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The inclusion of spin effects in the binary dynamics for black holes and neutron stars is crucial for the
computation of gravitational wave observables. Worldline supersymmetric models have been shown to be
particularly efficient at this task up to quadratic order in spin, but progress at higher orders has been
hampered by no-go theorems. In this Letter, we propose a novel approach to overcome this problem by
extending the supersymmetry beyond minimal coupling. We demonstrate the potential of this approach by
computing an “all-order-in-spin,” “linear in curvature,” manifestly supersymmetric Hamiltonian, as well as
a “cubic-order-in-spin” Hamiltonian in arbitrary spacetime dimensions. In doing so, we identify a criterion
that uniquely determines the Kerr geometry in terms of worldline supersymmetry. Equipped with these
Hamiltonians, we demonstrate the exponentiation of three-point and Compton amplitudes using the
recently proposed generalized Wilson line approach.
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Introduction—A fascinating aspect of future gravita-
tional wave astronomy lies in the ability to infer funda-
mental properties of black holes and neutron stars from the
detected waveforms. The upcoming third generation of
gravitational wave detectors will enable reaching unprec-
edented precision for observable measurements [1–7],
among them spin and tidal deformability. Such progress
requires accurate waveform templates that, in particular,
capture spin effects in the binary dynamics.
A wealth of analytical results have been derived in the

post-Minkowskian (PM) expansion, i.e., the expansion
around weak gravitational fields in Newton’s constant G.
The driving force behind this breakthrough is largely due to
a modern formulation of the two-body problem in general
relativity (GR) with quantum field theory (QFT) techniques
[8–67] together with advances in integration methods for
Feynman integrals [68–76]. Importantly for this program, an
effective two-body potential governs both the dynamics of
the unbound scattering scenario and dynamics of an inspiral-
ing binary, a connection that takes a particularly elegant form
in the so-called bound-to-boundary map [77–79].

In this QFT-inspired approach, the rotation of black holes
and neutron stars is represented as the spin s of a point
particle, while finite size effects are captured using effective
operators modeling the internal structure of the objects
[11,80–87]. Correspondingly, apart from the expansion in
G, one should also consider an expansion in themacroscopic
spin variable S, defined as the conjugate momentum of the
angular velocity. The current state of the art in the GnSm

double expansion is the combined nþm ¼ 5 accuracy
[29,40,42,53,55,57–61,88,89]. Additionally, considerable
progress has been made at higher orders in spin
[58,66,90–103], where, for example, results are available
for the sectors OðGS∞Þ, OðG2S∞Þ, and OðG3S4Þ. In fact,
GR provides an upper bound for the spin of black holes, via
S ≤ Gm2, while neutron stars seem to be restricted to slower
rotations [104]. Considering this scaling with G, higher
orders in spin are elevated to the same level of importance as
higher orders in the PM expansion, and are thus of primary
relevance for improving the theoretical precision.
While the need to model spin effects is evident, a QFT

description of these classical effects is not without chal-
lenges. Taking the classical limit in the scattering amplitude
approach is quite involved [14,105,106] and the identifi-
cation of the particle spin s with the macroscopic spin
variable S requires interacting higher-spin fields [11].
Worldline models improve on these aspects considerably
by efficiently reorganizing classical parts of QFT ampli-
tudes into terms that have a well-defined ℏ → 0 limit
[10,36,107–110]. Crucially, the worldline approach enables
to represent particles of spin s ¼ 1

2
or s ¼ 1 minimally
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coupled to gravity with a N ¼ 2s supersymmetric action
[111–114], capturing spin effects through OðS2sÞ, most
prominently explored in the worldline QFT approach
[29,59,60,107,115] and more recently using generalized
Wilson lines (GWLs) [109,116]. The identification of
the classical spin variables is particularly clear in the
GWL approach, thanks to the synergy of the supersym-
metric formulation and the soft expansion [108,109,117].
Extending a worldline description beyond quadratic order
in spin, however, has proven challenging, although prom-
ising progress has recently been reported [100,101,118].
Supersymmetric formulations, in particular, are hindered
by well-known no-go theorems [119–122]. One possibility
that has recently been explored in [101] is to abandon
supersymmetry in favor of bosonic fields for the spin tensor
[123]. In this Letter, we approach the problem from a
different angle by exploring nonminimal coupling on the
supersymmetric worldline.
Nonminimal coupling has a long and extensive history. It

