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We theoretically study dynamical excitonic condensates occurring in bilayers with an imposed chemical
potential difference and in photodoped semiconductors. We show that optical spectroscopy can
experimentally identify phase-trapped and phase-delocalized dynamical regimes of condensation. In
the weak-bias regime, the trapped dynamics of the order parameter’s phase lead to an in-gap absorption line
at a frequency almost independent of the bias voltage, while, for larger biases, the frequency of the spectral
feature increases approximately linearly with bias. In both cases, there is a pronounced second-harmonic
response. Close to the transition between the trapped and freely oscillating states, we find a strong response
upon application of a weak electric probe field, compare the results to those found in a minimal model
description for the dynamics of the order parameter’s phase, and analyze the limitations of the latter.

DOI: 10.1103/58r8-cpzn

Introduction—Excitons, due to their bosonic nature, can
undergo condensation akin to the condensation of Cooper
pairs in superconductors [1–5]. The typically light exciton
mass implies the possibility of coherence at high temper-
atures. While several materials were proposed to host
excitonic condensation in the ground state [6–9], progress
in the fabrication of heterostructures [10–12] and in ultra-
fast techniques [13–15] has opened the possibility of
stabilizing dynamical excitonic condensates, i.e., nonequi-
librium quantum states where excitons condense in a
coherent macroscopic state. In these, the excitonic pop-
ulation is maintained by a nonequilibrium process involv-
ing supplying electrons and holes either by optical
excitation [15–20] or by separately contacting gates to
each layer in bilayer structures with interlayer excitons [21–
28]. In the latter setup, hybridization of intervalley excitons
with opposing dipoles was recently reported [29]. In either
case, the nonequilibrium stabilization of the excitonic
phase implies an interlayer chemical potential difference
that may drive a time dependence of the condensate.

One recurring problem in the field is how to experimen-
tally detect the coherence of dynamical excitonic conden-
sation. Recent observations of photoinduced absorption
edge enhancement in time-resolved optical spectroscopy
[16] and fine structure in the angle-resolved photoemission
[13] were interpreted as signatures of dynamical condensa-
tion. Dynamical excitonic condensates can host character-
istic phenomena like excitonic fluids [25,26], perfect
Coulomb drag [27,28,30], and coherent photoluminescence
[31,32]. While measuring transport properties using
Coulomb drag is challenging, recent studies claim to
observe the perfect Coulomb drag [27]—however, without
superfluidity [28].
Several theoretical studies analyzed the properties of

dynamical excitonic condensates assuming no intrinsic
tunnelling between layers, leading to effects like the
band-gap renormalization due to injected charge carriers
[24,33] and oscillating polarization (photocurrent) with a
pump tunable frequency [17,34] as well as dynamical
instabilities of the excitonic condensate [35,36]. How-
ever, the approximation of perfect decoupling is not always
physically reasonable, and weak tunneling will break the
U(1) order parameter symmetry, which can induce finite
interlayer resistance in Coulomb drag experiments [28]
and interesting dynamical effects, including the ac
Josephson effect [37] and tunability between dark and bright
excitons [38], and leads to the exciton-driven band-gap
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renormalization [39]. Bright interlayer excitons are particu-
larly interesting, since they provide in-plane electromag-
netic polarization, which acts as an antenna for out-of-plane
emission or absorption of photons.
Therefore, it would be highly desirable to have direct

experimental signatures of dynamical exciton condensates
similar to early interference measurements of photolumi-
nescence in heterostructures within the Hall regime [32]. In
this Letter, we show that the optical response of dynamical
excitonic condensate carries important information about
the dynamics of the order parameter’s phase exhibiting a
sharp transition between the trapped and the freely rotating
oscillations with an increasing number of excited charge
carriers. We use time-dependent dynamical mean-field
theory (tdDMFT) to evaluate the optical response of the
system, as a function of nonequilibrium drive in the trapped
and deconfined phases and, in particular, in the vicinity of
the transition. The general features of this instability can be
understood within an effective Landau-Ginzburg theory of
the order parameter phase; however, microscopic dy-
namics show qualitatively different dynamics close to
the instability.
Model—We will restrict to a minimal model capturing

the essence of a coupled bilayer by considering one band in
each of the layers, which we label as v (valence) and c
(conduction) band electrons. Taking into account band
inversion and a local interband interaction U gives rise to
the following Hamiltonian:

