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Quantum entanglement and quantum magic are two distinct fundamental resources that enable quantum
systems to exhibit complex phenomena beyond the capabilities of classical computer simulations. While
quantum entanglement has been extensively used to characterize both equilibrium and dynamical phases,
the study of quantum magic, typically quantified by the stabilizer Rényi entropy (SRE), remains largely
limited to numerical simulations of moderate system sizes. In this Letter, we establish a general framework
for analyzing the SRE in solvable Sachdev-Ye-Kitaev models in the large-N limit, which enables the
application of the saddle-point approximation. Applying this method to the Maldacena-Qi coupled
Sachdev-Ye-Kitaev model, we identify a series of first-order transitions of the SRE as the temperature is
tuned. In particular, we uncover an intrinsic transition of the SRE that cannot be detected through
thermodynamic quantities. We also discuss the theoretical understanding of the SRE in both the high-
temperature and low-temperature limits. Our results pave the way for studying the SRE in strongly
correlated fermionic systems in the thermodynamic limit and suggest a new class of transitions for which
the SRE serves as an order parameter.
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Introduction—Quantum computation provides a prom-
ising framework for addressing computational tasks that are
intractable for classical computers [1]. Its power funda-
mentally relies on two distinct resources of quantum
systems: quantum entanglement [2] and quantum magic
[3–6]. These two resources play complementary roles.
Quantum states with low entanglement can be efficiently
approximated using tensor network methods [7,8], yet they
may still exhibit extensive quantum magic. Conversely, the
Gottesman-Knill theorem states that nonmagic stabilizer
states can be efficiently represented within the stabilizer
formalism [9–12], even though they are capable of hosting
extensive entanglement. This complementarity highlights
that entanglement and magic should be regarded as
independent, yet intertwined, resources for quantum com-
putational advantage.
Meanwhile, intuitions from quantum information sci-

ence also provide deep insights into quantum many-body
physics. In particular, quantum entanglement has emerged

as a powerful tool: It enables the classification of topo-
logical phases of matter [13,14], distinguishes thermalized
from localized states [15–21], and even serves as an order
parameter for measurement-induced phase transitions
[22–26]. In contrast, the characterization of quantum magic
in many-body states remains relatively unexplored, despite
the proposal of various quantitative measures [27–37],
including the stabilizer Rényi entropy (SRE) [34–36].
Recent progress has primarily focused on numerical sim-
ulations in interacting quantum systems [38–50] and free-
fermion systems [51–53] of moderate system sizes or
analyses of matrix product states [54–57] and random
circuits [58–65]. A major challenge remains the lack of a
general path-integral formulation for studying the SRE, as
exists for equilibrium properties.
In this Letter, we establish a general path-integral

formalism for calculating the SRE in a class of solvable
Sachdev-Ye-Kitaev (SYK) models [66–69], which allows
for exact analysis in the large-N limit. We focus on the
thermal ensemble of the Maldacena-Qi coupled SYK
model [70–72] (illustrated in Fig. 1), which exhibits a
Hawking-Page transition from a low-temperature worm-
hole phase to a high-temperature black hole phase. We
show that its SRE, while remaining extensive as the inverse
temperature β is tuned, exhibits three first-order transitions.
Notably, one of these transitions cannot be detected by the
system’s equilibrium properties and represents an intrinsic
transition of the SRE [49]. We explain that this transition
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arises from a change in connectivity between different
branches of the path-integral contour, closely analogous to
the celebrated replica wormholes [73–75]. Our results pave
the way for studying the SRE of strongly interacting
fermions using large-N solvable models and demonstrate
that it can reveal hidden structures in many-body systems
that are inaccessible to equilibrium observables, with
potential connections to holography.
SRE and auxiliary spins—To be concrete, we consider a

quantum many-body system with 2N Majorana fermions,
denoted by ψm for m∈ f1; 2;…; 2Ng. Following the
standard convention in Ref. [68], we adopt the canonical
anticommutation relation fψm;ψng ¼ δmn. The definition
of the SRE in Majorana fermion systems requires intro-
ducing an orthonormal operator basis, known as Majorana
string operators:

Ψv ¼ ijvjðjvj−1Þ=22jvj=2ψv1
1 ψ

v2
2 …ψv2N

2N : ð1Þ

Here, v is an 2N-dimensional vector with elements
vm ∈ f0; 1g, specifying the locations of the nontrivial
Majorana operators and jvj≡P

m vm. The additional
factors are chosen so that Ψv is Hermitian and satisfies
Ψ2

v ¼ 1. This set of Majorana strings admits a one-to-one
correspondence with Pauli string operators via the Jordan-
Wigner transformation [76]. A generic density matrix ρ can
be expanded in terms of Majorana strings:

ρ ¼ 1

2N

X
v

tr½ρΨv�Ψv ≡ 1

2N

X
v

cvðρÞΨv: ð2Þ

The coefficient cvðρÞ, referred to as the Majorana
spectrum [40], is real and satisfies the normalization con-
dition

P
v cvðρÞ2 ¼ 2Ne−S2ðρÞ, where the second Rényi

entropy of the density matrix is defined as S2ðρÞ ¼
− ln tr½ρ2�. Notice that, due to the fermion parity, cvðρÞ¼0
for arbitrary fermionic Majorana string with odd jvj.
A special class of quantum states, known as stabilizer

states, admits an efficient classical representation. In
fermionic systems [40], each pure stabilizer state is
uniquely specified as the simultaneous þ1 eigenstate of
N independent, mutually commuting Majorana strings
f�Ψv1

;�Ψv2
;…;�ΨvN

g, which serve as the generators
of the stabilizer group. Consequently, cvðρÞ ¼ �1 if Ψv is
an element of the stabilizer group, and cvðρÞ ¼ 0 other-
wise. This observation motivates the introduction of the
SRE M̃2ðρÞ ¼ M2ðρÞ − S2ðρÞ in Refs. [34–36], to quantify
deviations from stabilizer states, i.e., the presence of
quantum magic, with

M2ðρÞ≡ − ln
�
2−N

X
v

cvðρÞ4
�
; ð3Þ

which is a close analogy to the inverse participation number
commonly used in the study of localization [77]. M̃2ðρÞ
vanishes if the density matrix is a pure stabilizer state or a
maximally mixed state within the code space defined by a
set of stabilizers.
We primarily focus on the path-integral representation

of the SRE for thermal density matrices ρ ¼ e−βH=Zβ,
associated with a Hamiltonian H, where the partition
function is given by Zβ ¼ tr½e−βH�≡ e−Sβ. In this case,
we have S2ðρÞ ¼ S2β − 2Sβ. Therefore, it suffices to
establish a path-integral formulation ofM2ðρÞ. We consider
ZSRE ≡ Z4

β

P
v cvðρÞ4, which reads [49]

ZSRE ¼
X
v

tr½ðe−βHÞ⊗4Ψð1Þ
v Ψð2Þ

v Ψð3Þ
v Ψð4Þ

v �: ð4Þ

Here, we introduce four copies of the original system,
labeled by α∈ f1; 2; 3; 4g, with the corresponding

Majorana strings denoted by ΨðαÞ
v . The ordering of these

Majorana strings is irrelevant, since only bosonic ones
contribute. Introducing ZSRE ¼ e−SSRE , we have the relation
M2ðρÞ ¼ SSRE − 4Sβ þ N ln 2. Now, we rewrite the sum-
mation over Majorana strings as a summation on each
site m. This yields

ZSRE ¼ tr

�
ðe−βHÞ⊗4

Y
m

ð1þ 4ψ ð1Þ
m ψ ð2Þ

m ψ ð3Þ
m ψ ð4Þ

m Þ
�
: ð5Þ

Therefore, evaluating the SRE amounts to inserting oper-
ators on each site of the replicated system. When the

FIG. 1. A schematic of our main results. The Maldacena-Qi
coupled SYK model consists of two identical copies of the SYK
model with the same random couplings Jijkl and a direct hopping
μ. In thermal equilibrium, the model exhibits a first-order
Hawking-Page transition at β�HP for μ ≪ J. We find that the
(second) stabilizer Rényi entropy M̃2ðβÞ exhibits its own intrinsic
first-order transition at β�SRE, which is not reflected in thermo-
dynamic quantities. Solid lines correspond to the dominant
saddle, while dashed lines denote unstable saddles.
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density matrix is represented as an imaginary-time path
integral [78], these operators are inserted at a single
imaginary time, chosen as τ ¼ 0. A sketch is presented
in Fig. 2, where each copy of the imaginary-time evolution
e−βH is depicted as a closed circle, with different copies
shown in distinct colors. The black dots denote operator
insertions that couple the different copies. A similar replica
trick has been widely used in calculations of entanglement
entropy [79].
To eliminate the extensive operator insertions, which are

difficult to handle directly, we introduce a set of auxiliary
Ising spins σm ¼ �1 and express M2ðρÞ by