emerges straightforwardly in the context of effective field
theories, where higher-dimensional operators are added to
the action to model physics below a certain energy scale,
while the UV physics is absorbed into Wilson coefficients.
For classical gravity, in particular, worldline effective field
theories are formulated in terms of operators containing
arbitrary powers of the curvature tensor, which therefore
couple the point particle to the metric nonminimally. As
such, they represent deviation from geodesic motion, and
are thus associated with the finite extent of the source
[80,84,86,124–126]. The operators that contribute at lowest
order in the PM expansion are self-induced tidal effects.
They correspond to the multipole moments of the object’s
stress-energy tensor that couple the spin S of the particle to
derivatives of the curvature. For spinning black holes, the
numerical value of the corresponding Wilson coefficients is
unity, while values different from one capture the compli-
cated internal structure of neutron stars instead.
A fresh look at nonminimal coupling comes from recent

developments in on-shell methods for scattering amplitudes.
Specifically, in [127], on-shell amplitudes for massive
particles of arbitrary spin were introduced. While massless
amplitudes exhibit a unique structure that corresponds to the
usual notion of minimal coupling in QFT, massive ampli-
tudes admit several distinct tensor structures. This suggests
thatmassive higher-spin interactions naturally lead to higher-
dimensional operators. One of these structures is special and
matches the properties of the massless minimally coupled
amplitude in the high-energy limit. In fact, it has been shown
in [97,128] that these minimally coupled higher-spin ampli-
tudes reproduce precisely the multipole moments that
uniquely define the Kerr black hole geometry [84,129].
These multipole moments have a representation on the
worldline as corrections to the dynamical mass of the
particle. We will show in the following how they naturally
emerge from the supersymmetry algebra.

In this Letter, we propose a nonminimally coupled
supersymmetric worldline model that describes the gravi-
tational interaction beyond quadratic order in spin. After
introducing nonminimal coupling, in the next section
we enforce the supersymmetry algebra order by order in
spin, leading to a formal expression for the higher-spin
Hamiltonian. Following that, we identify the subclass of
nonminimal couplings that define the Kerr geometry on the
worldline, enabling to provide for the first time two higher-
spin Hamiltonians: first, the “all-order-in-spin” and “linear-
in-curvature” Hamiltonian describing the dynamics of
Kerr black holes in four spacetime dimensions, and
second, the “cubic-order-in-spin” Hamiltonian for general
extended bodies in generic spacetime dimensions d. The
d-dimensional expressions are interesting from a theoretical
perspective [130–133] and computationally useful for con-
structing amplitude integrands, making them free of Levi-
Civita tensors and therefore unambiguous in dimensional
regularization. Lastly, we demonstrate, using the GWL
approach, that theseHamiltonians lead to the exponentiation
of the higher-spin three-point and Compton amplitudes,
which are the essential building blocks for the computation
of observables.
Spin through worldline supersymmetry—Free massless

particles of spin s are characterized in flat space by 2sþ 1
conserved charges on phase space. These are the 2s
Grassmann valued charges Qi for i∈ f1;…; 2sg and the
Hamiltonian H related to the charges via a N ¼ 2s-fold
supersymmetry algebra under Poisson brackets (PB),

fQi;QjgPB ¼ −2iδijH: ð1Þ

The supersymmetry algebra implements a worldline analog
of the 2s-fold tensor product of the Clifford algebra written
in terms of momenta fpμγ

μ; pνγ
νg ¼ 2p2. Minimal cou-

pling to gravity is achieved by using the charge

Qi ¼ iψa
i e

μ
aπμ ≡ iψa

i e
μ
a

�
pμ þ

i
2
ωbc
μ ψ i

bψ
i
c

�
; ð2Þ

where pμ is the canonical momentum, ωab
μ is the spin

connection, eμa is the tetrad, and the Grassmann multiplet
ψa
i is related to the GR spin tensor Sμν through

Sμν ¼ ieμaeνbψ
a
i ψ

b
i : ð3Þ

This charge fails to obey the supersymmetry algebra for
s > 1 [119]. In order to describe particles of higher-spin we
consider the nonminimally coupled charge

Qi ¼ iψa
i e

μ
aPμ ≡ iψa

i e
μ
aðπμ þ qμÞ; ð4Þ

with yet to be determined qμ. Correspondingly,
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fQi;QjgPB ¼ iδijP2 − ψa
i ψ

b
jTab; ð5aÞ

Tab ¼ feμaPμ; eνnPνgPB − 4eμ½aj
δPμ

δðiψc
iψ

jb�
i Þ

Pνecν; ð5bÞ

where the qμ dependence is implicit in the new term Tab

and P2. Clearly, for vanishing Tab the brackets are diagonal
and thusH can be defined via Eq. (1), i.e.,H ¼ − 1

