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We show that the infinite tower of hard exclusive amplitudes in holographic light-front QCD leads to a
spectral generator Gðα; λÞ that encodes the full Regge spectrum. The construction assumes a Poisson
distribution of Fock-state components, where λ represents the average parton multiplicity above the valence
configuration. The resulting generator yields a Regge spectrum invariant under continuous λ deformations.
Its even- and odd-twist projections yield the meson and baryon form factors with a single value of λ, fixed
by the pion charge radius, which in turn determines the full Q2 dependence. The constituent counting rules
for both sectors follow from the structure of the spectral generator, which also provides a compact analytic
representation of parton distributions.
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Introduction—Unlike deep inelastic scattering, where
the proton is typically dissociated through incoherent
processes, exclusive reactions at large virtuality leave the
target hadron intact [1]. At high Q2 the virtual probe
resolves short-distance structure inside the hadron, provid-
ing a high-resolution view of its internal dynamics, while
the scattering amplitude remains coherent and preserves the
bound state. Exclusive amplitudes at large Q2 obey the
QCD constituent counting rules [2,3]. The same power-law
behavior also emerges in the gauge-gravity framework,
where Polchinski and Strassler showed that hard scattering
in a confining background reproduces the twist scaling
expected from QCD [4].
This observation laid the foundation for holographic

light-front QCD [5,6], which rests on two complementary
routes: the mapping of the Drell-Yan-West form factor [7,8]
—the light-front overlap of hadronic wave functions
summed over Fock components—onto the equivalent
bulk-to-boundary expression in anti–de Sitter (AdS) space
[5], and the mapping of the semiclassical light-front
Hamiltonian eigenvalue equation onto the AdS wave
equation, from which the Regge spectrum emerges [6].
Exclusive processes are described in this framework in

terms of coherent contributions from the Fock-state com-
ponents of the hadron, allowing holographic methods to be
applied even at large virtuality, where each twist amplitude
exhibits hard scaling at high Q2 [9]; however, the coef-
ficients of the Fock expansion have so far required
phenomenological input [10].
Motivated by the coherent structure of the light-front Fock

expansion for exclusive processes at arbitrary virtuality, we
introduce in this Letter a Poisson sum over the infinite tower
of twist amplitudes. It defines a closed-form Regge spectral
generator Gðα; λÞ, where α is the Regge trajectory at fixed
spin S of the external current and λ represents the average
parton multiplicity above the valence configuration. The
function Gðα; λÞ is analytic in α, except for simple poles,
which generate the full Regge spectrum for arbitrary spin. Its
Mittag-Leffler expansion shows that the pole positions in the
spectral sums are independent of λ, which enters only
through the residues, implying that the Regge spectrum is
invariant under continuous λ deformations.
The even- and odd-twist projections of the spectral

generator yield the form factors and parton distributions
of mesons and baryons, respectively, reflecting their qq̄ and
qqq valence content. Both sectors share the same Regge
poles of the exchanged trajectory and reproduce the leading
constituent counting rules at large Q2 through explicit
residue sum rules, with a single Poisson parameter λ
characterizing the probe. The meson-baryon distinction
is thus determined by the coupling to even- or odd-twist
states of a common exchange tower, with the pion form
factor providing a quantitative test.
Holographic light-front QCD and Regge trajectories—

In holographic light-front QCD, the hadron spectrum
is obtained from a semiclassical approximation to the
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light-front invariant Hamiltonian equation P2 ¼ M2 ≥ 0.
This leads to frame-independent relativistic wave equations
and form factors with the same structure as their counter-
parts in AdS space, thereby establishing a one-to-one
correspondence between the light-front Hamiltonian for-
malism and a gravity dual description [5,6].
Superconformal symmetry, a graded extension of con-

formal symmetry [11,12], provides a natural mechanism for
the emergence of a confinement scale in holographic light-
front QCD. This is particularly significant since QCD, in
the limit of massless quarks, is classically conformal and
contains no intrinsic scale. The superconformal construc-
tion determines the form of the effective interaction
potential, including nontrivial constant terms, and leads
to hadronic spectra withM2 ∼ nþ L, where n and L denote
the radial and orbital quantum numbers. It also predicts
supersymmetric relations linking mesons and baryons, with
the pion emerging as a massless state in the chiral limit,
thereby breaking hadronic supersymmetry [13,14].
In holographic light-front QCD, Regge trajectories

emerge dynamically as solutions of the holographic
light-front wave equations rather than being introduced
phenomenologically. Mesons and baryons organize along
linear Regge trajectories, αðsÞ ¼ αð0Þ þ α0s, with their
mass spectrum determined by the on-shell condition