Ĥhop ¼ −th
X
hi;ji

ðc†i cj − v†i vjÞ

Ĥloc ¼
Δϵ
2

X
i

ðc†i ci − v†i viÞ þ thyb
X
i

ðv†i ci þ c†i viÞ

þ U
X
i

�
v†i vi −

1

2

��
c†i ci −

1

2

�
: ð1Þ

Here, hi; ji denotes nearest neighbors, Δϵ is the energetic
distance between the noninteracting bands, and thyb is the
strength of the interlayer tunneling. Ĥhop describes intra-
layer hopping, whereas Ĥloc contains all interlayer cou-
plings. To include interaction effects in a nonequilibrium
setup, we will solve the problem within tdDMFT [40,41] on
the infinitely connected Bethe lattice using the second-
order self-consistent expansion as an impurity solver; see
Ref. [42] for details. In order to be able to unambiguously
resolve tunneling-induced in-gap features in the optical
conductivity, we choose U ¼ 5 and Δϵ ¼ 0.6 in the
following, which gives rise to a large optical gap. All
energy (time) scales are measured in units of (inverse)
hoppings thðt−1h Þ, and the equilibrium temperature is given
by kBT ¼ 0.05th. We expect the conclusions of this Letter
to be qualitatively unchanged under the inclusion of a
spinful description [47,48] and weak disorder. We use the

simplest gauge-invariant formulation of the electron-light
coupling [49–53] leading to intraband Peierls substitution
−thc

†
i cj ↦ −theiAðtÞc

†
i cj. We also assume that the inter-

band transition is dipole active, leading to an additional
Hamiltonian term:

ĤdipðtÞ ¼ −DEprðtÞðv†i ci þ c†i viÞ≕ − EprðtÞP̂; ð2Þ

where Epr ¼ −∂tA is the applied in-plane electric field and
P̂ is the corresponding in-plane polarization operator. The
total energy is, thus, given by E≡ hĤhop þ Ĥloc þ Ĥdipi.
This coupling implies that the Hamiltonian is not centro-
symmetric, which could be realized by, e.g., s orbitals in
one layer and p orbitals in the other whose centers are not
aligned. We take D ¼ 0.1 in this Letter. The total induced
current j ¼ jintra þ jinter consists of an interband compo-
nent jinter ¼ ∂thP̂i and the intraband contribution coming
from the Peierls phase in the kinetic term of Eq. (1)
[41,42,54]. The explicit dipolar coupling D is necessary
for phase mode signatures to be visible in the optical
spectrum, and both the bare contribution and contribution
from the intralayer excitons would lead only to the
renormalization of the dipolar strength [55,56]. We will
evaluate the optical response in and out of equilibrium
directly from the response current generated by a short
electric field pulse [57–59] as σðtpr;ωÞ ¼ FT½j�ðtpr;ωÞ=
FT½Epr�ðtpr;ωÞ, where jðtÞ is the current responding

to the field EprðtÞ ¼ E0
pre−ðt−tprÞ

2=ð2σ2prÞ. Here, we have
defined the Fourier transform as FT½X�ðtpr;ωÞ ¼R tcut
0 Xðtpr þ sÞe−ðiωþηÞsds. The resulting data depend only
weakly on the probe pulse width σpr, so we always choose
σpr ¼ 0.2t−1h . Furthermore, we use E0

pr ¼ 10−2 and tcut ¼
80t−1h as a typical upper time limit for the Fourier transform,
and η is a broadening factor.
Equilibrium and voltage-biased states—The

Hamiltonian (1) with thyb ¼ 0 separately conserves the
number of electrons in each band, implying invariance
under changes in the U(1) phase conjugate to the difference
in population between the two bands. At low T, the
symmetry may be spontaneously broken via a transition
into an excitonic insulator state with the order parameter
Δ≡ hv†i cii ¼ jΔjeiθ, where the energy is independent of θ
giving rise to gapless fluctuations. A thyb ≠ 0 explicitly
breaks this internal U(1) symmetry, generically implying
that jΔj ≠ 0 and the energy depends on the value of θ
resulting in a gapped phase mode [22,60–62]. In Fig. 1(a),
we show the equilibrium value of jΔj as a function of the
band splitting Δϵ for thyb ¼ 0 and thyb ≠ 0. In the former
case, there is a critical value of band splitting jΔϵj beyond
which jΔj ¼ 0; if thyb ≠ 0, jΔj ≠ 0 for all jΔϵj. Figure 1(b)
shows the equilibrium linear response optical conductivity
for U ¼ 5 andΔϵ ¼ 0.6. At thyb ¼ 0, the main feature is an
interband transition for ω ≈ 3th. The gap increases as thyb
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increases, and an in-gap feature arising from the gapped
phase mode appears. Such a mode is a consequence of
phase coherence. In this situation, the strength of the in-gap
feature is set by the dipolar matrix element D.
Next, we turn to the bilayer system in the presence of