2
P2. The

inclusion of a mass for the particle is simple in this
particular case [134] and changes the Hamiltonian to

H ¼ 1

2
ðm2 − P2Þ≡ 1

2
ðM2 − π2Þ; ð6Þ

where in the last step we introduced the dynamical mass
M, which collects all dependence over qμ. The strategy we
follow is therefore to solve Tab ¼ 0 for qμ order by order in
curvature and spin, hence enforcing supersymmetry up to
the corresponding order in the expansions. To do so, we
first expand qμ into a power series in the spin tensor

qμ ¼
X∞
n¼0

qμ;ðnÞSðnÞ; ð7Þ

where (n) is short for the 2n indices a1b1…anbn.
Quite generally, the coefficients qμ;ðnÞ depend on the
momentum πμ and a collection of spacetime functions
ϕI ¼ fRμνϱσ;∇αRμνϱσ;…g, where the ellipses denote
higher orders in the derivatives and curvature tensor. As
such, they encode the coupling between the spin and the
background spacetime.
Since theN ¼ 2smodel encodes the spin dynamics only

to order S2s in the spin tensor, we can truncate the series in
Eq. (7) at that order by requiring that the qμ;ðnÞ fulfil the
Bianchi identity for any three indices ai, bi, aj. This leads
to the explicit constraint

Tab ¼
1

2
RabcdScd−fqa;qbgPBþR½ajcefSef

δqjb�
δπc

−2
X2s
n¼0

SðnÞ
�
2ðnþ1Þπrq½aj;rjb�ðnÞ−∇½ajϕI

δ

δϕI
qjb�;ðnÞ

�

þ2qce
μ
fω

dc
μ

δ

δπf
ηd½bqa� þ2qc

δqb
δSac

−2qc
δqa
δSbc

¼ 0: ð8Þ

In the following section, we present two solutions to
Eq. (8), which yield the corresponding higher-spin
Hamiltonians of the supersymmetric model.
Higher-spin Hamiltonians—Linear curvature all order in

spin in d ¼ 4: Restricting our attention to the first order in
curvature and d ¼ 4, we first define the spin vector sμ and
mass dipole Dμ in terms of the spin tensor of Eq. (3)
according to

Dβ þ isβ ≡ rαSαβ þ i
1

2
rαϵαβγδSγδ; ð9Þ

where the unit vector rμ ¼ ðπμ=
ffiffiffiffiffi
π2

p
Þ. BothDμ and sμ carry

three degrees of freedom, due to orthogonality to rμ. Since
the spin tensor captures spatial rotations, only three of the
six degrees of freedom among sμ and Dμ are physical. The
unphysical ones are removed with an additional constraint
called “spin supplementary condition” (SSC), which in the
supersymmetric model is enforced as Qi ¼ 0. However, in
order to maintain the supersymmetry of the action, all
components of sμ and Dμ are necessary at this stage.
Demanding that qμ;ðnÞ is traceless, i.e.,

qμ;ðnÞηaiaj ¼ 0; ð10Þ

the equation Tab ¼ 0 dramatically simplifies and a solution
for qμ can be written down to all orders in sμ and Dμ. The
resulting Hamiltonian then reads

H ¼ m2 − π2

2
−
X∞
n¼2

Xn
k¼0

�
n
k

�
1

n!jπjn−2 ðD
biÞkðsbjÞn−k

×

( ð−1Þ3n−k2 Eðb1…bn−2;bn−1bnÞ n-k even

ð−1Þ3n−kþ1
2 Bðb1…bn−2;bn−1bnÞ n-k odd

; ð11Þ

where

Ea1…an;bc ¼ π̂xπ̂y∇a1…∇anRxbyc; ð12aÞ

Ba1…an;bc ¼
1

2
ϵyczdπ̂

xπ̂y∇a1…∇anRxbzd: ð12bÞ

Equation (11) is a new result, as it captures the all-order
dependence on the mass dipole, i.e., it does not rely on a
specific choice of the SSC. Truncating Eq. (11) at order
OðDÞ and making use of the differential Bianchi identity,
we recover the result derived in [101] [see Eq. (3.20) there,
where the mass dipole is referred to as Zμ].
Importantly, this expression captures the multipole

moments of Kerr black holes. In order to show this, we
isolate the OðD0Þ term

H ¼ m2 − π2

2
−
X∞
n¼1

ð−1Þn
ð2nþ 1Þ!