αðs ¼ M2Þ ¼ J:

For mesons, the total angular momentum is J ¼ Lþ S,
where S is the quark spin, and the Regge trajectory is given
by

αðsÞ ¼
�
S
2
− n −

ΔM2

4κ2

�
þ α0s; α0 ¼ 1

4κ2
; ð1Þ

for fixed quantum number n.
The Regge slope α0 is universal, a direct consequence of

the underlying superconformal structure, whereas the
intercept αð0Þ differs for mesons and baryons and is
lowered by the quark-mass correction ΔM2 [15]. For the
light-quark vector trajectory this shift is small but not
negligible at the present level of precision: the analysis of
Ref. [16] gives αð0Þ ¼ 0.483 for the ρ trajectory, together
with the spectral value κ ¼ 0.534 GeV, the inputs used in
the determination of the Poisson parameter λ below.
Form factors in holographic light-front QCD—In the

gauge-gravity duality framework, hadronic form factors are
obtained from the overlap of a conserved current propa-
gating in AdS space and normalizable bound-state wave
functions [17]. Holographic light-front QCD relates the
twist dimension τ, corresponding to the number of con-
stituents in a given Fock-state component of the hadron, to
the power-law behavior of the AdS bound-state wave
function, ψτðzÞ ∼ zτe−κ

2z2=2, near the Minkowski conformal
boundary. The resulting electromagnetic form factor for a

spin-one external current and an arbitrary twist-τ Fock
component of the target hadron can be written as [10]

FτðtÞ ∼
Z

∞

0

dz
z3

ψτðzÞVðt; zÞψτðzÞ; ð2Þ

where z, the holographic variable, is the fifth-dimensional
coordinate of AdS space, Vðt; zÞ is the AdS current and
t ¼ −Q2 the momentum transfer variable. Performing the
z integration in (2) using the integral representation of
Vðt; zÞ [18] leads to [19,20]

FτðtÞ ∼
Z

1

0

ð1 − xÞτ−2x−α0tdx ¼ Bðτ − 1; 1 − α0tÞ; ð3Þ

where α0 ¼ 1=4κ2.
Our final expression for the twist-τ component of the

form factor

FτðtÞ ∝ B½τ − 1; S − αðtÞ�; ð4Þ

incorporates the spin S of the external current and αðtÞ, the
relevant Regge trajectory in the t-channel exchange. For the
electromagnetic form factor of the proton, for example,
S ¼ 1, αðtÞ corresponds to a vector meson trajectory, and
τ is the number of quarks probed by the external current in a
given Fock-state component of the struck proton [20]. For
the gravitational form factor AðtÞ, S ¼ 2 and the Regge
trajectory αPðtÞ corresponds to the Pomeron [21].
Equation (4) is written in terms of the full Regge trajectory,
αðtÞ ¼ αð0Þ þ α0t, thereby incorporating the Regge inter-
cept αð0Þ, which is absent in soft-wall models [22]; its
inclusion shifts the poles in the form factor to their physical
locations [10].
A similar expression was introduced soon after the

development of the Veneziano model, itself constructed
to realize the duality between resonances and Regge
behavior [23,24], by replacing the s-channel dependence
with a fixed pole [25–28],

FγðtÞ ∝ B½γ; 1 − αðtÞ� → jtj−γ; ð5Þ

where γ is determined by the decrease rate of the form
factor at large jtj. However, prior to the establishment of the
constituent counting rules in QCD [2,3], no relation
between integer values of γ and the number of quark
constituents could be established.
In holographic light-front QCD γ is identified with the

twist through γ ¼ τ − 1 [20] in the Fock expansion. For
integer twist τ ¼ N ≥ 2, Eq. (4) can be written as a
multipole amplitude, the product of τ − 1 simple poles
in the Regge variable,

FτðtÞ ∼
Yτ−2
n¼0

1

nþ S − αðtÞ : ð6Þ
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This expression exhibits the characteristic twist scaling
FτðtÞ ∼ 1=tτ−1 at large t, with pole positions at

α ¼ S; Sþ 1;…; Sþ τ − 2:

Equivalently, Eq. (6) can be written in terms of the radial
mass spectrum of the probe by using the on-shell condition
αðt ¼ M2

nÞ ¼ Sþ n, for fixed S. We find

FτðtÞ ¼
Yτ−2
n¼0

M2
n

M2
n − t

; ð7Þ

with Fτð0Þ ¼ 1, and the spectral relation

M2
n ¼

1

α0
ðnþ S − αð0ÞÞ; ð8Þ

where αð0Þ ¼ ðS=2Þ − ðΔM2=4κ2Þ is the leading (n ¼ 0)
intercept. The full hadron form factor is the coherent sum
over the infinite number of Fock components,

FHðtÞ ¼
X
τ

Cτ

Yτ−2
n¼0

M2
n

M2
n − t

; ð9Þ

where the normalization FHð0Þ ¼ 1 requires
P

τ Cτ ¼ 1 if
all possible states are included [10].
Regge spectral generator—The constituent counting

rules predict the power-law falloff of amplitudes for
exclusive scattering processes according to the number
of constituents that must share the large momentum
transfer in order to keep the hadron intact [1–3]. The full
exclusive amplitude therefore receives contributions from
the entire tower of twist components in the Fock basis,
each contributing a product of τ − 1 poles with hard scaling
fτ ∼ 1=tτ−1 for large t.
We define a spectral generator Gðα; λÞ as the Poisson-

weighted sum of the infinite tower of twist amplitudes
fτðαÞ,

Gðα; λÞ ¼
X∞
τ¼2

λτ−2e−λ

ðτ − 2Þ!Bðτ − 1; S − αÞ; ð10Þ

with fτðαÞ≡ Bðτ − 1; S − αÞ. The parameter λ is the mean
of the Poisson distribution PnðλÞ ¼ λne−λ=n!, the average
number of partons above the minimal valence configura-
tion, thus hτi ¼ 2þ λ. The Poisson generator Gðα; λÞ can
be expressed in closed form in terms of the confluent
hypergeometric function 1F1,

Gðα; λÞ ¼ e−λ
Z

1

0

ð1 − xÞS−α−1eλxdx

¼ e−λ

S − α 1F1ð1; S − αþ 1; λÞ; ð11Þ

as shown in the Appendix.
In the Drell-Yan-West frame the current does not couple

to states with different particle numbers [7,8,29]. As a result
the elastic form factor is a sum over Fock components of
definite constituent number, each contributing independ-
ently. Likewise, in holographic light-front QCD [6,10] the
semiclassical wave equations describe independent oscil-
lator modes: their coherent superposition should carry
Poisson-distributed occupation numbers, in direct analogy
with the driven harmonic oscillator.
Mittag-Leffler expansion—The Regge spectrum gener-

ated by Gðα; λÞ becomes explicit through its Mittag-Leffler
expansion in the complex α plane. In fact, Eq. (11) shows
that the spectral generator is a meromorphic function of α
with simple poles. It admits the Mittag-Leffler decompo-
sition (see the Appendix)

Gðα; λÞ ¼
X∞
n¼0

RnðλÞ
nþ S − α

; RnðλÞ ¼
ð−λÞn
n!

; ð12Þ

where the residues RnðλÞ are determined by the Poisson
parameter λ. Equation (12) exhibits the Veneziano-like
structure of an infinite sequence of equidistant zero-width
simple poles, α ¼ Sþ n with n ¼ 0; 1; 2;…, which
are independent of λ: the confinement spectrum is in-
variant under continuous λ deformations of the Poisson
distribution.
Structurally, the Poisson generator (10) reorganizes the

tower of fixed-twist amplitudes, each a finite product of
poles, into an infinite sum of simple Regge poles (12),
thereby providing an analytic mechanism through which
the confining structure of individual Fock components
generates the full Regge mass spectrum of radial excitations
(8) via the spectral condition αðM2

nÞ ¼ Sþ n.
Even-odd projection of the spectral generator—As the

virtual photon propagates through the confinement domain
at distances ∼1=κ, it undergoes strong interactions and
fluctuates into intermediate vector states: the current
hadronizes into qq̄ pairs and their radial excitations.
This dressing of the current is encoded in the universal
spectral generator Gðα; λÞ, which contains all the states of
the Regge trajectory in the exchange channel, Eq. (12),
independently of the target hadron. The target selects the
components matching its own light-front Fock expansion,
leading to a distinct effective coupling for each hadron
class, even though the coupling of the electromagnetic
current at the quark level is universal.
In the semiclassical approximation, gluonic degrees of