either a bias voltage or photoexcited states with quasista-
tionary carrier distribution [13,15,16,63,64]. In both cases,
the state is described by an interorbital chemical potential
difference μX. We follow the protocol where the equilib-
rium state is prepared with Δϵ ¼ Δϵ0 − μX and then
suddenly changed to Δϵ ¼ Δϵ0 at time t ¼ 0 as marked
in Fig. 1(a). It was shown in Ref. [17] that such a protocol
leads to efficient real-time preparation of states with biased
chemical potentials. In the absence of interlayer tunneling,
thyb ¼ 0, the number of excited carriers NX ¼ P

iðc†i ci þ
viv

†
i Þ is a conserved quantity for all times. If 0 < thyb ≪ th,

NX oscillates coherently around a nonzero mean and is
conserved only on average. We confirmed numerically that
these oscillations are undamped for U ¼ 5 such that they
give rise to a long-lived prethermalized state. In particular,
the correction to the Hartree-Fock self-energy from the
second Born approximation is small in this regime due to
the large gap size, which also justifies the time-dependent
mean-field approximation used in previous studies
[17,62,65]. Further reduction of the interband interaction
U leads to a decay of the oscillations of NX and to a
breakdown of the biased state [42].
Order parameter dynamics—We begin our discussion of

the postquench dynamics with the order parameter.
Expectations about the behavior of its phase θðtÞ may
be formulated based on a simple time-dependent Landau-
Ginzburg theory [42]. Note that in the microscopic sim-
ulations the full dynamics of both the amplitude and the
phase of the order parameter are recorded, which serve as
unbiased reference for the current effective description.
Then, the effective Hamiltonian for θðtÞ and for our quench
setup is given by

Heff ¼
1

2
θ̇2 þ ω2

ph cosðθÞ;
�
θðt ¼ 0Þ ¼ 0;

θ̇ðt ¼ 0Þ ¼ μX;
ð3Þ

where ωph is the frequency of the phase mode oscillations
about the equilibrium value; it has a somewhat complicated
dependence on microscopic parameters [42]. The voltage
bias μX enters via the initial condition θ̇ðt ¼ 0Þ ¼ μX; i.e., it
provides an initial kick to the phase mode. The response to
the probe pulse is introduced by adding a dipolar excitation
term Heff;dip ¼ γEprðtÞ cosðθÞ, where γ is proportional to
the dipolar matrix element D. If ωph ¼ 0, θ performs a free
rotation of the form θðtÞ ¼ μXt, which is a direct conse-
quence of the U(1) phase translation symmetry present in
this case (massless Goldstone mode). However, for
ωph > 0, the phase mode moves in a cosinusoidal potential
and may remain trapped in the minimum around its initial
value θð0Þ ¼ 0 if its energy is too small. We may, therefore,
anticipate a transition from—in general, nonharmonic—
oscillations with θmax ≔ jmax θðtÞj < π at small μX to a
winding phase motion at large μX. In Fig. 2(a), we plot the
frequency Ωph ¼ ð2π=TphÞ, based on the phase mode
periodicity θðtþ TphÞ ¼ θðtÞ or θ̇ðtþ TphÞ ¼ θ̇ðtÞ and in
Fig. 2(b) the maximum value θmax of the phase oscillation
(θmax ¼ π for the winding case). The dashed lines corre-
sponding to the minimal model indeed show that, for
μX < μX;c ¼ 2ωph, the phase mode is trapped. The fre-
quency Ωph softens upon approaching μX;c from below
because of the nonharmonic parts of the cosinusoidal

(a)
(b)

quench

FIG. 1. (a) Equilibrium order parameter as a function of the
orbital energy splitting Δϵ; solid lines have thyb ¼ 0, dashed
lines thyb ¼ 0.1. The arrow sketches the quench protocol (darker
colors represent larger values of μX). (b) Real part of the
equilibrium optical conductivity σ1ðωÞ for different values of
the interlayer tunneling thyb and U ¼ 5, Δϵ ¼ 0.6. The low-
energy peaks appearing for thyb > 0 correspond to a massive
phase mode. FIG. 2. (a) Phase mode frequency (confined regime) or velocity

