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We present a two-tone heterodyne optical readout scheme to extract unequal-time density correlations
along an arbitrary stationary interaction path from a pancake-shaped Bose-Einstein condensate, using a
modulated laser probe. Analyzing the measurement noise both from imprecision and backaction, we
identify the standard quantum limit for the signal-extraction scheme, and examine how a class of two-mode
squeezed initial states can be used to push beyond this limit. As an application, we show how the readout
scheme can be used for an experimentally feasible realization of acceleration dependence of quantum-
vacuum fluctuations in the system, including the analog spacetime circular motion Unruh effect. The
scheme is adaptable beyond Bose-Einstein condensates, providing nondestructive access to unequal-time

correlations in quantum fluids.

DOI: 10.1103/4yth-tm4f

Introduction—Bose-Einstein condensates (BECs) pro-
vide a powerful platform for exploring a range of intriguing
quantum field theory processes, including information
theoretical [1] and far-from-equilibrium phenomena such
as quantum turbulence [2-5], first-order relativistic phase
transitions [6—15], and curved spacetime dynamics that
mimic the early universe [16—19] and black holes [20-22].
A key technical challenge lies in controlling the conden-
sate, leading to innovations such as optical box traps
[23,24] and multicomponent condensates [25]. A common
objective across these developments is the advancement of
novel detection schemes.

Currently, state-of-the-art detection methods are pri-
marily destructive, capturing wave dynamics frozen in time
[1,26]. Although this approach has been highly successful,
enabling the extraction of statistical correlations and cumu-
lants of density fluctuations between different points in the
condensate, there remains strong motivation to develop
improved, potentially nondestructive detection techniques
[27]. A specific candidate technique was introduced in [28],
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where a focused laser beam passes perpendicularly through
a pancake-shaped BEC, sampling density fluctuations
locally over time. The point of interaction between the
probe beam and the condensate need not be static but can be
placed in controlled motion. The probe beam thus records
the local density fluctuations encountered along the inter-
action path, encoding the unequal space and time correla-
tions and their dependence on the motion [28,29].

The measurement sensitivity in this detection technique
is set by the competition between shot noise in the probe
and radiation-pressure backaction onto the condensate. In
the present Letter we go significantly beyond [28] by
providing a complete end-to-end detection theory that
controls the sensitivity: we derive the standard quantum
limit (SQL) [30,31] for a two-tone heterodyne readout of a
moving-point optical probe, include the full nonlinear
Bogoliubov backaction structure, and show how two-mode
squeezed input states enable sub-SQL sensitivity while
preserving nondestructiveness. The scheme is adaptable
beyond BEC, providing nondestructive access to unequal-
time correlations in quantum fluids.

As an application, we apply our interferometric machi-
nery to accelerated paths of the interaction point. We detail
an experimentally feasible detection and readout scheme to
extract unequal-time BEC correlations from the beam. We
show that these correlations bear an imprint of the

Published by the American Physical Society
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acceleration of the interaction-point path. This acceleration
dependence renders the two-dimensional BEC a powerful
platform for the quantum simulation of acceleration effects
in quantum field theory, particularly the celebrated Unruh
effect [32-35].

Phonon detectors—We describe a BEC of atomic mass
m, confined to a plane (defined as z = 0) by a trapping
potential. Upon integration in z, the BEC is described by a
field ®(z,x) governed by the two-dimensional Gross-
Pitaevskii Lagrangian,

. 1 92d
L = [ d®x|i®T0,® — — |[VD|? + =2 ||, (1
e = [ @x 0100 - vor + Bjor | (1)

where x = (x,y) and gy, is the s-wave scattering strength.
When we consider the real part of perturbations about a
background condensate @, these long-wavelength phonons
evolve as a massless Klein-Gordon scalar field [20,36]. In
terms of the physical BEC parameters, this corresponds to
density fluctuations about a background density py = |®@|?,
as detailed in Supplemental Material [37].
Long-wavelength phonons may be probed with a highly
focused laser propagating transversely through the con-
densate parallel to the z direction; the effective refractive
index of the BEC shifts the laser phase. As shown in the
optical circuit diagram of Fig. 1, the beam probing the
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FIG. 1. Optical circuit diagram for sampling BEC density
fluctuations along a stationary interaction point trajectory, using
a modulated laser probe with two sidebands. The band centred at
@, = wy+ Q (o_ = vy — Q) is shown in blue (red). Postinter-
action, the modulated signal is heterodyned using a two-tone
reference beam, in which an acousto-optic modulator has inserted
a frequency shift A} 5. Beam splitter (BS); electro-optic deflector
(EOD); local oscillator (LO); acousto-optic modulator (AOM);
phase shifter (PS); photodiode (PD); spectrum analyzer (SA).