�
sa∇a

jπj
�

2n−1
Babsasb

− 2
X∞
n¼1

ð−1Þn
ð2nÞ!

�
sa∇a

jπj
�

2n−2
Ecdscsd; ð13Þ

which agrees with the literature [84,118,129]. We stress
that the Kerr geometry emerges from the conditions that
qμ;ðnÞ is traceless and fulfils the Bianchi identity.
Cubic in spin for generic d: For generic spacetime

dimensions d and aiming at non-Kerr solutions, we relax

PHYSICAL REVIEW LETTERS 135, 211404 (2025)

211404-3



the traceless condition and make an ansatz for qμ;ðnÞ up to
n ¼ 3 containing the curvature and its derivative. The
resulting dynamical mass is conveniently expressed in
terms of the mass dipole Dμ and the physical spin tensor
S̃μν ¼ Sμν − 2r½μDν�. For the Dμ ¼ 0 SSC, terms that are
quadratic in the mass dipole are irrelevant, and we consider
the linearized Hamiltonian

H¼m2−π2

2
þπ2C1S̃abS̃

abþ1

2
CDπ̂abS̃

ab

−
CES2 þ C̃ES2

8
S̃abS̃cdð1− jπj−1∇DÞCabcd

−
C̃ES2

2
S̃acS̃

cbð1− jπj−1∇DÞEab

−
CBS3

6jπj ∇aCπ̂bcdS̃
adS̃beS̃ce−

C̃BS3

6jπj ∇π̂CaDπ̂bS̃
acS̃bc

þ 1

jπjðC̃ES2 þ C̃BS3ÞEa;bcS̃
acðD · S̃ÞbþOðD2Þ: ð14Þ

The coefficients CES2 ; C̃ES2 ; CBS3 , and C̃BS3 are introduced
as shorthands for combinations of coefficients coming from
the ansatz [see Eqs. (A1)–(A3)] and are identified such that
in d ¼ 4 we recover the usual couplings in terms of
CES2 ; CBS3 (see, e.g., Ref. [84] for an excellent overview).
This Hamiltonian is a new result and extends effective
higher-spin Hamiltonians in the literature to generic space-
time dimensions. In particular, the Wilson coefficients C̃ES2

and C̃BS3 are new for generic d. They cancel or vanish in the
special case d ¼ 4, where

H ¼d¼4m2 − π2

2
− 2π2C1sasa þ BDs

þ CES2

2
ð1 − jπj−1∇DÞEss þ

CBS3

6jπj Bs;ss þOðD2Þ;

ð15Þ
which is in agreement with [101,136]. Interestingly, the
supersymmetric model also includes mass corrections
[137] parametrized by the C1 coefficient multiplying the
constant s2. In generic d, the Wilson coefficients are not
fixed completely in the Kerr limit, but rather depend on a
single unconstrained parameter D,

CES2 ¼
d2 − 4

12
þDdðd − 4Þðdþ 1Þ; ð16aÞ

C̃ES2 ¼
dþ 4

12
þ dðdþ 1ÞD; ð16bÞ

CBS3 ¼
6

2ðd − 1Þ ; ð16cÞ

C̃BS3 ¼ −
1

4
− 3ðdþ 1ÞD: ð16dÞ

We interpret this free parameter as an indication of a larger
number of Kerr-like solutions to Einstein’s equation in
d > 4. As the uniqueness theorems do not apply there, we
should not expect all multipole moments to be determined,
which agrees with findings in [130,138]. In d ¼ 4, how-
ever, the Kerr limit fixes all coefficients to unity as expected
for Kerr black holes.
Wilson lines and exponentiation in gravitational

scattering—The classical scattering of compact astrophysi-
cal objects is modeled by the exchange of soft gravitons
hμν, defined as usual as a perturbation around the flat metric