(deconfined regime) Ωph and (b) maximal amplitude θmax ¼
jmaxt θðtÞj of the phase mode θðtÞ versus the exciton chemical
potential μX for U ¼ 5, Δϵ ¼ 0.6, and varying values of thyb. The
dashed lines are computed from Heff in (3). For data with
thyb > 0, μX and Ωph are rescaled by the respective equilibrium
phase mode frequency ωphðthybÞ. (c) Real-time and phase space
trajectories for two values of μX=ωph ¼ 1.30, 1.33 (thyb ¼ 0.2)
slightly below and above the trapping transition, respectively.
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potential. For μX > 2ωph, θðtÞ is winding and Ωph ∼ μX in
the regime μX ≫ 2ωph.
Turning to the tdDMFT simulations, represented by the

colored dots in Fig. 2, we confirm the phase rotation with
frequency μX for thyb ¼ 0. If thyb > 0, the predicted soft-
ening of Ωph at small values of μX is present as well.
However, the untrapping transition occurs sharply at a
chemical potential smaller than 2ωph. To shed more light on
this behavior, we plotted θðtÞ and the jΔj − θ phase space
trajectory in Fig. 2(c) for values of μX slightly below and
slightly above the transition. In the phase space picture, the
shape of the trajectory is strongly squeezed along the jΔj
direction close to jΔj ¼ 0. This explains the possibility of a
sudden strong change of the range of explored angles. One
can roughly reproduce the squeezed trajectories as equi-
potential lines within the equilibrium Landau-Ginzburg
potential [42].
Optical response: Currents—We will now argue that

the two dynamical regimes can also be distingui-
shed in optical measurements. Using jinterðtÞ ¼ ∂thPi ¼
2Dðð∂tjΔjÞ cosðθÞ − jΔjθ̇ sinðθÞÞ, Fig. 3(a) shows the

interlayer response current jð1ÞinterðtÞ ¼ ðjinterðtÞjE0
pr>0−

jinterðtÞjE0
pr¼0Þ=E0

pr, obtained from the tdDMFT simulation
for values of μX in both the trapped and the winding regime
of the phase mode. In the former case, the response current
remains small, while it grows strongly with a linearly
growing envelope in the latter case. A more quantitative
analysis of this observation yields Fig. 3(c), in which the
slope of the envelope of jð1ÞðtÞ is plotted. In contrast to the
jump for the phase of the order parameter θ in Fig. 2(b),
the physically observable current response grows more
smoothly but with a significant increase of the slope
beyond the critical μX;c; see Fig. 3. The growth of the
interlayer response current is connected to the phase

response of the order parameter, θð1ÞðtÞ, shown in
Fig. 3(b). In the winding phase mode regime, we find
θð1ÞðtÞ oscillating around a drifting mean, while it oscillates
around zero in the trapped regime. Figure 3(d) displays the
drift velocity as a function of μX and shows qualitative
agreement with the effective model. Hence, the probe-
induced current’s behavior goes hand in hand with the strong
growth of the order parameter’s phase such that these
quantities can detect the presence of the dynamical transition.
Optical response: Conductivities—Finally,we discuss the

Fourier-transformed total response current and the time-
dependent optical conductivities σðtpr;ωÞ. We begin with
the case of decoupled layers thyb ¼ 0, shown in Fig. 4(a)
exemplarily for a value of μX ¼ 1. One finds that the
dynamical phase θðtÞ ¼ μXt indeed shows up in the (non-
equilibrium) optical conductivity σ1ðtpr;ωÞ as an additional
peak at ω ¼ μX. In particular, the position of the peak is
independent of the precise probe time delay tpr, while the
optical weight depends on it (within a period of ð2π=μXÞ) and
canbecomenegative as observed inother contexts [61,66,67].
This can be schematically understood from the dynamics of
the response current in Fig. 3(a), since the Fourier transform
of a current jðtÞ ∼ t sinðνtÞ has components �∂ωδðω ∓ νÞ.
Negative optical conductivities indicate the system’s ten-
dency for stimulated emission of photons at a given

(b)

(a)
(c)

(d)

FIG. 3. (a) The interlayer current response jð1ÞinterðtÞ and (b) the
order parameter’s response θð1ÞðtÞ of the dynamical condensate
after the application of a weak Gaussian-shaped probe pulse.