condensate is prepared by sending monochromatic laser
light of frequency w, into an electro-optic modulator
(EOM), and then filtering out the central frequency band.
The resulting laser field E(¢) has two prominent modula-
tion bands peaked at @, = wy = Q (with Q < @), which
may be expressed as

E(t) = Eg(wo)a(r) + a* (1)), (2a)
a(t) =a,(t)+a_(1), (2b)
a.(t) = [a+ day (1)]e" o+, (2¢)

where E(wg) is a dimensionless real-valued prefactor
evaluated at the central frequency w,, a, are the mode
operators for each modulation band, the full mode operator
a satisfies [a(7),a’(f)] = 6(t —1'), and, without loss of
generality, the coherent amplitude « is assumed to be real.
We note that our notation suppresses spatial dependence for
brevity, despite the laser serving as a local probe.

The interaction between the laser and the BEC can be
modelled as the interaction between a two-dimensional
scalar field (7, x)—representing the density fluctuations in
the BEC—and a one-dimensional scalar field E(f)—rep-
resenting the laser—that is localized on the path x = X(¢).
By arranging @, to coincide with an atomic resonance in
the BEC, the phase shifts in the two modulation bands will
be equal and opposite, as represented by the mode-operator
transformation

a (1) — e v (@ + 63 (1)), (3)

where v is the time-independent phase shift due to the
BEC bulk density. A tilde above an operator denotes that
operator post interaction. These equal and oppositely
detuned sidebands cancel out the zeroth-order Stark poten-
tial, reducing disturbance to the BEC due to stirring [28].
The first-order interaction da. (¢) in (3) is given by

sa.(f) =day(t) F %ieaqﬁ(t), (4)

where the F sign originates from the opposite phase shifts,
¢(1) == p(1,X (1)) is the field evaluated along the inter-
action path X(7), and, for sidebands detuned far from
resonance, the interaction coupling 1is given by
€ = 2|ag|wy./mpg, where a is the real part of the atomic
polarizability (see Appendix A). Physically, the field ¢ ()
corresponds to density fluctuations in the BEC sampled
along the trajectory traced by the laser as it intersects
the BEC.

The typical nondispersive frequency range of phonons in
the BEC lies well below the modulation frequency . We
denote the boundary of this nondispersive range by A and
write the field as
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$(1) = / S eup, (5)

A27T

where 0 <A<« Q, and D, are the annihilation
(for v > 0) and creation (for v < 0) operators defined with
respect to the frame comoving along the interaction path,
such that D_, = D). For typical quasi-2D condensates,
A/2x lies in the few-kHz range. We write the pre-
interaction and  post-interaction  operators  Sa..(¢)
and a (t) similarly in terms of their Fourier transforms
as da(t)=(2x)"" [A dve ¥ ay (V] and Sa. (1) = (2x)~!
JA dveT¥saL ).

Now, the laser-BEC interaction (4) can be described in
terms of the frequency-space operators as a Bogoliubov
transformation, and this transformation can be completed
nonperturbatively to contain the backaction on the laser
probe, quadratic in the coupling parameter & [36]. As
shown in Appendix B, the outcome is

iuD, + 'u—z sgn(v)déa, v, (6)

V2 4

where u:= —ea/\/2 <0 is a dimensionless coupling
parameter and da; is the contribution from backaction,
given by

da.[v] = daiv]

Say[v] = da_[v] + da_|-v]" — Sa [v] — da [-v]T. (7)

The signum function in (6) implies that backaction on the
two sides of the modulation bands takes opposite signs.
This may seem surprising; however, similar asymmetric
backaction has been observed within optomechanical
systems [38].