freedom are sublimated into the effective confining poten-
tial and do not appear as constituents [30]. The Poisson
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distribution weights each twist component of the dressed
current; the target singles out even twists for a meson,
whose Fock tower jqq̄i; jqq̄qq̄i;… carries τ ¼ 2; 4;…, and
odd twists for a baryon, with jqqqi; jqqqqq̄i;…
and τ ¼ 3; 5;….
We consider first the case where the probe couples to the

even-twist states of a target meson (see the Appendix),

GEðα; λÞ ¼
X∞
τ¼2
τ even

λτ−2e−λ

ðτ − 2Þ!Bðτ − 1; S − αÞ

¼ e−λ
Z

1

0

ð1 − xÞS−α−1 coshðλxÞdx

¼ e−λ

2ðS − αÞ ½1F1ð1; S − αþ 1; λÞ

þ 1F1ð1; S − αþ 1;−λÞ�: ð13Þ

Likewise, for the coupling of the probe to the odd-twist
states of a target baryon we find

GOðα; λÞ ¼
X∞
τ¼3
τ¼odd

λτ−2e−λ

ðτ − 2Þ!Bðτ − 1; S − αÞ

¼ e−λ
Z

1

0

ð1 − xÞS−α−1 sinhðλxÞdx

¼ e−λ

2ðS − αÞ ½1F1ð1; S − αþ 1; λÞ

− 1F1ð1; S − αþ 1;−λÞ�; ð14Þ

with Gðα; λÞ ¼ GEðα; λÞ þ GOðα; λÞ.
Since 1F1 is an entire function of its argument λ, and the

sign of λ enters (13) and (14) only through this argument,
without modifying the S − α dependence, both projections
inherit the full pole ladder of the Mittag-Leffler expansion
(12). Mesons and baryons couple to the complete tower of
states of the exchanged current, α ¼ Sþ n, with distinct
couplings given by the residues RE;O

n (see the Appendix),

GE;Oðα; λÞ ¼
X∞
n¼0

RE;O
n ðλÞ

nþ S − α
;

RE;O
n ðλÞ ¼ λn

2n!
½ð−1Þn � e−2λ�; ð15Þ

with RnðλÞ ¼ RE
n ðλÞ þ RO

n ðλÞ. The residues obey the sum
rules

X∞
n¼0

RE
n ðλÞ ¼ e−λ;

X∞
n¼0

RO
n ðλÞ ¼ 0; ð16Þ

which determine the large-jS − αj behavior of the two
sectors,

GEðα; λÞ ∼
e−λ

S − α
; GOðα; λÞ ∼

λe−λ

ðS − αÞ2 ; ð17Þ

since the vanishing residue sum of the odd projection
cancels its leading power.
Meson-baryon form factors—The even and odd projec-

tions of the Regge spectral generator determine the meson
and baryon form factors, FMðt; λÞ and FBðt; λÞ, up to an
overall normalization,

FM;Bðt; λÞ ¼
GE;O½αðtÞ; λ�
GE;O½αð0Þ; λ�

; ð18Þ

where FM;Bð0; λÞ ¼ 1. In the Regge limit, αðtÞ ∼ α0t at
large spacelike t, the asymptotic forms (17) reproduce the
leading constituent counting rules [2,3],

FM ∼
1

α0jtj ; FB ∼
1

ðα0jtjÞ2 ; ð19Þ

through the explicit residue sum rules (16). This behavior is
also consistent with the Phragmén-Lindelöf theorem, which
relates the asymptotic limits in the spacelike and timelike
regions, Fðt → −∞Þ ∼ Fðs → þ∞Þ, up to a phase [31].
We determine the mean parton excitation above the

valence configuration, λ, from the measured pion charge
radius hr2πi and FMðt; λÞ, using the vector meson Regge
trajectory (1) for S ¼ 1 and the spectral values κ ¼
0.534 GeV and αð0Þρ ¼ 0.483 from [16]. We obtain λ ¼
0.87� 0.07 from the Particle Data Group value hr2πi ¼
0.434� 0.005 fm2 [32]. Having fixed λ, we compute the
spacelike Q2 ¼ −t ≥ 0 dependence of the pion form factor
as a parameter-free prediction, shown in Fig. 1.

