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As a binary neutron star inspirals due to the emission of gravitational waves, the rising tidal frequency
resonantly excites vibrational modes. These oscillations are seismological probes of the rich stellar interior,
yet it remains to be established whether gravitational-wave interferometers can measure them. Here, we
present the first fully Bayesian study of the capability of the Einstein Telescope to detect tidal resonances.
We simulate one year of observations and analyze the 200 loudest signals. We find that the Einstein
Telescope can identify resonant modes and is sensitive to gravitational-wave phase shifts as small as
ΔΦ ≈ 0.03 for favorable events. We further show that neglecting resonances can bias the inferred tidal
deformabilities. These results establish tidal resonances as a measurable route for asteroseismology with
future detectors.
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Introduction—Neutron stars harbor the densest known
matter in the Universe and serve as nature’s laboratories for
the elusive equation of state of dense nuclear matter. Since
the underlying theory of quantum chromodynamics is
intractable in this regime, astrophysical observables are
essential for probing the behavior of matter at supranuclear
densities [1]. Over the last decade, gravitational-wave
astronomy has begun to illuminate neutron-star interiors
[2]. The discovery of a binary neutron-star merger, known
as GW170817, provided the first constraints on the tidal
deformability of neutron stars [3–5], complementing
electromagnetic mass-radius measurements from pulsars,
such as those from NASA’s NICER mission [6–9].
Constraining the properties of dense matter is a key

science goal for the third generation of ground-
based gravitational-wave interferometers, the Einstein
Telescope [10] and Cosmic Explorer [11]. Their improved
sensitivity will allow neutron-star binaries to be observed
for longer durations and with much larger signal-to-noise
ratios. These enhanced facilities are expected to observe far
more mergers, with conservative estimates predicting
hundreds of exceptional quality signals annually [12].
With greater sensitivity at high frequencies, where tidal
effects become increasingly important, exploiting these

observations will require faithful modeling of the neutron-
star physics encoded in the gravitational waveform.
Tidal effects provide the main gravitational-wave sig-

nature of neutron-star matter before merger [13]. Each star
in a binary system experiences a differential gravitational
force from its companion, which raises a tide and accel-
erates the orbital decay. During the early inspiral, the binary
components are well separated and the tidal driving is slow.
The stellar response is effectively instantaneous and the
static tidal perturbation is quantified by the tidal deform-
ability Λ [14–16]. Later in the inspiral, the time-evolving
tidal field begins to drive the neutron star’s natural vibra-
tional modes. This is known as the dynamical tide and it has
been studied in detail, partly due to its intrinsic connection
with neutron-star seismology [17–24].
In Newtonian gravity, the connection to asteroseismol-

ogy is made explicit by decomposing the tidal perturbation
using the stellar oscillation modes. Each mode satisfies the
familiar equation of motion of a driven harmonic oscillator,

äαðtÞ þ ω2
αaαðtÞ ¼

QαðtÞ
Eα

; ð1Þ

where aα is the mode amplitude, ωα is its frequency, Eα is a
normalization constant, and Qα is the overlap integral,
which quantifies how efficiently the tide couples to the
oscillation.
Equation (1) reveals two distinct aspects of the dynami-

cal tide. The first is the gradual response, dominated by the
fundamental f mode, which is now incorporated in several
gravitational-waveform models [25–27]. Studies have
shown that modeling the f mode is necessary to maximize
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the extracted matter physics from observations [28,29], and
that neglecting it may introduce systematic biases in
equation-of-state inference [30].
The second aspect of the dynamical tide is transient. In

the approach to merger, the tidal driving sweeps upward
and can momentarily match the frequency of a low-
frequency mode [18]. When this occurs, the mode is
provoked into resonance, growing rapidly in amplitude
at the expense of orbital energy. This results in a sudden
change in the orbital trajectory.
It remains an open question whether tidal resonances are