ZSRE ¼
X
fσmg

tr

�
ðe−βHÞ⊗4

Y
m

S12
m ½σm�S34

m ½σm�
�
; ð6Þ

where Sαβ
m ½σm� ¼ eðπ=2Þσmψ

ðαÞ
m ψ ðβÞ

m is the fermionic SWAP

operation that satisfies

Sαβ
m ½σm�†

�
ψ ðαÞ
m

ψ ðβÞ
m

�
Sαβ
m ½σm� ¼ σm

�
ψ ðβÞ
m

−ψ ðαÞ
m

�
: ð7Þ

Without these SWAP operations, the four branches of the
path integral remain disconnected, each obeying the anti-
periodic boundary condition for fermionic fields. The SWAP

operations effectively connect each pair of branches,
introducing a fluctuating phase of �1 when fields pass
through the intersections, as illustrated in Fig. 2. The
relative minus sign on the rhs ensures the standard
antiperiodic boundary condition after two branches are
joined. Equation (6), thus, provides a geometric interpre-
tation of the SRE for generic systems. A similar expression
for qubit systems are presented in Supplemental
Material [80].
Coupled SYK model—For generic many-body systems,

the path integral in Eq. (6) involves 2N independent Ising
spins, whose evaluation requires numerical simulations
using techniques such as quantum Monte Carlo [49]. In
contrast, we are interested in analyzing the SRE in solvable
SYK models [66–68,81]. Numerical calculations of the
SRE in the SYK model have been performed in [40–42] for

finite N. Here, we primarily focus on the large-N limit. We
focus on the Maldacena-Qi coupled SYK model [70–72],
where the Majorana fermions are divided into two clusters,
labeled left and right, with indices m ¼ L, j or R, j for
j∈ f1; 2;…; Ng. The Hamiltonian, illustrated in Fig. 1, is
given by

H ¼
X

i<j<k<l

JijklðψL;iψL;jψL;kψL;l þ ψR;iψR;jψR;kψR;lÞ

þ iμ
X
j

ψ j;Lψ j;R; ð8Þ

where the random four-fermion couplings are independent
Gaussian variables with

Jijkl ¼ 0; J2ijkl ¼ 6J2=N3: ð9Þ
At μ ¼ 0, the model describes two decoupled SYK
systems, whose low-energy sector is dual to an AdS2 black
hole [82]. Aweak coupling (μ ≪ J) becomes relevant in the
low-temperature limit, driving a first-order Hawking-Page
transition at β�HP to an eternal wormhole [70]. For
μ=J ≳ 0.12, this transition turns into a crossover, while
showing qualitatively the same features.
The saddle-point equation for the path integral (6) can be

derived by generalizing the standard SYK techniques for
equilibrium properties [68]. The central idea is that, after
disorder averaging, pairs of modes L, j and R, j with
different j become equivalent, allowing the system to be
analyzed by focusing on just two representative modes with
fixed j. The effects of all other modes are incorporated
solely through a self-consistent self-energy term. Leaving
the detailed derivation to Supplemental Material [80], the
saddle-point equations read

ΣðαβÞ
ss0 ðτ; τ0Þ ¼ J2GðαβÞ

ss0 ðτ; τ0Þ3;

GðαβÞ
ss0 ¼

P
σL;σRg

ðαβÞ
ss0;σLσR

det½gðαβÞss0;σLσR
�−1=2P

σL;σR det½g
ðαβÞ
ss0;σLσR

�−1=2
: ð10Þ

Here, GðαβÞ
ss0 ðτ; τ0Þ ¼ hψ ðαÞ

s ðτÞψ ðβÞ
s0 ðτ0Þi denotes the full

Green’s function with s; s0 ∈ fL; Rg, and ΣðαβÞ
ss0 ðτ; τ0Þ is

the corresponding self-energy. For conciseness, the index

j has been suppressed. We also introduce gðαβÞss0;σLσR
to denote

the Green’s function evaluated with the fixed boundary
condition (7):

gðαβÞss0;σLσR
¼

�
∂τ − μðσyÞss0 − ΣðαβÞ

ss0

�
−1

σLσR
: ð11Þ

The subscript σL=R ¼ �1 specifies the boundary condition
of the corresponding mode, which, in turn, determines the
definition of the kinetic term ∂τ. The inversion is carried out
by treating g as a matrix in the space of s, α, and τ for fixed
σL and σR. After solving the saddle-point equations, the

FIG. 2. An illustration of the path-integral representation of the
stabilizer Rényi entropy, either with extensive operator insertions
[Eq. (5)] or with fluctuating phases [Eq. (6)]. Lines of different
colors correspond to different replicas of the density matrix.
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action SSRE is given by