0 1 2 3 4
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Q2 GeV2

Q
2
F
Q
2
G
e
V
2

FIG. 1. Experimental data for the pion electromagnetic form
factor in the spacelike (Q2 ≥ 0) region are compared with the
model prediction (red curve) for λ ¼ 0.87� 0.07, with the
uncertainty band in grey. Data from NA7 [33] and JLab [34,35].
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The compact expression of the form factors (18) can be
represented as a sum of products of poles by using the
spectral relation (8). We find

FMðt; λÞ ¼
1

NM

X∞
n¼0

λ2n

ðα0Þ2nþ1

Y2n
k¼0

1

M2
k − t

; ð20Þ

FBðt; λÞ ¼
1

NB

X∞
n¼0

λ2nþ1

ðα0Þ2nþ2

Y2nþ1

k¼0

1

M2
k − t

; ð21Þ

where NM and NB are normalization factors. In practice,
truncating the sum to a few terms already yields a result
nearly indistinguishable from the compact expression (18).
The expanded form is useful to extend the model to the
timelike domain, t > 0, where resonance widths and the
phase space of the opening decay channels require phe-
nomenological input or a specific model computation.
The expanded form is also useful for comparison with

previous holographic results. From the meson form factor
(20) we obtain the twist coefficients Cτ in (9),

C2¼ 0.83; C4¼ 0.16; C6¼ 0.008; C8≃2×10−4;

ð22Þ

showing the rapid convergence of the twist expansion. The
coefficients, previously treated as fitted parameters [10], are
here determined to all orders, and the fast convergence of
the truncated expansion in [10] follows as a structural
consequence of the spectral generator.
The coupling of the dressed probe to the orbital

components of the target, critical for the nucleon Pauli
form factor and the neutron sector [10], is not determined in
the present Letter. A detailed analysis of the nucleon form
factors, which requires the internal spin-flavor and orbital
structure of the nucleon, is left for future work.
Coherent Poisson sums for parton distributions—Parton

distributions in holographic light-front QCD are given by
[20,21]

hτðα; xÞ ¼ wðxÞS−α−1w0ðxÞð1 − wðxÞÞτ−2; ð23Þ

where
R
1
0 hτðα; xÞdx ¼ Bðτ − 1; S − αÞ independently of

the specific form of wðxÞ. The function wðxÞ is assumed
to be identical for quarks and gluons and is constrained by
imposing the QCD inclusive counting rules at x → 1,
namely hτ ∼ ð1 − xÞ2τ−3 [7,36], as well as Regge behavior
at small x, hτ ∼ xS−α−1. This leads to the conditionsw0ð1Þ ¼
0 and wðxÞ ∼ x as x → 0 [20]. A natural question is how
this structure is modified by the coherent Poisson summa-
tion over the full tower of twist amplitudes.
To examine this point we define, in analogy with the

spectral generator, the even and odd sums of the twist tower
of parton distributions, KE and KO,

KEðα; x; λÞ ¼
X∞
τ¼2
τ even

λτ−2e−λ

ðτ − 2Þ! hτðα; xÞ

¼ e−λwðxÞS−α−1w0ðxÞ coshðλ½1 − wðxÞ�Þ; ð24Þ

KOðα; x; λÞ ¼
X∞
τ¼3
τ odd

λτ−2e−λ

ðτ − 2Þ! hτðα; xÞ

¼ e−λwðxÞS−α−1w0ðxÞ sinhðλ½1 − wðxÞ�Þ; ð25Þ

with
R
1
0 KE;Oðα; x; λÞdx ¼ GE;Oðα; λÞ.

Near x ¼ 1, the conditions wð1Þ ¼ 1 and w0ð1Þ ¼ 0
give the model-independent expansion 1 − wðxÞ ¼
− 1

2
w00ð1Þð1 − xÞ2, with w00ð1Þ < 0, and w0ðxÞ ¼ −w00ð1Þ×

ð1 − xÞ. Expanding the hyperbolic kernels at the endpoint,
the projections (24) and (25) reduce to their minimal-twist
components,

