ TL T[q[}+’ (3)

where the curly brackets are defined, as in
Refs. [39,40,104], as a symmetric sum over all permuta-
tions of the n generators it contains, divided by n! [105].
Beyond Bose symmetry, the three channels in P are related
by the Jacobi identity fabe fede 4 fade fhee — gace fhde

A salient feature of the quadrupole corrections is that they
depend on the momenta only via rescaling-invariant ratios
[19-22,36,64,106] of the four-momenta p,,, or equivalently
the four-velocities f3,. In the massless case, these are

Pi* PjPk " Py
Pi* PkPj" Py

B Bibi By
Bi-Bib; By

(4)

pljkq

where F, involves just two independent cross ratios. In
contrast, in the one-mass case, there are three independent
rescaling-invariant ratios of the form [63]

__ Pobi-b
26: BobjPo

PoPi - Pj
2p; - PoPj Po

(5)

rl'jQE

The massless quadrupole terms, F3 and F(,, were
computed at three loops [36,37],

72
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F$)

3 = 32[20(2)¢(3) +¢(5)] = 32€,

*7:04(pljkq’pkjlq) [FO4(1 -z, 1- Z) - F0,4(Z,Z)],
Fo4(z,2) = Lioio1(2) +2(2)[L100(2) + Looi (2)],

(6)

where the variables z and 7z are defined by

2)(1-2), (7)

and L(z) are single-valued [107,108] harmonic polylogar-
ithms. They are single-valued when z = (Z)*. The expan-
sion of Fy4(z,7Z) in ordinary (multivalued) generalized
polylogarithms (GPLs) of z and Z has been provided in
Ref. [36]. Note that F 4 in Eq. (6) is antisymmetric under
7 <> 1 —2Z, in line with Bose symmetry and the antisym-
metry of the color structure T, under i <> k permutation.

The one-mass three-line quadrupole, which depends on a

Pijkg = 2%, Pijig = (1-

single ratio r;;p, was obtained in Ref. [63], F fz)(rijg) =
2F)5(r;j0). Thus the only unknown ingredient in Eq. (2)
prior to this work is F f; of the penultimate line, which
describes long-distance interaction between the heavy par-
ticle and three massless ones. In this Letter we compute JF (12
using a novel method based on the light-cone expansion of
Wilson-line correlators; representative diagrams are shown
in Fig. 1 [109]. We proceed by reviewing the result and then
summarize the key features of the new computation strategy.

The result—To present the result for F 533> we define, in

analogy with F, (()32 in Eq. (6),

(3)
Fi5(rijo- rirg: Ticg)

= 16[F5(x; 1 —Fi3(xz2)) (8)

where the variables {x, z,Z} are defined by

-z,1-2)

 Bobi- B  x(x4+2z-2)
"0 =3 Bofs o (1—2)(1-2)
- BB - Br :x(x+z—2)
K085 - Bobr - Bo z
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FIG. 1.

Representative three-loop diagrams contributing to the quadrupole structure. The thick line corresponds to the timelike Wilson

line with velocity f3, while the thin lines to Wilson lines with nearly lightlike velocities. The two leftmost diagrams depict connected
webs, W 1, the middle one is a representative diagram of the W,;;, web, and the two rightmost ones belong to multiple gluon-

exchange webs, W, and Wyy;3, respectively.

allowing us to express F 3 using GPLs without square
roots. In [110] we provide the explicit expression of F 3,
written in terms of uniform weight-five GPLs of {x,z,Z}
and Riemann zeta values with rational numerical coeffi-
cients. Permutation symmetry in i <> k is realized in Eq. (8)
via z <> 1 — Z antisymmetry, just as in Eq. (6). Note that
F, 5 is invariant under the following Galois symmetries:

Fi3(x;2,2) =

Fi3(-x2,2) = Fi3(~x—2+7%:2,2),

(10)

related to flipping the sign of the square roots that appear
upon solving (9) for {x, z, z}. The full one-mass quadrupole
in Eq. (2) is obtained by performing the three permutations
on Fy 5 of Eq. (8), as prescribed by P [111].