measurable in a realistic observational scenario. An early
study found that second-generation instruments would
require a minimum phase shift of ΔΦ ∼ 2 for detection
[31], larger than what is expected from typical neutron-star
oscillations [18,19,32]. However, this conclusion was
based on the Fisher information matrix, whose limitations
are well known [33]. The detectability question has been
revisited in recent years. Ho and Andersson [34] argued
that a serendipitous GW170817-like event observed with
Cosmic Explorer could reveal g- and r-mode resonances,
granting access to information about matter composition
and stellar spin. In a complementary study, Revilla-Peña
et al. [35] calculated that a resonance-induced time advance
ofOð1 msÞmay be detectable even with second-generation
interferometers. While these results are promising, they still
rely on approximate sensitivity estimates.
A fully Bayesian study of the detectability of tidal

resonances has therefore been lacking. This is what we
present for the first time in this Letter. We analyze an
astrophysical population of binary neutron-star signals
observed by the Einstein Telescope and find that resonantly
excited modes can be distinguished. This establishes tidal
resonances as an observational target for third-generation
interferometers.
Passage through resonance—Let us set the stage by

examining the behavior of a low-frequency mode as it
becomes resonantly excited by the tide. Consider a neutron-
star binary on a quasicircular orbit with angular velocity Ω
inspiralling gradually due to the emission of gravitational
radiation. We have a primary of mass m1 and radius R
immersed in a tidal field sourced by its companion of
mass m2. The binary possesses a chirp mass M ¼
ðm1m2Þ3=5=ðm1 þm2Þ1=5 and a mass ratio q ¼ m2=m1.
We model the tidally deformed star as a collection of forced
harmonic oscillators that satisfy Eq. (1).
For a nonrotating star in Newtonian gravity, tidal reso-

nance occurs when jmjΩ ≈ ωα, where ðl; mÞ are the spheri-
cal-harmonic quantum numbers. Away from resonance, we
neglect the contribution of the oscillation to the tidal
response. This is motivated by its small overlap integral,
which suppresses the adiabatic response [17,18]. During
resonance, orbital energy is deposited into the stellar
oscillation, perturbing the trajectory of the binary from
an orbital phase of ϕ to ϕ − Δϕα. Under the same

approximations, a quadrupolar perturbation sources [18]

Δϕα ≈
5π2
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where G and c are Newton’s constant and the speed of light,
respectively, Iαlm is the mode’s mass-multipole moment, and
Iαlm ≔ Iαlm=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eα=ðm1R2Þ

p
. The corresponding gravita-

tional-wave phase shift is ΔΦα ¼ 2Δϕα. When Δϕα > 0,
the inspiral is accelerated and the binary merges sooner. This
behavior is generic across mode resonances, with the notable
exception of the gravitomagnetic tidal driving of an inertial r
mode, which instead siphons energy from the spin of the star
and injects some into the orbit, producing Δϕα < 0 and
delaying the inspiral [19,36]. It is the goal of this Letter to
establish whether this small correction is within reach of the
Einstein Telescope.
We idealize the resonance as instantaneous. This is

justified by comparing the radiation-reaction timescale
τrr ≔ Ω=Ω̇ to the resonance-crossing timescale τres ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πτrr=Ω

p
through the dimensionless parameter

ϵ ≔
τres
τrr

≈ 0.07

�
M

1.2M⊙

�
5=6

�
Ω=ð2πÞ
100 Hz

�
5=6

: ð3Þ

Thus, ϵ ≪ 1 for orbital frequencies below ∼150 Hz and the
resonance is traversed instantly. Tidal resonances encoun-
tered later in the inspiral require a more detailed treatment.
In the stationary-phase approximation, the abrupt change

in the orbital motion modifies the gravitational-wave phase
by [19]