ημν, i.e., κhμν ¼ gμν − ημν, with κ ¼ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
. Observables

can then be derived, for example, from the eikonal phase χ,
which consists of resummed subsets of graviton exchanges.
This is achieved very elegantly in the GWL approach
[108,109], where it can be shown that subsets of graviton
interactions relevant in the classical limit exponentiate, thus
resumming the classical part of the scattering amplitude to
all orders in the coupling κ.
In particular, the higher-spin GWLs are defined through

the path integral expression

W̃ðp; η; bÞ ¼
Z

D½x;ψ � exp
�
i
Z

∞

−∞
dtL½x;ψ �

�
; ð17Þ

with the Lagrangian

−
ẋ2

2
þ i
2
ψa
i
D
dt
ψa
i −

1

2
hμνðpþ ẋÞμðpþ ẋÞνþ1

2
ðm2−M2Þ:

ð18Þ

Here, M is the dynamical mass in configuration space
evaluated at position bþ ptþ x, where b and p refer to the
impact parameter and momentum of the particle, respec-
tively. The boundary conditions for the Grassmann fields
ψμ
i ð−∞Þ þ ψμ

i ð∞Þ ¼ 2ημi generate the classical spin tensor
Sμν ¼ iημi η

ν
i . The Green functions for worldline fields and

the procedure for solving the path integral have been
discussed thoroughly in [108,109].
The eikonal phase χ can be computed from the vacuum

expectation value of two GWLs with regard to the Einstein-
Hilbert action SEH, i.e.,

eiχ ¼
Z

DhμνW̃ðp1; η1; b1ÞW̃ðp2; η2; b2ÞeiSEH ; ð19Þ

which results in a diagrammatic expansion in terms of the
classical amplitudes that make up the GWL (i.e., three-
point, Compton, and higher-point amplitudes). The pertur-
bative PM expansion of observables follows from the
expansion of the Lagrangian in Eq. (18) to the correspond-
ing order. Using the Hamiltonians from the previous
section, we can compute two distinct GWLs: the first
one in d ¼ 4 to all order in spin and limited to 1PM
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observables, and the second one to cubic order in spin,
generic d, and suited for 2PM observables.
GWL at 1PM, all orders in spin, and d ¼ 4: Computing

the 1PM Wilson line requires no propagators of worldline
fields. Linearizing the all-order-in-spin Hamiltonian in κ
and selecting the covariant SSC for the background
parameters pμη

μ
i ¼ 0 yields

W̃ðp;η;bÞ¼ exp

��
−
iκm
2

�Z
k
h̃μνðkÞe−ikbδ̂ðvkÞ

×

�
vμvν coshða ·kÞþ i

vðμSνÞσkσ
mða ·kÞ sinhða ·kÞ

��
;

ð20Þ

where vμ ¼ 1
mp

μ and aμ ¼ 1
2
vνϵνμϱσSϱσ . The exponent

encapsulates the on-shell Kerr black hole three-point
amplitude [97,99,128], while off-shell terms were omitted.
This amplitude can also be obtained by considering a
generalization of minimal coupling for higher-spin massive
particles [127], offering a new perspective on the notion of
minimal coupling on the worldline. Specifically, the Kerr
limit singles out a class of couplings on the worldline via
Eq. (10), thus suggesting an analog of minimal coupling for
amplitudes on the supersymmetric worldline.
Observables are obtained by differentiating the eikonal

phase of Eq. (19) with regard to bμ or aμ, and they agree
with the results in the literature [49,139]. The all-order-in-
spin GWL is a new result. It explicitly demonstrates for the
first time the exponentiation of the Kerr three-point
amplitude. The nontriviality of this result can be appre-
ciated from the perspective of the amplitude approach,
where already the exponentiation of the linear-in-spin
three-point amplitude is quite involved [140].
GWL at 2PM, cubic order in spin, and generic d: At 2PM

and cubic order in spin, the GWL for generic d takes the
form

W̃ðp; η; bÞ ¼ exp

�
−
im
2

�
κ

Z
k
h̃μνe−ikbδ̂ðkvÞVμν

3

þ κ2
Z
k;l

h̃μνðkÞh̃ϱσðlÞ
2

e−ibðkþlÞ

× δ̂ðvðkþ lÞÞVμνϱσ
4

��
: ð21Þ

Here, Vμν
3 is the three-point amplitude, which reads

Vμν
3 ¼ vμvν þ i

m
vðμðS · kÞνÞ

�
1þ CBS3

6m2
ðk · S · S · kÞ

�

þ C̃ES2

2m2
vμvνðk · S · S · kÞ

−
CES2 þ C̃ES2

2m2
ðS · kÞμðS · kÞν; ð22Þ

where we have again omitted off-shell contributions. The
Compton amplitude Vμνϱσ

4 can be written compactly by
including the three-graviton vertex contribution and con-
tracting with the graviton polarization vectors. Introducing
the gauge invariant combinations Fμν

i ¼ kμi ϵ
ν
i − kνi ϵ

μ
i , we

find

Vμνϱσ
4 ϵ1;μϵ1;νϵ2;ϱϵ2;σ

¼ 2
Vð0Þ þ Vð1Þ þ Vð2Þ þ Vð3Þ

ðk1 þ k2Þ2
Re

�
1

½vðk1 − k2Þ þ iϵ�2
�
;