KE ∼ e−λð1 − xÞ; KO ∼ λe−λð1 − xÞ3; ð26Þ

reproducing the inclusive counting rules ð1 − xÞ2τmin−3 for
τmin ¼ 2 and 3 [7,36], with the Poisson weights e−λ and
λe−λ of the valence qq̄ and qqq configurations. At small x,
where wðxÞ ∼ x, both projections retain the Regge behav-
ior ∼xS−α−1.
The physical parton distributions are obtained by normal-

izing the projected even-odd coherent Poisson sums at t ¼ 0,

HM;Bðx; t; λÞ ¼
KE;O½αðtÞ; x; λ�
GE;O½αð0Þ; λ�

; ð27Þ

with
R
1
0 HM;Bðx; 0; λÞdx ¼ 1. At finite momentum transfer

the x integral reproduces the form factors (18),R
1
0 HM;Bðx; t; λÞdx ¼ FM;Bðt; λÞ, since the projected distri-
butions and form factors derive from the same spectral
structure.
Concluding remarks—The structural analysis presented

here organizes the full twist tower of exclusive amplitudes
into a single generating function, whose physical conse-
quences—the Regge spectrum, the meson-baryon projec-
tion, the constituent counting rules, the form factors, and
parton distributions—follow from the universal spectral
characteristics of the probe and the meson-baryon nature of
the target. The pion form factor provides a quantitative test
of this framework.
The spectral generator Gðα; λÞ is the Poisson-weighted

coherent sum of the infinite tower of twist amplitudes,
evaluated in closed form as a meromorphic function of the
Regge trajectory α. Its Mittag-Leffler expansion exhibits
simple poles at α ¼ Sþ n, corresponding to the radial
excitations of the exchanged trajectory, with positions
independent of λ.
The even- and odd-twist projections of the Poisson

generator yield the meson and baryon form factors and
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parton distributions, reflecting the qq̄ and qqq valence
content of the two hadron sectors. Both projections share
the Regge poles of the common exchanged trajectory, and
the constituent counting rules follow from the residue sum
rules of the spectral generator:

P
n R

E
n ¼ e−λ fixes the

leading meson power, while the vanishing sum
P

n R
O
n ¼ 0

produces the additional baryon suppression. The exclusive
counting rules in t and the inclusive counting rules at x → 1
are both governed by identical Poisson weights of the
minimal Fock configuration of each sector, with the single
parameter λ fixed by the pion charge radius. The extension
to the nucleon sector, which involves its internal spin-flavor
and orbital structure, is deferred to future work. The
analytic framework introduced in the present Letter can
be extended to other exclusive processes including form
factors and parton distributions of hadrons with heavy and
light quarks.
The present framework connects two historically distinct

strands: the duality program of the pre-QCD era, in which
global spectral information was used to constrain local
amplitudes [23,24,28], and the constituent counting rules of
perturbative QCD [2,3], which determine the local short-
distance behavior. In the spectral generator both aspects
reside in a single analytic function: its global residue
structure, summed over the full nonperturbative tower,
determines the local power-law behavior through exact
sum rules. The coherent hard exclusive amplitude is
thereby determined within this framework by the confine-
ment spectrum itself.
Exact analytic Regge spectral sums have recently been

obtained in QCDð1þ 1Þ [37] using nonperturbative meth-
ods developed in [38]. A corresponding derivation from
first-principles QCD in (3þ 1) dimensions remains an
outstanding challenge.
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End Matter

Appendix: Some useful results—
Integral representations: Two integral representations

are used in the derivations below. The Euler beta function
Bðu; vÞ ¼ ΓðuÞΓðvÞ=Γðuþ vÞ admits the representation

Bðu; vÞ ¼
Z

1

0

tu−1ð1 − tÞv−1dt; ðA1Þ

with ℜðuÞ > 0, ℜðvÞ > 0. The confluent hypergeometric
function 1F1ða; b; zÞ, defined by the series

1F1ða; b; zÞ ¼
ΓðbÞ
ΓðaÞ

X∞
n¼0

Γðaþ nÞ
Γðbþ nÞ

zn

n!
; ðA2Þ

admits the integral representation

1F1ða; b; zÞ ¼
ΓðbÞ

ΓðaÞΓðb − aÞ
Z

1

0

eztta−1ð1 − tÞb−a−1dt;