The term involving the BEC mode operator D, in (6) is
the signal. This shows that the beam acts as a phonon
detector. The last term in (6), representing backaction,
shows that the laser also records the noise that it has
injected into the BEC. The task of the detection scheme will
be to separate the signal from the noise.

Detection scheme—We shall now present a detection
scheme where the signal D, can be extracted from the
postinteraction laser beam (6) despite the backaction noise
contained in the last term and the shot noise contained in
the first term. We assume from now on that the interaction
point trajectory X(7) is stationary (such as in uniform
circular motion), and that the initial state of the BEC is
stationary (such as a vacuum state or a thermal state). The
quantity we wish to extract is the Fourier transform of the
BEC unequal-time density two-point function along the
path of the laser-BEC interaction point, given by

Spold] = / dre (g (1)p(0)). (8)

Because of the stationarity, Sy,[v] (8) is the BEC power
spectral density (PSD). The interest of S, [¢] is that it is a

multiple of the transition rate of a pointlike two-state
quantum system that moves along the path of the laser-
BEC interaction point, had we such a quantum system at
hand; v is the system’s energy gap, with v > 0 for
excitations and v < 0 for deexcitations [28,34,39,40].
The optical detection scheme hence must be able to
distinguish between positive and negative values of v.

Inspired by optical demonstrations of mechanical side-
band asymmetry [41], we consider the two-tone heterodyne
scheme depicted in Fig. 1. Post-interaction, the signal
riding on modulation bands centred at o, = wy + £ and
w_ = wy— is mixed with a reference beam whose
frequency has been detuned by the amount A, in the
intermediate range A <K Aj o < 2€, using an acusto-optic
modulator as shown in Fig. 1. The beamsplitter outputs are
then converted into photocurrents via photodiodes and their
difference is taken, yielding the difference-photocur-
rent (7).

The observed difference-photocurrent i(z) is sent to a
spectrum analyser. The PSD S;; produced by the spectrum
analyser is related to S,,[v] (8) by

Sii [ALO - V} = M2 (S¢¢ [V] + N[V§ Mz])v (9)
where
2
Ny = i2+3%+ sen(v), (10)
U

as we show in Supplemental Material [37], building on
Glauber’s theory of photodetection [42] and the relation
between photocurrent PSDs and electromagnetic correla-
tors [43]. A measurement of S;; hence yields S, [v] over the
full frequency band v € (—A, A).

In practice, two additional noise sources appear in the
photocurrent: (i) relative intensity noise (RIN) of the probe
and reference beams, and (ii) phase noise of the local
oscillator. RIN enters primarily through common-mode
fluctuations and is strongly suppressed by the balanced
detection configuration shown in Fig. 1 (typically by 30—
40 dB [44-46]). LO phase noise contributes an additive
term to S;;[@)] centred at the intermediate frequency A o; its
contribution scales inversely with the reference beam
power, and is minimized by operating the LO at high
power. For commercially available low-phase-noise lasers
these terms remain well below the SQL noise floor across
the detection bandwidth.

Noise minimization—The remaining task is to minimise
the added noise term N [v; 4] (10) that contributes to the
measured PSD S;; (9) on par with the signal S, [v] that we
wish to infer. The first term in A [v; 4] (10) arises from shot
noise, which represents sensor imprecision [38]. The
second term arises from the backaction found in (6) and
(7). The balance between the two terms depends on the
parameter u, which is proportional to the probe beam’s
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coherent amplitude and can be tuned by adjusting the
beam’s intensity. The minimum value of the noise is
attained at p® = 2\/2/—3, where the coherent amplitude
satisfies o = ado = 4v2/(v/3¢?). This minimum is
known as the standard quantum limit (SQL), which is
the optimal balance between the shot-noise-dominated
regime (a* < ago) and the backaction-noise-dominated
regime (a* > a3, ). The added noise at the SQL is

NsoLl] = \/g—ksgn(v). (11)

To reduce the added noise below the SQL value (11), we
replace the laser field’s initial state by a two-mode squeezed
state, with the real-valued squeezing parameter A, where
A =0 is the unsqueezed initial state considered above.
Formula (10) is then replaced by

1+ 3sinh?2 N 3ute

Nlvp, 2 = e 2 +e~*cosh Asgn(v),

(12)

as shown in Supplemental Material [37]. Related demon-
strations of squeezing-enhanced heterodyne or sideband
detection include Li er al. [47] and references therein.
Comparison with (10) shows that the squeezing has
increased the shot noise, for either sign of A, while the
backaction noise has increased for 1 < 0 but decreased for
A > 0. For given 4, the minimum value of the added noise is

attained at
2 2 2 |2 )
=g = 2e §—|—Slnh A, (13)

and the minimum value is

Ny, pu;, ) =e™ \/% (1 + %sinh%) +e*coshAsgn(v).