(c) Slope of a linear fit to the maxima of jð1ÞinterðtÞ (envelope) and
(d) slope of a linear fit to the phase response of the order
parameter θð1Þ versus biased chemical potential μx. System
parameters are U ¼ 5, Δϵ ¼ 0.6, and thyb ¼ 0.1, and for the
effective Hamiltonian model we assume jΔj ¼ 0.4.

(a)

(b)

(c)

FIG. 4. Nonequilibrium optical conductivity σ1ðtpr;ωÞ for
(a) decoupled layers thyb ¼ 0 after a quench of size μX ¼ 1

and for coupled layers with thyb ¼ 0.1 in the (b) phase-trapped,
μ0X ¼ 0.24 (μX ¼ 0.1), and (c) phase-delocalized, μ0X ¼ 3.14
(μX ¼ 1.3), regimes at different delay times tpr. Dashed lines
show the main oscillation frequency of θðtÞ, which agrees with
the equilibrium phase mode peak position only in the confined
case, and its second harmonics. The used broadening for the
Fourier transform is η ¼ 10=tcut.
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frequency. We also show the period-averaged optical con-

ductivity σ̄ðωÞ ¼ ð1=TphÞ
R t0þTph
t0 σðtpr;ωÞdtpr as a measure

of average absorption and emission in a typical stroboscopic
experimental setup.
Optical conductivities at finite interlayer tunneling

thyb ¼ 0.1 are shown in Fig. 4(b) for the trapped-phase
and Fig. 4(c) for the phase-delocalized regime, respectively.
In the trapped state with μX=ωph ¼ 0.24 (μX ¼ 0.1), we
find a peak appearing at the equilibrium phase mode
frequency ωph which is different from μX. In contrast, in
the regime with complete phase winding, μX=ωph ¼ 3.14
(μX ¼ 1.3), σ1ðtpr;ωÞ does not peak at the phase mode
frequency but instead at a larger frequency corresponding
to the main oscillating frequency of the order parameter’s
phase. Again, these signals can have positive or negative
weight, depending on the probe time. The period-averaged
optical conductivity for the trapped phase in Fig. 4(b)
remains positive at all frequencies. In both regimes, second
harmonics at 2Ωph appear—see dashed lines in Figs. 4(b)
and 4(c)—in agreement with previous studies [61]. Not
only are in-gap states in the optical response, therefore, a
signature of the dynamical excitonic condensation, but their
scaling with the strength of the excitation μX allows one, in
addition, to distinguish between different dynamical
regimes of excitonic order.
Conclusions—We studied the optical properties of a

dynamical exciton condensate as realized either in bilayer
structures with an applied voltage bias or photodoped
semiconductors. The dynamical condensate may be in
one of two states, characterized by the long-time behavior
of the phase of the condensate amplitude. In the weakly
nonequilibrium state, the phase is confined, oscillating
about the value that minimizes the free energy. In the
strongly nonequilibrium state, the phase is deconfined,
linearly increasing with time. We used nonequilibrium
dynamical mean-field theory to understand the two states,
the transition between them, and the observable signatures
in the linear response optical conductivity. At small voltage
bias μX, the optical conductivity shows a sharp peak at the
energy of the equilibrium phase mode excitation. At large
voltage bias μX, the low-energy optical peak decouples
from the phase mode frequency, and a wide regime of
stimulated optical emission appears. The evolution of the
in-gap peak with increasing driving strength, thus, provides
experimental access to detect the state of dynamical
condensate.
An important direction for future research concerns the

nature of spontaneous emission in driven condensates,
which would require one to solve the coupled evolution
of the electromagnetic environment and the correlated
solid. A further extension is to modify the electromagnetic
environment by placing the material in a cavity in order to
understand if the superradiant phase proposed in effective
theories [22,38] is consistent with the microscopic

evolution presented in this Letter. Finally, nonlinear
responses—such as the order of the Josephson effect
[37] and nonlinear optical or Raman responses [48,68]—
are highly sensitive to microscopic details. It is, therefore,
important to extend the current microscopic framework to
more realistic systems, such as two-dimensional van der
Waals heterostructures driven by external voltages (e.g.,
MoSe2=WSe2 bilayers [27,28]) or layered transition metal
chalcogenides driven by optical pulses (e.g., 1T-TiSe2
[69,70] or Ta2NiSe5 [71,72]). This would help elucidate
how material-dependent properties [47,48] modify the
general picture presented in this Letter and motivate future
experiments to test the proposed mechanism.
The NESSi package [73] was used for the calculations in

this Letter.
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