SSRE
N

¼ − ln

�X
σL;σR

det½gðαβÞss0;σLσR
�−1=2

�

þ 3

8

X
αβ;ss0

Z
τ;τ0

GðαβÞ
ss0 ðτ; τ0ÞΣðαβÞ

ss0 ðτ; τ0Þ: ð12Þ

Together with the thermal partition function Zβ [68], this
determines M2 and, hence, the SRE M̃2.
We further discuss the symmetry of the path integral. It is

invariant under σL=R → −σL=R and

ðψ ðα1Þ
L=R;ψ

ðα2Þ
L=RÞ → −ðψ ðα1Þ

L=R;ψ
ðα2Þ
L=RÞ; ð13Þ

for chosen α1 ∈ f1; 2g and α2 ∈ f3; 4g. Assuming this
symmetry is not spontaneously broken, as verified numeri-

cally, the full Green’s function GðαβÞ
ss0 is expected to be

diagonal in αβ. Moreover, permutation symmetry implies

that GðααÞ
ss0 is independent of α. This results in GðαβÞ

ss0 ¼
δαβGss0 and ΣðαβÞ

ss0 ¼ δαβΣss0 . In addition, we have

gðαβÞss0;σLσR
¼ fαfβgðαβÞss0;−σL−σR

; ð14Þ
where fα ¼ −1 if α ¼ α1 or α2 and otherwise fα ¼ 1. This

also leads to det½gðαβÞss0;σLσR
� ¼ det½gðαβÞss0;−σL−σR

�.
Results—The analytical solution of (10) is challenging

due to the breaking of time-translation symmetry induced
by the auxiliary spin σs. Therefore, we perform a numerical
study by discretizing the imaginary-time evolution and
solving the Green’s function iteratively. Similar methods
have been applied previously to the study of the Rényi
entropy in SYK models [75,83,84]. The results forM2 as a
function of the inverse temperature β are presented in Fig. 3
for μ=J ¼ 0, 0.1, and 0.2. We first focus on the case
μ=J ¼ 0, where the system reduces to two decoupled SYK
models. Numerical results suggest that M2ðβÞ ¼ N ln 2 is
independent of temperature, indicating that only the iden-
tity operator contributes in Eq. (3) atN → ∞. To provide an
analytical derivation of this relation, we note that, since the

two sides are uncorrelated, it suffices to focus on gðαβÞ ¼
gðαβÞLL;11 and ΣðαβÞ ¼ ΣðαβÞ

LL . Taking into account the symmetry
(14), the saddle-point equations become

ΣðαβÞðτ; τ0Þ ¼ J2δαβgðαβÞðτ; τ0Þ3; ð15Þ
with gðαβÞ ¼ ð∂τ − ΣðαβÞÞ−1σ¼1. This coincides with the
saddle-point equation for the norm of the Kourkoulou-
Maldacena (KM) state [85,86], and SSRE corresponds to the
action of the KM state, 8SKM, with the overall factor arising
from the replicas and flavors. On the other hand, it has been
established that SKM þ C0 ¼ Sβ;SYK ¼ Sβ=2, where Sβ;SYK
is the action of a single SYK model and C0 is independent
of βJ [85,86]. Therefore, we conclude that SSRE − 4Sβ is
independent of βJ. Its value can then be fixed by evaluating

at βJ ¼ 0, which yields M2ðβÞ ¼ N ln 2. Similar conclu-
sions hold for other SYK-like models with permutation
symmetry, including the nonchaotic SYK2 model and those
with mixed SYK2 and SYK4 interactions. An alternative
derivation is provided in Supplemental Material [80].
Next, we introduce aweak coupling between the two sides

with μ=J ¼ 0.1. In the high-temperature limit, the coupling
effect is perturbative, and M2ðβÞ ≈ Nðln 2 −Oðμ2β2ÞÞ. As
the inverse temperature increases, we observe a first-order
transition of SSRE near β�SREJ ≈ 19, evidenced by the coex-
istence of two distinct solutions to Eq. (10), obtained from
different initialization conditions in the iteration. The physi-
cal solution is the one with smaller M2ðβÞ and the SRE
becomes singular. Similar singularities have been observed
in quantum Monte Carlo simulations of quantum spin
models [49]. Figure 3(b) shows the Green’s function