(14)

For v > 0, N'[v, uy, 4] (14) is decreasing in 4, it is below
the SQL value /3/2 + 1 (11) for 2 > 0, and as A — oo it
approaches 5/4. Forv < 0, N'[v, u,, 4] is decreasing in A for
A < 4¢ and increasing in A for 1 > 4, attaining its minimum
atdg =3In(5 + 41/10) — In 3 = 0.3367, with the minimum
value %(\/1—6 —2)~0.1937, and approaching 1/4 as
A= oo. Nv,uy,4] is below the SQL value \/3/—2—1
(11) for 0 <4 < 4; = 11In((5/23)(19 + 8v6)) ~ 1.0635.

Collecting, the added noise Nv,uy, 4] (14) can be
brought below the SQL value (11) for both v > 0 and
v < 0 by choosing the squeezing parameter to be in the
interval 0 <1 < A; % 1.0635, when the dimensionless

/
2 v <0
S — gp—1137
¢ —— k=110
~<

— k=1.000

FIG. 2. Plots of the normalized added noise A/, defined as (12)
divided by the SQL value (11), as a function of 1 (squeezing
parameter) and u (laser-BEC coupling parameter), for 0 < A <
1.5 and p = ku,, where u; (13) is the optimal value of . Three
selected values of k are shown for both v > 0 and v < 0. The
k =1 curves are (14), and the ranges of 4 where A/ < 1 are as
described in the text. For k > 1, the ranges of A where N/ < 1 are
narrower: this range exists for 1<k <371/2(242v6+
19 +8v6)"/2~2.091 when v >0, and for 1<k<
37146 -2+ 13 -4V6)"/2~1.137 when v <0. For
0 <k <1, replace k by 1/k. The physical mechanism that
makes the added noise more sensitive to y for v < 0 than for
v > 0 is the same as in the backaction cooling in the measurement
of zero point mechanical oscillator in a cavity optomechanical
system [38], as we show in Supplemental Material [37].

coupling parameter px has the optimal value u,; (13).
When p deviates from the optimal value, the interval of
A where this happens becomes narrower, in a manner shown
in Fig. 2. The squeezing range (0 < 1 < 4;) required for
simultaneous sub-SQL performance for v > 0 and v < 0
corresponds to 69 dB of two-mode squeezing, well within
the capabilities of fiber- and OPO-based sources [48].

We exemplify the achievable sensitivity of our detection
scheme when operating near the SQL by estimating the
threshold for resolving relative density fluctuations &p/py.
This threshold is defined by a unit signal-to-noise ratio
(SNR), Syp[t]/Nv, ;. A] = 1. In Appendix A, we find
that the field ¢ is related to BEC density fluctuations by
¢ = 6p/(2\/mpy). Using SI units and estimating
Spp & ¢*At, we find

5_pz\/4mS¢4,[1/]:\/4m./\/[1/,m,l]. (15)

Po hpoAt hpoAt

Measuring '33Cs BEC atoms for 10 ms with p, = 10 pm™2
and v < 0 yields 6p/py ~ 0.137 when A = 1. Remaining at
the point of minimal added noise (14), the sensitivity of this
scheme can be further improved either with squeezing,
repeated experimental realizations, or potentially cavity
enhancement [49].
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Accelerated interaction paths—As discussed in the text
surrounding (3) and (4), the effective relativistic field
¢(t,x), corresponding to density fluctuations in the homo-
geneous BEC, evolves on an analog spacetime geometry
determined by the bulk condensate ®, [28], where the
speed of sound in the BEC plays the role of the speed of
light in a relativistic setting. It was further pointed out in
[28] that a localized laser—as described above—measures
these fluctuations in a manner consistent with the particle-
detector model known in the literature as the Unruh-DeWitt
detector.