ΨðfÞ ¼ Ψ0ðfÞ þΨαðfÞ; ð4Þ

where Ψ0 is the phase of a baseline model and

ΨαðfÞ ≔ Θðf − fαÞ
�
1 −

f
fα

�
ΔΦα ð5Þ

is the contribution from the tidal resonance. Here, f is the
gravitational-wave frequency, fα is the frequency at reso-
nance, and Θ is the Heaviside step function. In the general
case, where multiple oscillation modes are driven into
resonance during the inspiral, their phase contributions add
linearly in Eq. (4). In the Newtonian approximation, fα is
identically the mode frequency for the quadrupolar reso-
nances considered here. In full general relativity, the effects
of redshift and frame-dragging must be taken into
account [20,25].
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For the baseline waveform model, we use the approx-
imant IMRPhenomXAS_NRTidalv3 [27,37] as imple-
mented in LALSuite [38], which includes the adiabatic f-
mode contribution to the dynamical tide. Since binary
neutron stars are not expected to have appreciable spins
[39], we neglect precession.
While neutron stars host a notably broad spectrum of

oscillation modes [40], we will focus our attention on the
simplest scenario where each star in the binary experiences
a single resonance. Rather than associating these resonan-
ces with a particular mode, we leave their properties
parametrized by the gravitational-wave frequencies and
phase shifts at resonance, which we denote by ðf1;ΔΦ1Þ
and ðf2;ΔΦ2Þ. In the present Letter, we restrict our focus to
positive phase shifts. With the modeling in hand, we now
move on to the problem of detection.
Gravitational-wave simulations—We simulate an astro-

physical population of binary neutron-star coalescences
observed by the Einstein Telescope over one year. The
sources have component masses m1, m2 that are drawn
uniformly from the interval ½1.1; 2.2�M⊙, and the tidal
deformabilities Λ1, Λ2 are determined from the equation of
state, which we take to be the model inferred using the
collection of datasets denoted “Set A” in Ref. [41]. We
draw spin magnitudes uniformly on [0, 0.05] with isotropic
orientations and retain only the aligned components. The
binaries are distributed in redshift z according to

pðzÞ ∝ RðzÞ
1þ z

dVc

dz
; ð6Þ

where Vc is the comoving volume andR is the merger-rate
density. We use the fiducial model of Ref. [42] with a
common-envelope efficiency of αCE ¼ 3 and assume a flat
ΛCDM cosmology with the parameters inferred from the
Planck 2018 data [43]. The binaries’ sky positions, incli-
nations, and polarizations are uniform on the sphere. For
the mode resonances, we draw the frequencies f1, f2
uniformly on [5, 300] Hz and the phase shifts ΔΦ1;ΔΦ2

from a log-uniform distribution on ½10−3; 1�. These ranges
are motivated by Eqs. (2) and (3).
We rank the simulated binaries according to optimal

signal-to-noise ratio ρ and retain the 200 loudest systems.
From our simulations, the resulting signals have
ρ ∼ 60 − 450. We separate the sources into two popula-
tions: one without tidal resonances and another with tidal
resonances. The populations have 200 binaries each and
differ only in the presence of resonances. This isolates the
effect from differences in the astrophysical population and
detector noise.
The signals are injected into the triangular Einstein

Telescope configuration and coherently added to simulated
stationary Gaussian noise following the ET-D design
sensitivity [44]. We analyze the collected data dðtÞ from
a minimum frequency of 5 Hz using the nested-sampling

algorithm DYNESTY with 1000 live points [45] as imple-
mented in the Bilby gravitational-wave inference library
[46]. To speed up the likelihood evaluation, we use relative
binning [47,48]. We validate our results by comparing the
relative-binning likelihoods against exact likelihood eval-
uations and demand that the standard deviation of the log-
likelihood error be below 0.1 [49].
Since the signals exist in the Einstein Telescope’s

sensitivity band for Oð1 hÞ, the rotation of the Earth
substantially increases the instrument’s baseline, allowing
the sky location and merger time to be well determined
[50]. In addition, many of these events may have electro-
magnetic counterparts (like GW170817 [3]), which would
also resolve the position well. For these reasons, and for
numerical tractability, we fix the sky location and time of
coalescence during sampling. Since M will also be well
constrained, we adopt a tight Gaussian prior. The resonance
parameters are recovered with slightly broader ranges than
the injections: f1, f2 uniform on [5, 350] Hz andΔΦ1;ΔΦ2

log-uniform on ½10−4; 10�.
Detectability of tidal resonances—With our simulated

injections, we now ask whether the strain data d can
distinguish tidal resonances. We consider two competing
hypotheses. The first hypothesis Hres states that d result
from a gravitational-wave signal from a merging neutron-
star binary where mode resonances took place. The second
hypothesis Hno res claims that d are explained by a binary
neutron star with no resonant mode excitations. The
Bayesian evidence for hypothesis H is pðdjHÞ. We
compare the two hypotheses with the Bayes factor [51]