ð23Þ

where the terms VðiÞ are listed in Eq. (B1).
The eikonal phase can be constructed from the following

diagrams in terms of the GWL amplitudes (omitting mir-
rored expressions):

ð24Þ

We have checked the eikonal and scattering angle against
available results [42,58,107].
In the GWL approach the exponentiation of the ampli-

tudes is manifest, demonstrating that also the tidal depend-
ence in the form of the coefficients CES2 ; C̃ES2 , and CBS3

exponentiates (though C̃BS3 does not appear at this order in
spin and G).
Conclusions—In this Letter, we have proposed non-

minimal coupling to gravity for supersymmetric worldline
models as a promising framework to access higher-spin
effects in the binary dynamics of black holes and neutron
stars. In search for a suitable higher-spin Hamiltonian, we
have deformed the supersymmetry charge and derived the
necessary equation [Eq. (8)] that enforces supersymmetry.
We then solved this equation by truncating the expansion
either at a certain order in the Riemann tensor or a certain
order in the spin tensor. Both of these paths have proven to
be a constructive way to build higher-spin Hamiltonians
that preserve the spin supplementary condition.
At linear order in the curvature, we have shown that there

exists a unique solution in d ¼ 4 to all orders in spin
[Eq. (11)]. This new result captures all orders in the mass
dipole, leaving supersymmetry manifest. At leading order
in the mass dipole, it reduces to the well-known
Hamiltonian of Kerr black holes expressed in terms of
the spin vector [84,129]. Moreover, the way that the
Hamiltonian emerges from the supersymmetry algebra
provides a new perspective on the notion of minimal
coupling at higher orders in spin, in parallel to on-shell
methods [97,127,128].
At cubic order in spin, we have provided for the first time

the Hamiltonian for generic d with full tidal dependence
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[Eq. (14)]. In particular, we find two new Wilson coef-
ficients and tensor structures entering the Hamiltonian,
while in the d → 4 limit we recover the known tidal
operators with coupling CES2 and CBS3 .
For both Hamiltonians, Eq. (10) sets all free Wilson

coefficients to unity in d ¼ 4, hence singling out the Kerr
geometry from a generic compact object. In this way, the
supersymmetric model provides a mechanism to obtain the
Kerr geometry without any prior knowledge about this
specific solution to Einstein’s equation. Equipped with the
two Hamiltonians and using the GWL approach, we
demonstrated for the first time the explicit exponentiation
of the Kerr three-point amplitude and the three-point and
Compton amplitudes for generic compact objects [Eqs. (20)
and (21)].
We believe the synergy between supersymmetry and

nonminimal coupling provides a promising framework for
increasing the theoretical accuracy of higher-spin gravita-
tional wave observables. For instance, it paves the way for
obtaining the still unknown terms beyond quadratic order in
spin at 3PM. We also expect the all-order-in-spin solution
to generalize to higher orders in the Riemann tensor. This
would provide new insights into the dynamical multipole
moments of Kerr black holes, which are under active
investigation [42,141–143] and contribute to the higher-
spin Compton amplitude.
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End Matter

Ansatz for qμ at OðS2Þ—We present here the ansatz and the method for identifying the Wilson coefficients
CES2 ; C̃ES2 used to construct the Hamiltonian in Eq. (14) to order S2. All possible tensor structures at order S2 can be
captured by the ansatz

qc;ð2ÞSð2Þ ¼ jπj�−C1π̂
cSabSab þ C3π̂

aπ̂bπ̂cSdaSbd − C2π̂
aSabScb

�þ 1

jπj
�
B9π̂

cSabSdeCabde

þ B10π̂
aScbSdeCabde þ B7π̂

aπ̂bπ̂cSfdS
deCaebf þ B8π̂

aπ̂bπ̂dSfaSceCbedf

− B6π̂
aπ̂bπ̂cSdaSefCbedf þ B1π̂

aπ̂bπ̂dSeaS
f
eCc

bdf − B4π̂
aSebS

bdCc
dae

þ B2π̂
aSbaSdeCc

dbe − B3π̂
aπ̂bπ̂dSeaS

f
bC

c
edf þ B5π̂

aπ̂bπ̂cπ̂dπ̂eSfaShbCdfeh

�
: ðA1Þ
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Plugging Eq. (A1) into Eq. (8), one can solve for eight of the thirteen coefficients. The resulting qa;ð2ÞSð2Þ that
preserves the supersymmetry is then given by