With this in mind, we apply our detection scheme to
stationary accelerated interaction paths, simulating the
Unruh effect—the celebrated prediction in Minkowski
spacetime quantum field theory that an accelerated
observer and an inertial observer measure different quan-
tum fluctuations [32-35]. Recall that from (8) onwards, we
have assumed the interaction trajectory to be stationary
[50,51]. While the best-known version of the Unruh effect
is for uniform linear acceleration [32-34], versions of the
effect exist for all types of uniform accelerations [52,53],
including uniform circular motion, which has special
experimental interest in that it stays in a finite spatial
volume arbitrarily long. The Unruh effect exists also in
analog spacetimes: the uniform circular motion case has
been recently discussed in BECs [28,40] and in superfluid
helium [54,55]. We shall now specialize to a circular path,
and address the information that S,,[v] carries about the
circular motion Unruh effect.

The quantum vacuum fluctuations as detected by linearly
accelerating observers are thermally distributed, described
by a temperature proportional to the acceleration. A
subtlety with the circular motion Unruh effect is that it
cannot be described by a single temperature parameter. It
can, however, be associated with an effective, frequency-
dependent temperature Ts(v) by writing

eU/Teff<”) = M . (16)
SpolV]

This amounts to matching the ratio of the excitation and
deexcitation rates (8) along the accelerated path to
Einstein’s detailed balance formula. For circular motion,
T is approximately constant and of the same order of
magnitude as the predicted linear-acceleration Unruh tem-
perature over most of the accessible parameter
space [40,56].

In the experimental proposal [28] for realizing the
circular motion Unruh effect, the physical system was a
BEC comprised of '33Cs atoms with a two-dimensional
number density p, = 10> pum™2, and a laser of frequency
wy/(27) = 10'* Hz with a beam width ry = 3 pm. Upon
fixing the BEC parameters, the chosen squeezing A defines
the power and detuning relations of the laser. Working at
the point of minimal backaction, the sensitivity within the

phononic theory can only be improved by increasing the
statistics or the total measurement time (analysis band-
width) [28]. The nondestructiveness of the measurement
beyond the phononic theory has to be ensured a posteriori,
first a sufficiently long lifetime of the BEC to resolve
phononic frequencies, given typical experimental heating
and atom loss. Second a sufficiently small incoherent
scattering rate Iy, = 4a;P/(zrj) connected to the imagi-
nary part of the atomic polarizability &;, which is beyond
the presented phononic theory but completely defined by it.
Here, P ~2wya® is the laser power entering the BEC,
averaged over modulation cycles. Working at the SQL with
a = agq, which corresponds to u?> =24/2/3, we find a
photon scattering rate I'y, &~ 0.0020 Hz, which is much
smaller than unity. In the case of an initially squeezed state,
we show in Supplemental Material [37] that [y, ~
0.0031 Hz when p takes the optimal value (13) and A is
set to the minimum of the red curve in Fig. 2. As both
scattering rates are considerably smaller than unity (non-
destructive) and the typical frequencies of the phonons of
interest, we conclude that the detection scheme presented in
this Letter represents a promising and feasible approach for
an experimental realization of the circular motion Unruh
effect: the probe beam acts as an Unruh-DeWitt detector
beyond the standard quantum limit.

Discussion—Traditionally, optomechanics deals with
single- or few-mode mechanical systems, such as mem-
branes or mirrors, and this approach has been extended to
BECs and superfluids coupled to optical cavities [57-59].
In these systems, the optomechanical interaction typically
involves a single collective excitation, such as the center-of-
mass or breathing mode, which acts as the effective
mechanical degree of freedom. By contrast, our approach
expands the optomechanical toolbox to a quantum fluid
probed with laser beams along arbitrary stationary spatial
paths, enabling access to unequal-time density correlations
in a multi-mode BEC environment.