Bres
no res ≔

pðdjHresÞ
pðdjHno resÞ

ð7Þ

and adopt x ≔ ln Bres
no res as our detection statistic. Positive

values of x favor the presence of tidal resonances.
To begin with, we must establish the threshold xth ¼

ln Bth above which we can claim to have detected mode
excitations in the gravitational-wave signal. This is neces-
sary since noise artifacts in the data d can masquerade as
resonances and cause the value of x to be elevated. We
determine xth from a background distribution pbgðxÞ,
constructed from the 200 simulated signals without tidal
resonances. The false-alarm probability is

PFAðxthÞ ¼
Z

∞

xth

pbgðxÞ dx; ð8Þ

representing the chance that a signal with no mode
excitations is misclassified as a resonance source. The
background (shown in Fig. 1) is reasonably well behaved,
so we may approximate it using a Gaussian kernel density
estimator. By demanding PFAðxthÞ corresponds to five-
sigma significance, we estimate xth ≈ 1.73.
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Next, we turn our attention to the foreground distribution
pfgðxÞ of the 200 sources with resonantly excited modes.
From pfgðxÞ, we may deduce the detection efficiency

PdetðxthÞ ¼
Z

∞

xth

pfgðxÞ dx; ð9Þ

which quantifies the rate at which foreground sources are
distinguishable from the background. We find that roughly
one in three signals (Pdet ≈ 0.32) has detectable resonances,
demonstrating that resonant modes can be distinguished in
a sizeable subset of the loudest Einstein Telescope events.
The background and foreground distributions are both
shown in Fig. 1.
Figure 2 shows the foreground sources, where it can be

seen that the phase shift is the dominant contributor to
detectability. We analyze the detection efficiency as a
function of ΔΦmax ≔ maxðΔΦ1;ΔΦ2Þ. At ΔΦmax ≈ 0.07,
we find that one in five sources (Pdet ≈ 0.2) is detectable.
This doubles to Pdet ≈ 0.4 once the shifts reach the
level of ΔΦmax ≈ 0.22. We find no discernible depen-
dence on the resonance frequencies over the sampled
range f1; f2 ∈ ½5; 300� Hz.
To estimate the minimum detectable phase shift in a

favorable system, we modify the resonance parameters of
the loudest signal in our catalog. Assuming the same noise
realization and source parameters, we reduce its phase
shifts until the event approaches the detection threshold.

The signal remains detectable down to ΔΦmax ≈ 0.03. This
event is marked in Fig. 2.
Lastly, we can use our results to explore the impact of

resonance modeling on parameter estimation. We find cases
in which neglecting the resonances biases the recovery of
the mass-weighted tidal deformability Λ̃. This typically
occurs for phase shifts of ΔΦmax ≳ 0.2, where Λ̃ is biased
toward larger values, consistent with our focus on positive
phase shifts. Conversely, for negative shifts that delay the
inspiral, we would expect the bias to be toward smaller Λ̃. A
representative example is presented in Fig. 3. Predictably,
the bias becomes less pronounced toward lower ρ and
smaller resonances. We also find less prominent biases in
the recovery of the chirp mass M, while biases occasion-
ally occur for the subdominant tidal parameter δΛ̃, which is
comparatively weakly constrained.
Implications for neutron-star modes—Before we con-

clude, let us discuss the low-frequency oscillation modes
that may achieve these phase shifts. Composition gradients
in the neutron-star interior provide the buoyancy that
supports g-mode oscillations [52]. Recent relativistic cal-
culations with realistic nuclear-matter models find that
these perturbations have frequencies ωα=ð2πÞ ∼ 100 Hz
and quadrupole moments Iα2;�2=ðm1R2Þ ∼ 10−3 − 10−5,
depending crucially on the degree of composition gradients
in the equation of state [53]. Using the canonical scaling in
Eq. (2), this amounts to phase shifts up to ΔΦα ∼ 0.08,
within the range probed by our study.
Inertial modes provide another plausible class of detect-

able resonances. They arise due to the stellar rotation [54].