qa;ð2ÞSð2Þ ¼ jπj
�
−C1π̂

cSdeSde þ 2C1π̂
cπ̂dπ̂eSfdSef

�
þ 1

jπj
�
1

24
ð2þ 3B1 − 3B3 þ 3B6 þ 3B8Þπ̂cSabSdeCabde

þ 1

12

�
−1 − 6B1 þ 6B3 − 6B8

�
π̂aScbSdeCabde þ

1

2
ðB1 þ B8Þπ̂aπ̂bπ̂cSfdSdeCaebf

þ B8π̂
aπ̂bπ̂dSfaSceCbedf − B6π̂

aπ̂bπ̂cSdaSefCbedf

þ B1π̂
aπ̂bπ̂dSeaS

f
eCc

bdf −
1

6
ð1 − 6B3Þπ̂aSebSbdCc

dae þ
1

2
π̂aSbaSdeCc

dbe

− B3π̂
aπ̂bπ̂dSeaS

f
bC

c
edf þ

1

2
ð−B3 þ B6 − 2B8Þπ̂aπ̂bπ̂cπ̂dπ̂eSfaShbCdfeh

�
; ðA2Þ

while H is given by

H ¼ m2 − π2

2
þ C1SabSab − 2C1π̂

aπ̂bScaSbc þ
1

24
ð−2 − 3B1 þ 3B3 − 3B6 − 3B8ÞSabScdCabcd

þ 1

6
ð1 − 3B1 − 6B3 − 3B8Þπ̂aπ̂bSecScdCadbe þ

1

2
ð3B3 − B6Þπ̂aπ̂bπ̂cπ̂dSeaSfbCcedf

þ
�
−
1

3
þ B1 − B3 þ B6 þ B8

�
π̂aπ̂bScaSdeCbdce þOðS3Þ: ðA3Þ

A comparison with Eq. (14) reveals the relation between CES2 ; C̃ES2 and the coefficients Bi. The CBS3 coefficients
follow from the analogous construction at OðS3Þ.

Compton amplitude—We list here the terms appearing in Eq. (23).

Vð0Þ ¼ 2ðv · F1 · F2 · vÞ2 ðB1aÞ

Vð1Þ ¼ iðv · F1 · F2 · vÞðk1vðF1 · F2Þμν þ ðk2 · F1 · vÞFμν
2 þ ð1 ↔ 2ÞÞSμν ðB1bÞ

Vð2Þ ¼ −
1

2

�ðk1 · F2 · vÞðk2 · F1 · vÞFμν
1 SμνF

ϱσ
2 Sϱσ þ Fμν

1 Sμνðv · F1 · F2 · k1Þðv · F1 · S · k1Þ
þ Fμν

2 Sμνðv · F2 · F1 · k2Þðv · F2 · S · k2Þ
�
− 2C̃ES2ðv · F1 · F2 · vÞðk1 · k2Þðv · F1 · S · S · F2 · vÞ

þ ðCES2 þ C̃ES2Þð−ðk2 · F1 · vÞðv · F1 · S · F2 · S · F2 · k1Þ − ðk1 · F2 · vÞðv · F2 · S · F1 · S · F1 · k2ÞÞ

þ CES2 þ C̃ES2

4
ð−ðk1 · F2 · vÞ2ðFμν

1 SμνÞ2 − ðk2 · F1 · vÞ2ðFμν
2 SμνÞ2 þ 4ðv · F1 · F2 · vÞðk1 þ k2Þ · S · S · ðk1 þ k2Þ

− 4ðk1 · S · k2ÞðF1 · F2ÞμνSνμÞ þ
CES2 þ C̃ES2

2
ð−ðk1 · F2 · vÞFμν

1 Sμν½ðv · F1 · F2 · S · k1Þ þ ðv · F2 · F1 · S · k2Þ
− ðv · F1 · S · F2 · k1Þ� þ ðk1 · F2 · vÞðv · F1 · S · k2ÞðF1 · F2ÞμνSνμ − ðv · F1 · S · F2 · k1Þ2
þ ðv · F1 · F2 · k1Þðv · F1 · S · F2 · S · k1Þ þ Fμν