In the new variables, the alphabet of F 533) is

{w P ={z,z,1 -z, 1 =z} U {x, 2 —z—x}
U{x+zz-x1-z-x,1-Z4+x,z+x
— 5.7 —x— 2z (11)

These 12 letters represent physical collinear singularities,
P - B, — 0. The first group of four letters corresponds to
ruwo — o0 and coincides with the full alphabet of F, (02 in
Eq. (6). The next group of two letters corresponds to
ruwo — 0, while the final group of six letters to r,,o — 1
[112]. The first symbol entry of F 533> associated with its
channel discontinuities, is more restricted and only consists
of the three ratios r,,p, with branch cuts for r,,, > 0.
The collinear limits of F 13) are consistent with the
collinear factorization constraints [63,104], yielding

FRO0.rr) = =F(r0.r) =275}, (12)
or equivalently, for F5(x;z,2) [113],
Fi5(0;1,1)=4C,  Fy5(0;0,0)=0. (13)

The light-cone limit ﬁZQ — 0 is obtained by taking x — 0,

F15(0;2,2) = Fou(z,2), (14)
recovering the known result [36] of Eq. (6). Equation (14)
also represents the triple collinear limit, £;]|3;]|; [65,104].
Figure 2 shows F 3(x; z, Z) in the Euclidean domain, where
it is real-valued. The figure illustrates that the computed
result satisfies both the two-particle collinear limit (13) and
the massless limit (14).

Computation strategy—We start from the correlator
[114] of four timelike Wilson lines (ﬂ%] > 0),

() gy () o (1) gy () \ __ a\" o
<q’ﬂ, Ps, Pp Pp, > = exp [Z (@) wl )}’ (15)

which is multiplicatively renormalizable. Specifically, the
renormalization of the multi-Wilson-line vertex involves
the very same quadrupole terms appearing in I' of Eq. (2),
barring the fact that in the latter three or four velocities are
expanded near the light cone. As indicated by the super-
script (m), the correlator is regularized in the infrared.
While the precise regularization prescription does not affect
the ultraviolet pole we aim to extract, we follow previous
work [32,36], and introduce exponential suppression of the

26 Foa

x=-iR ( V sin?(0) - r — sin(H))

—i0 4

24r z=1+Re — _r
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FIG. 2. F;3(x;z,z) in Euclidean kinematics with (z,Z) para-
metrized in polar coordinates. It is sampled along the line R =
(14 7)/2 at fixed values of r = r;;o < 0, interpolating between
the collinear limit 3; ||, (R = 0) of Eq. (13) and the lightlike limit
of Eq. (14) at r = 0.
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gluon coupling to the Wilson line at large distances,
inversely proportional to m+/f%. Equivalently, in momen-

tum space, the regulator induces a m\/% shift in the
denominator of the eikonal propagator. The dependence of
the regulator on the Wilson-line squared velocity ensures
that the correlator remains invariant under the rescaling of
each velocity.

Having defined the regularized correlator (15), we follow
the strategy described in Ref. [65], and use the MoR
[66—77] to perform an asymptotic light-cone expansion in

Bi~di.  Bi~dn P~k (16)
We stress that the naive limit—dubbed the “hard region”—
corresponding to taking the squared velocities in (16) to
zero in the integrand, amounts to losing infrared regulari-
zation along the lightlike lines, therefore generating col-
linear singularities in addition to the ultraviolet ones. This
leads to higher-order poles in €, which cannot be linked
with the renormalization of the multi-Wilson-line vertex.
However, the full asymptotic expansion obtained by the
MoR restores the multiplicatively renormalizable correlator
[65], replacing the higher-order € poles in each web with
logarithms of the expansion parameters in (16). These
logarithms ultimately cancel in the correlator in the sum of
all webs, where one can read off the soft anomalous
dimension. This strategy maximizes the simplification
afforded by the lightlike limit, as each region integral is
manifestly free of any dependence on the small squared
velocities.

Upon computing the correlator in the Euclidean regime,
where fy-py <0 for any pair of velocities U,
Ve{l,J,K,Q}, we guarantee that all the monomials in
the Symanzik graph polynomials in any integral are non-
negative, and hence there are no hidden regions [115,116].
Thus, the complete set of regions can be determined using
the facets of the Newton polytope of the graph polynomials
[68,70-75,77]. In this Letter we used the packages pySecDec
[117] and AmpRed [77] to determine the region vectors.

Performing the perturbative expansion of the correlator
(15), one finds that there are four types of four-line webs
(see Fig. 1) [26-33,36,37] that contribute to the color
quadrupole structure T, at three loops [36],

a,\3
<E> w® =W+ Wi+ Wi + Wiz + -4

(17)

where the subscripts on W count the number of attachments
to each of the four Wilson lines. Each W term represents the
sum of all webs of a given type in the Feynman gauge. The
ellipsis represents webs that span fewer lines.