By employing a two-tone heterodyne optical readout and
systematically analyzing both imprecision and backaction
noise, we provide a theoretical framework for extracting
unequal-time correlation functions with sensitivity reach-
ing, and potentially surpassing, the shot-noise limit of the
probe field. This opens up investigations of fundamental
properties of the smallest excitations of a quantum fluid,
including the quantum vacuum state of the system and its
observer dependence. Our detection scheme finds its opti-
mal sensitivity by balancing the quantum imprints left by the
probe beam against the disturbance it causes, allowing the
wave dynamics to be recorded with maximal fidelity.

While our concrete implementation focuses on a BEC,
with the experimentally realistic parameters provided in the
text below (15) and in the last paragraph of the accelerated
interaction paths section, the scheme is adaptable to other
quantum fluids, placing nondestructive access to unequal-
time correlations in quantum fluids in general reach.
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End Matter

Appendix A: Effective field theory—In this appendix,
we use the effective field theory for the BEC field ¢
and the laser-BEC interaction to derive the interaction
coupling ¢ appearing in the definition of the dimension-
less effective coupling parameter y = —ea/v/2.

We describe the 2d BEC in terms of the two-dimensional
Gross-Pitaevskii field ®(z,x), with an isotropic potential
V(r):

i0,® = —ﬁv%b + VO + g,4@|D|*. (A1)
Now consider small fluctuations ¥ of the field ® about a
background ®, (i.e., ® = ®; + ¥). Defining the back-
ground BEC density py = ®3 and assuming @, is static,
real-valued, and extends to infinity in r, we can then take
V + g24p9 = 0 and express the linearized equations of
motion for ¥ as

1
0¥ = — m V2Y + gaapo[¥ + ¥, (A2)

and similarly for ¥'. The corresponding Lagrangian is

1
Ly = /dzx P — — VP2 — 92020 (g iy
2m 2
(A3)

Writing the field W in terms of real and imaginary parts
(¥ =¥y +i¥;), the dynamics can alternatively be
expressed as

1
0¥ ——V2¥, =0 A4
=5V, (A4)

and

1
0¥+ %VZIPR = 2g2apo¥r = 0. (AS)
Combining these equations to eliminate ¥; and taking the

long-wavelength limit then leads to a Klein-Gordon equa-
tion for Wy, with propagation speed ¢, = \/g24p0/m. From

the corresponding Lagrangian

1 [0,¥x\? V¥, \2
= [z () - (Ga) ] o
K s\ V/m Vm
we identify ¢(t,x) = WPr(1,x)//m as our effective
(2 4+ 1)-dimensional Klein-Gordon field.

The first-order laser-BEC interaction (4) is characterized
by the interaction Lagrangian [28]

A2
Lin = — 70 arwoOpoY, (A7)
evaluated along the interaction trajectory, where
op = 2,/po¥r, g is the real part of the polarizability,
y(t,z) is the effective laser phase, and Ay ~ « is the laser
amplitude (assumed to be unaltered by the interaction). The
(complex) polarizability & = @y + i¢; is given explicitly by

2472 1 1
S Ly
&) w} 50( 50>

where @, = @ is the atomic resonance frequency and J is
the detuning from resonance (in units of atomic half-
linewidths). The laser phase obeys the effective Lagrangian

(A8)

A? 1
Low =2 [ e o - 0wy]. 9)
Cett

where ¢y is the effective speed of light. Subject to the
interaction (A7), the input laser phase w(t,z) becomes
(28]

|&R|w0

5. A10
5o (A10)

€
W =yoE 545 =yo =+
where the 4 sign corresponds to the opposite detuning in
each sideband. Hence, we can identify ¢ = 2|ag|w/mpy,
from which the dimensionless effective coupling parameter
u is found to be

ea R
n = —— = —|aglwyg\/2mpya. (A1)
V2
Appendix B: Backaction from the Bogoliubov
transformation—In  this  appendix we give the

Bogoliubov transformation through which the first-order
interaction (4) leads to the postinteraction operators (6),
including the crucial quadratic backaction term (7). We
follow the procedure introduced in [36], adapting it to
our notation.