Gð11Þ
LL ðτ; τ0Þ. The solution corresponding to the high-temper-

ature saddle resembles the thermal Green’s function,
approaching 1=2 at τ ¼ 0þ and τ0 ¼ β−. This behavior
indicates that the SWAP operators are effectively disrupted
by the fluctuating field σ, leading to a disconnection between
replicas. In contrast, theGreen’s function at low temperatures
decays as τ − τ0 increases, consistent with full connectivity
between replicas (1) and (2), where τ ¼ 0þ and τ0 ¼ β−

correspond to maximal imaginary-time separation.
Therefore, the transition reflects a qualitative change in
replica connectivity. From the perspective of fermionic
modes, the coupling between the two sides becomes dom-
inant in the low-temperature saddle. This drives the system
toward a target stabilizer state with stabilizers f−iψ j;Lψ j;Rg,
thereby leading to a reduction in M2ðβÞ.
If we further increase β, another first-order transition

appears near β�HPJ ≈ 27. This is the Hawking-Page tran-
sition of the thermal partition function, originating from

(a)
(b)

FIG. 3. (a) Numerical results forM2ðβÞ, obtained by iteratively
solving the saddle-point equations (10) for μ=J∈ 0; 0.1, 0.2. The
orange triangles and purple diamonds correspond to solutionswith
different initializations, favoring the high- and low-temperature

solutions, respectively. (b) The Green’s function Gð11Þ
LL ðτ; τ0Þ is

plotted at βJ ¼ 17 and βJ ¼ 21 for μ=J ¼ 0.1, clearly exhibiting
qualitatively different features near τ ¼ 0þ and τ0 ¼ β−.
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the contribution of Sβ in the relation M2ðρÞ ¼
SSRE − 4Sβ þ N ln 2. The physical solution corresponds
to the branch with smaller Sβ and, therefore, larger
M2ðβÞ. For βJ → ∞, M2ðβÞ saturates to a value signifi-
cantly smaller than in the case with μ ¼ 0. In Supplemental
Material [80], we further show that M2ð∞Þ ¼ Nð2 ln 2 −
4s0Þ < N ln 2 for μ=J → 0, where s0 ≈ 0.2324 is the zero-
temperature entropy density of the SYK4 model [68].
Consequently, M2ð∞Þ is discontinuous at μ ¼ 0 as μ=J
is varied. For larger μ=J ¼ 0.2, the transitions of M2ðβÞ
turn into crossovers, while the qualitative behavior remains
unchanged.
Finally, we combine M2ðβÞ with the second Rényi

entropy S2ðβÞ to obtain the SRE M̃2ðβÞ. The results are
shown in Fig. 4. For the μ=J ¼ 0 case, S2ðβÞ decreases
smoothly from ln 2 to 2s0 as the inverse temperature
increases, leading to a monotonic increase of the SRE.
When a weak coupling μ=J is introduced, the second
Rényi entropy S2ðβÞ ¼ S2β − 2Sβ exhibits first-order tran-
sitions at both β�HP=2 and β�HP. In particular, the entropy
decreases almost linearly in the intermediate regime and
saturates near zero for β > β�HP. Numerically, we find that
β�HP < 2β�SRE. Therefore, the SRE exhibits a linear increase
for β∈ ðβ�HP=2; β�SREÞ. The increase terminates due to the
intrinsic transition at β�SRE, and the SRE then decreases and
saturates through another transition at β�HP. This nonmono-
tonic behavior with singularities resembles the entangle-
ment barrier [87–89], which represents an obstacle for
classical simulations using tensor network approaches.
Intuitively, our results suggest a corresponding barrier in
the classical resources required to simulate the model in the
intermediate temperature regime using stabilizer-based
methods.
Discussions—In this Letter, we develop a general path-

integral framework for computing the stabilizer Rényi
entropy in solvable SYK models, providing a tool to study
the quantum magic of strongly interacting fermions in the
thermodynamic limit. Applying this framework to the
Maldacena-Qi model, we uncovered multiple first-order

transitions of the SRE, including an intrinsic transition
that is invisible to conventional thermodynamic observ-
ables. Our results demonstrate that the SRE captures
features of many-body quantum states beyond standard
equilibrium measures, revealing a new type of phase
behavior that is inherently informational. Moreover, the
nonmonotonic temperature dependence of the SRE reveals
a temperature-dependent barrier to the resources required
for classical simulation.
We conclude with a few remarks on future directions.

First, the path-integral representation introduced here,
employing auxiliary spins and fermionic SWAP operations,
provides a versatile tool that can be applied to other
interacting systems, including higher-dimensional SYK
models and systems undergoing nonequilibrium dynamics.
Second, it would be interesting to study the transitions of
the stabilizer Rényi entropy from a holographic perspective
and explore possible connections to replica wormholes,
whose SYK counterparts also arise from first-order tran-
sitions with distinct Green’s function structures [75].
Finally, it remains an open question whether similar
transitions appear in other measures of quantum magic,
such as mana. We leave these explorations for future work.
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