Connected webs—W 11, represents the sum of all con-
nected diagrams spanning four lines. These feature either a

single four-gluon vertex or two three-gluon vertices
(Fig. 1). These diagrams are special: they are the only
ones that give rise to integrals depending on all three
rescaling-invariant ratios of Eq. (9). We therefore focus our
description of the calculation on these webs [118]. The
structure of Wy is

Wi = T7T!J)Tf<TZ) f Y0 {avy})
+ facefbdey(IK;JQ) {avu})
+ [P Y ka0 ({avu )] (18)

The three channels are related by permutations, so let us
now consider Y(;;.x0)- Relating the correlator (15) to the
anomalous dimension (2) requires computing ) with four
timelike Wilson lines, so prior to the expansion, the
kinematic dependence is via the set {ay;} of six rescal-
ing-invariant variables,

1 2y hy

avu BB

Being connected, these diagrams feature a single ultraviolet
pole in € [4],

(19)

Ayy +

Z y (1J; KQ {aVU}> (20)

I=-1

y(u KQ) {aVU}

As a consequence it is sufficient to regularize the infrared
on a single Wilson line [120]. We therefore drop the
regulator m on the lines /, J and K, while keeping it on
line Q, without affecting the ultraviolet 1/¢ pole we are
interested in. In this setup the expansions in the three
parameters of Eq. (16) commute.

The asymptotic expansion 7 of the Laurent coefficients
in Eq. (20) takes the form a log-power expansion.
Specifically, at the leading order in €, O(e™'), we have

T/l,-./l,./lk |:yE[_jl;)KQ)({aVU})j|

-1
= yE,’j;]zQ ( TikQs T'jkQ>» sz’/lzJ'j’/lk) +O(/1)7 (21)
where y i: kQ on the right-hand side depends on the
kinematics via the ratios r,,, as well as the three
logarithms of the expansion parameters 4, of Eq. (16).

We compute the asymptotic light-cone expansion using the
MoR, which yields a sum over region integrals,

7/1 Ay [y([J'KQ ({avu})}
Z /1;1 e/ln/ /lnke rllj Z]Qm]( Fikg» Tikos rijQ)’ (22)

[ni.n.m]
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where we neglected all subleading powers in the expansion
parameters 4;, 4;, and ;. Here, the regions are designated
by [n;,n;,n, identifying their scaling law A, for
u€i,j, k}, where n, are integers. In each region integral
we have scaled out the nonanalytic dependence on the

expansion parameters. Crucially, any given region integral

yE:l]'Z’Q')”] depends only on the three r,, ratios, and not on
the expansion parameters. Individual region integrals fea-

ture higher-order poles in €. These cancel in the sum of

k

Here, the gluons are color-coded according to the loop-
momentum modes [65]: the blue gluons are hard, while the
green, orange, and brown gluons are collinear to the i, j,
and k directions, respectively. The blob represents all the
possible ways in which the four gluons connect through a
single four-gluon vertex or two three-gluon vertices.

We use the method of differential equations [121] to
compute the region integrals. Using the packages AmpRed
[77], Kira [122—124], and LiteRed [125,126], we derive the
differential equation for a subset of the regions of one
channel, obtaining the rest by permutations. In addition to
the singularities at r,,o — {0, 1, 0o}, represented by the
alphabet (11), the differential equations display singular-
ities also at A; — 0 and A, — 0, where

Ay = A(74j0: Tiko» Tjko)» Ay = Ay + 40T jkoTikos
where A is the Killén function. A and A, are quadratic and
cubic polynomials in the r;;, variables, respectively. In the
parametrization (9) this corresponds to the following
extended alphabet:

{w;} = {o;}™ U {z-7,2x +z -7}, (24)

where the last two letters originate exclusively in A; and A,
[127]. These additional letters only appear in Wy, not in
any other contribution to the correlator.

In order to solve the differential equation, we bring it to
an e-factorized form [121]. To this end we first identify one
uniformly transcendental integral. Based on the experience

ij:IIZQ
expansion parameters, in line with Eq. (21).