FIG. 2. The Bayes factor Bres
no res as a function of the larger

gravitational-wave phase shift ΔΦmax for the foreground sources.
Each event is colored by its optimal signal-to-noise ratio ρ.
Events that exceed the threshold Bth (horizontal gray line) are
classified as detectable (circles), while those below are classified
as undetectable (crosses). The detectable sources are primarily
concentrated at large ΔΦmax, indicating that the phase shift drives
the detectability. We show a tuned source (star) constructed from
the loudest signal by reducing its shifts until ΔΦmax ≈ 0.03. This
provides an estimate of the minimum detectable phase shift with
the Einstein Telescope.

FIG. 1. Distributions of the Bayes factor Bres
no res comparing the

hypothesis that resonantly excited modes are present in the signal
against the hypothesis that there are none. The background
distribution of sources without tidal resonances (blue histogram)
is used to set the detection threshold of ln Bth ≈ 1.73 (vertical
gray line), estimated to correspond to five-sigma significance.
The foreground distribution of resonant signals (orange histo-
gram) leads to a detection efficiency of Pdet ≈ 0.32. Note that the
maximum Bayes factor is truncated, although we obtained
foreground signals with ln Bres

no res > 10. The excess of resonant
sources above the threshold demonstrates that tidal resonances
are detectable in a substantial fraction of the simulated Einstein
Telescope observations.
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Recent Newtonian calculations have identified four inertial
modes, including the r mode, that become resonantly
excited during an inspiral [36]. For simple stellar models,
phase shifts of jΔΦαj ∼ 0.02 − 0.20 are within reach,
depending on the alignment of the star’s spin with the
orbital angular momentum. It should be noted that the r
mode gives rise to ΔΦα < 0, which was not the sign we
considered in this Letter.
By contrast, the resonant excitation of a core-crust

interface mode, which may produce resonant shattering
flares [55], appears less promising for gravitational-wave
detection. A recent relativistic study found that these
perturbations produce ΔΦα ≈ 0.002 [56], below the sensi-
tivity reached in our study.
There has been some recent discussion of the interface

modes (also known as discontinuity g modes) due to a
sharp phase transition to deconfined quark matter [57–59].
These modes have higher frequencies, beyond what we
could reliably model with our resonance treatment of
Eq. (5). Improvements in the modeling of resonances will
be required to study their detectability [60,61]. Thus, the
present results point primarily to composition g modes and
inertial modes as the most plausible low-frequency reso-
nances for Einstein Telescope asteroseismology.
Conclusions—We have conducted the first fully

Bayesian investigation into the Einstein Telescope’s ability
to detect resonantly excited oscillation modes in the
gravitational-wave signal from binary neutron-star coales-
cences. With one year of observations, we found that the
gravitational-wave observatory will be able to distinguish
mode resonances. Our results show that the Einstein
Telescope is sensitive to resonant modes with frequencies
of 5–300 Hz and phase shifts down to ΔΦ ≈ 0.03, under

favorable conditions. These conclusions are not expected to
depend sensitively on the proposed detector geometries.
This sensitivity reaches the range expected for several

low-frequency neutron-star oscillation modes. In particular,
g modes and inertial modes can produce phase shifts
comparable to those found to be detectable here. While
crust-core interface modes are expected to produce smaller
resonances, the addition of Cosmic Explorer to the network
may bring these oscillations within observational reach.
These results therefore identify resonant tides as a meas-
urable route to neutron-star asteroseismology with third-
generation detectors.
We have also demonstrated that resonances can affect

parameter inference if they are omitted from the modeling.
For sufficiently large phase shifts, the missing resonant
phase evolution can be partially absorbed by the mass-
weighted tidal deformability, biasing the recovery.
The natural next step is to connect the mode parameters

to dense-matter properties and infer these characteristics
during parameter estimation. This would establish how
measurements can be translated into equation-of-state
constraints.
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