1 Sνμðv · F2 · F1 · k2Þðv · F2 · S · k2Þ þ ð1 ↔ 2ÞÞ ðB1cÞ
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Vð3Þ ¼ −iC̃ES2
�ðk2 · F1 · vÞðk1 · S · F1 · k2Þðv · F2 · S · S · F2 · vÞ

þ 2ðk2 · F1 · vÞðv · F1 · S · k1Þðk1 · F2 · S · S · F2 · vÞ þ 2ðv · F1 · F2 · k1Þðv · F1 · S · k1Þðv · F2 · S · S · k2Þ
�

þ iC̃2
ES2

�ðv · F1 · F2 · vÞðk1 · k2Þðv · F2 · S3 · F1 · vÞ þ ðk1 · k2Þðv · k1Þðv · F2 · S2 · F1 · vÞðv · F1 · S · F2 · vÞ
�

þ i2C̃ES2ðCES2 þ C̃ES2Þ
�
−ðv · F1 · F2 · k1Þðv · F1 · S · k1Þðv · F2 · S2 · k1Þ

þ ðk2 · F1 · vÞðk1 · F2 · vÞðk1 · S · F1 · S2 · F2 · vÞ þ ðk2 · F1 · vÞðk2 · S · F2 · k1Þðv · F1 · S2 · F2 · vÞ
�

−
i
4
ðCES2 þ C̃ES2Þðk2 · F1 · vÞðk2 · S · F2 · k1ÞðFμν

1 SμνÞðFμν
2 SμνÞ

− iðCES2 þ C̃ES2 − 1Þ2ðv · F2 · S · k2Þðv · F1 · S2 · F2 · vÞðk1 · S · F1 · k2Þ

−
i
4
ðCES2 þ C̃ES2Þ2

�
2ðk1 · F2 · vÞðk2 · S · F2 · S · F1 · k2ÞðFμν

1 SμνÞ
þ 2ðk1 · S · F1 · k2Þðv · F1 · S · F2 · k1ÞðFμν

2 SμνÞ þ ðk1 · S · k2Þðv · F1 · F2 · k1ÞðFμν
1 SμνÞðFμν

2 SμνÞ
�

−
i
3
CBS3ðk1 · F2 · vÞ

�ðv · F2 · S · q2Þðv · F1 · S2 · F1 · k1Þ þ ðv · F1 · S · k1Þ½v · F1 · F2 · S2 · ðk1 þ k2Þ�
þ ðv · F1 · S · k2Þðv · F1 · F2 · S2 · k2Þ þ ðk2 · S · F1 · k2Þðv · F2 · S2 · F1 · vÞ
þ ðk1 · S · k2Þðv · F1 · S2 · F2 · F1 · vÞ þ ðk2 · F1 · vÞ½v · S · ðF2 · S þ S · F2Þ · S · ðk1 þ k2Þ�
þ ðv · F1 · F2 · vÞf½k1 · S · F1 · S2 · ðk1 þ k2Þ� þ ðk1 · S2 · F1 · S · k2Þg − 2ðv · F1 · S · k2Þðv · F1 · F2 · S2 · k1Þ

�
þ i
3
CBS3

�ðk1 · k2Þðv · F2 · S · F1 · k2Þðv · F2 · S2 · F1 · vÞ þ ðk1 · S · k2Þðv · F2 · F1 · k2Þðv · F1 · S2 · F2 · vÞ
− ðk1 · S2 · k2Þðv · F2 · F1 · k2Þðv · F1 · S · F2 · vÞ − ðk2 · S2 · k2Þðv · F2 · F1 · k2Þðv · F1 · S · F2 · vÞ
þ ðk1 · S · k2Þðv · F1 · F2 · vÞððk1 þ k2Þ · S2 · F2 · F1 · vÞ
− 2ðv · F2 · F1 · k2Þðv · F2 · S · k2Þ½v · F1 · S2 · ðk1 þ k2Þ�

�þ ð1 ↔ 2Þ: ðB1dÞ

We note that the way to write the Compton amplitude in terms of contractions of the Fi tensors is not unique. The
Compton amplitude is on-shell and therefore the number of spacetime dimensions d does only enter implicitly
through the various d-dimensional tensors.
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