Applying the MoR to Wy;;;, we get 56 regions for each
of the three channels. Most of the region integrals are
simple to evaluate; the most complicated eight region
integrals depend on all three r,,,,¢ ratios via polylogarithms.
These are the hard region, where the three Wilson lines are
taken to be strictly lightlike, and seven other regions which
feature one, two, or three collinear modes,

regions, leaving a trace in )JE ) as logarithms of the three

from calculating the fully lightlike limit [36,37], one
expects that this would be a property of the specific integral
entering the anomalous dimension, i.e., 7, 4 ; [Ysk0)l-
This is indeed so. Moreover, each region (characterized by
distinct scaling /1?"5/1;'"622”) is individually uniformly tran-
scendental. Based on this, using the package mitial [129], we
obtained a canonical form of the differential equations of
each region. The general solution is then obtained order by
order in € in terms of generalized polylogarithms using
PolyLogTools [130].

Important simplifications occur in Wy;;; upon summing
all region integrals. As discussed in Supplemental Material
[100], the result is compatible with a range of physical
constraints, including Bose symmetry, the first-entry con-
dition, a single ultraviolet 1/¢ pole, the known /)’2Q -0
limit, obtained in the computation of the connected webs in
Refs. [36,37], and the known collinear limit for the soft
anomalous dimension, determined by the strict collinear
factorization requirement [63,104]. These constraints, put
together, fully fix the boundary data, yielding a unique
result for W ;. We stress that in contrast to individual
region integrals, this result is free of higher-order poles in €,
ij;lng
and A,. It is a uniform weight-five function with GPLs of
the physical alphabet (11) and logarithms of the expansion
parameters.

Other webs—The remaining webs [131] in Eq. (17) do
not involve functions of all three kinematic variables and
are therefore simpler. The most complicated of these is

and the leading order y{ ) is free of singularities at A,
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Wii12 (see Fig. 1), which has one three-gluon vertex. The
calculation strategy is similar to that of the connected webs.
In contrast to Wiy, the Wy, integrals feature double
poles in ¢, and hence we computed them regularizing all
four Wilson lines. Further details on the computation will
be provided elsewhere [119]. The multi-gluon-exchange
webs in Eq. (17), W2, and W 5 (see Fig. 1), have been
computed with all four velocities timelike in terms of GPLs
[132,133]. It is therefore straightforward to expand these
results according to Eq. (16).

In addition to the four-line webs in Eq. (17), three- and
two-line webs also contribute to F'; 3 upon applying color
conservation [36,37,134]. These contributions can either be
obtained from known results [37] or deduced using Eq. (12).
In the sum of the four-line webs and those with fewer lines,
we find that the 1 dependence entirely cancels out, so F; 3
only depends on the variables {x, z,Z}, as expected.

Conclusions—In this Letter we computed the three-loop
soft anomalous dimension governing the singularities of
QCD amplitudes with one heavy particle and any number
of massless ones, summarized in Eq. (2). All ingredients
except the most complicated one—the quadrupole function

F f;(r,-jQ,rij,r,»kQ) correlating the heavy particle with
three massless ones—have been determined before, so
powerful consistency checks are available. In particular, the

lightlike limit of F 533) reproduces the well-known massless

quadrupole function F ((]32 (Pijkgs Prjig) [36], as stated in
Eq. (14). The latter also describes the three-particle collinear
limit [104]. Furthermore, the two-particle collinear limits of

F 533) are independent of any kinematic variables, and are
given by Eq. (12), in line with the constraints deduced from
strict collinear factorization [63,104].

Beyond said kinematic limits, our result for ]—' 1.3 admits a
highly constrained analytic structure in line with expect-
ations: the symbol alphabet (11) directly relates to physical
collinear singularities corresponding to r,,, = {0,1, co}.
The only discontinuity accessible from the first sheet is the
branch cut for r,,, > 0, a manifestation of the first-entry
condition. The result respects the two Galois symmetries in
Eq. (10). Finally, the three channels related by permuting
lightlike velocities are all real in the Euclidean regime.

To obtain the new result for F (g we used a novel
strategy, which retains the advantages of multiplicatively
renormalizing a manifestly process-independent, gauge-
invariant, and rescaling-invariant correlator of timelike
semi-infinite Wilson lines, while taking full advantage of
the simplification afforded by the lightlike limit through the
use of the Method of Regions [65]. The most striking aspect
of this Simpliﬁcation is the fact that each of the region
l} kb e
rescaling-invariant ratios, the variables that remain finite in
the limit, rather than the full set of six independent variables

on which the correlator depends. This strategy opens the

integrals y we computed depends on just three

way to compute the soft anomalous dimension at higher
loop orders and for amplitudes involving more heavy
particles at three loops.
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