ðA3Þ

valid for ℜðbÞ > ℜðaÞ > 0.
Poisson generating function: Consider the Poisson

generating function Gðu; sÞ for the beta function sequence
fnðuÞ ¼ Bðnþ 1; uÞ,

Gðu; sÞ ¼
X∞
n¼0

sne−s

n!
Bðnþ 1; uÞ; ðA4Þ

where s is the mean of the Poisson probability distribution
PnðsÞ ¼ sne−s=n!, with hni ¼ s.
Using the integral representation (A1) and interchanging

the sum and integral, we obtain

Gðu; sÞ ¼ e−s
Z

1

0

ð1 − tÞu−1estdt: ðA5Þ

Applying (A3) with a ¼ 1, b ¼ uþ 1, and z ¼ s then
gives

Gðu; sÞ ¼ e−s

u 1F1ð1; uþ 1; sÞ: ðA6Þ

Mittag-Leffler expansion: The pole expansion of
Gðu; sÞ follows from Kummer’s transformation [39],

e−z1F1ða; b; zÞ ¼ 1F1ðb − a; b;−zÞ: ðA7Þ

Applying (A7) with a ¼ 1, b ¼ uþ 1, z ¼ �s, and
expanding the right-hand side with the series (A2), we find

1

u 1F1ð1; uþ 1;�sÞ ¼ e�s
X∞
n¼0

ð∓ sÞn
n!ðuþ nÞ : ðA8Þ

The Poisson generator (A6) then admits the Mittag-Leffler
expansion
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Gðu; sÞ ¼
X∞
n¼0

RnðsÞ
uþ n

; RnðsÞ ¼
ð−sÞn
n!

; ðA9Þ

with simple poles at u ¼ −n (n ¼ 0; 1; 2;…).
Even-odd projection: The Poisson generator Gðu; sÞ

admits a decomposition into even and odd infinite sums
while preserving its analytic properties. The even sum

GEðu; sÞ ¼
X∞
n¼0

s2ne−s

ð2nÞ! Bð2nþ 1; uÞ ðA10Þ

is evaluated using (A1) and the series expansion of the
hyperbolic cosine, giving

GEðu; sÞ ¼ e−s
Z

1

0

ð1 − tÞu−1 coshðstÞdt: ðA11Þ

Using coshðstÞ ¼ 1
2
ðest þ e−stÞ and (A5), we obtain

GEðu; sÞ ¼
e−s

2u
½1F1ð1; uþ 1; sÞ þ 1F1ð1; uþ 1;−sÞ�:

ðA12Þ

The odd sum is obtained by the same steps with the
hyperbolic sine,

GOðu;sÞ¼
X∞
n¼0

s2nþ1e−s

ð2nþ1Þ!Bð2nþ2;uÞ

¼e−s
Z

1

0

ð1− tÞu−1 sinhðstÞdt

¼e−s

2u
½1F1ð1;uþ1;sÞ− 1F1ð1;uþ1;−sÞ�; ðA13Þ

with Gðu; sÞ ¼ GEðu; sÞ þ GOðu; sÞ exactly.

Residues of the even-odd projections: TheMittag-Leffler
expansions of the even-odd projections follow from (A8)

GE;Oðu; sÞ ¼
X∞
n¼0

RE;O
n ðsÞ
uþ n

;

RE;O
n ðsÞ ¼ sn

2n!
½ð−1Þn � e−2s�; ðA14Þ

with RE
n þ RO

n ¼ ð−sÞn=n!, the residues of the full gener-
ator. Both projections thus contain the complete pole ladder
u ¼ −n. The residues obey the sum rules

X∞
n¼0

RE
n ðsÞ ¼ e−s;

X∞
n¼0

RO
n ðsÞ ¼ 0; ðA15Þ

which control the large-u behavior. Expanding (A14) for
large u: uGðuÞ≃P

n Rn − ð1=uÞPn nRn þ � � �, one obtains
the asymptotic expressions

GEðu; sÞ ∼
e−s

u
; GOðu; sÞ ∼

e−ss
u2

: ðA16Þ

The vanishing residue sum of the odd projection cancels its
leading power, and the first moment,

P
n nR

O
n ¼ −se−s,

fixes the coefficient of the subleading term. For the even
projection the first moment vanishes,

P
n nR

E
n ¼ 0, thus

corrections to the leading behavior begin only at order 1=u3.
The same asymptotic behavior follows independently

from the large-u expansion

1F1ð1; uþ 1;�sÞ ¼ 1� s
uþ 1

þO
�
1

u2

�
; ðA17Þ

providing a consistency check of the sum rules (A15).
Identifying u ¼ S − α > 0 and s ¼ λ reproduces the

expressions used in the main text.
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