In the notation of the main text, we introduce the new
preinteraction mode operators

1

7, = 7z (6a[v] + da_[v]), (Bla)
1

Z,= 7 (6a . [v] —ba_[v]). (B1b)

We call z, the common-mode operator and Z, the differ-
ence-mode operator. The transformation (B1) can be
inverted to give
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1
dai|v|=—=(z,£2Z,).
+[] \/E( )
Next, as the operators D, in the BEC field mode
decomposition (5) are annihilation operators for v > 0

and creation operators for v < 0, satisfying D_, = D),
we from now on assume v € (0, A) and write

(B2)

Z,=X,, Z,=Y, (>0). (B3)

-v
The full set of independent preinteraction operators is then
(2,20, X,,Y,, D), with v € (0, A).

For the corresponding postinteraction operators, (4) and
(5) give

Ziyzziw XV:XD+i/’tDD’ Yu:Yu—f—iﬂDI’ (B4)
where u = —ea/+/2 <0 is the dimensionless laser-BEC
coupling parameter. The signal from the BEC is hence
carried entirely in the difference-mode operators X, and Y,
whereas the common-mode operators z,, remain unaf-
fected by the interaction with the BEC.

We now complete the linear order transformation (B4)
into a nonperturbative Bogoliubov transformation that
includes quadratic terms in p.

We introduce the triple u(v) = (X,,Y,,D,), whose

[u;(v), uj(z/)] = 6;276(v—1) and
[u;(v),u;(v/)] =0, and a similar triple # for the post-
interaction operators, with similar commutators. We look

for a nonperturbative Bogoliubov transformation

commutators are

i;(v) = a;j(v)u;(v) + Bij(v)u; (V)" (B5)
using the Einstein summation convention, such that the
coefficients a;; and f;; depend on yu, and (B5) reproduces
(B4) to linear order in p.

We expand the Bogoliubov coefficients in (B5)
in p as a;=6; +,ua,(-]1-)+0(,u2) and f;; = ,uﬂg) + O0(u?).
Consistency with (B4) implies

0

i b

0 0 i 0 0
aV =10 0 o], pH=]0 0 (B6)
i 00 0 i 0

where a% and ﬂ% are read off directly from (B4), and ag))(

and ﬂg)y are then determined by the Bogoliubov identities
that follow from the preservation of the commutation
relations [60]. Writing U = (u, u"), and similarly for U,
we then have

U=(I+u)U+OW), (B7)

where U and U are understood as column vectors, / is the
6 x 6 identity matrix, and

(1) (1)
A ) (BS)
) (@)

We promote the linear order Bogoliubov transformation
(B7) into the nonperturbative Bogoliubov transformation
U = exp(uy)U. Geometrically, exp(uy) is the one-param-
eter subgroup of Bogoliubov transformations that is deter-
mined uniquely by the infinitesimal generator y, and it is
thus the minimal nonperturbative completion of (B7).
Further, as y® = 0, the series for exp(uy) terminates after
the quadratic term: the geometric reason is that the
Bogoliubov transformation matrices acting on U are in
the matrix group U(3, 3), and the subgroup exp(uy) therein
is of parabolic type, similar to null rotations in the
Lorentz group.

Writing out the series for the matrix exponential, we
hence have

- 1
U= <I+W+§/¢2y2) U, (B9)
as an exact relation. Writing (B9) out in terms of

(X,,Y,,D,), we then find

2 2
XV—XD<1 —”—> +iup, -y,

B1
3 5 (B10a)

2

5 H -
Y, = Y,,(l +2> + iuD} +?XZ, (B10b)

D,=D,+iu(X,+Y)). (B10c)
The quadratic terms in (B10) show that the interaction
amplifies the laser modes Y,, deamplifies the laser modes
X,, and does neither to the BEC modes D,, despite the
electromagnetic noise being injected into the BEC by the
interaction.

Finally, the postinteraction operators in (6) and (7) in the
main text are obtained from (B10a) and (B10b) via (B2)
and (B3) and their tilded counterparts.

Appendix C: Backaction suppressed by squeezed laser
fluctuations—In  this appendix we identify the
mechanism by which squeezing the initial state of the
laser beam fluctuations suppresses the backaction on
the BEC. This mechanism leads to the suppressed added
noise formula (12) in the main text, as we show in
Supplemental Material [37]. We follow the procedure
introduced in [36], adapting it to our notation.

In the notation of Appendix B, we start with the pair of
operators (X,,Y,), where 0 < v < A, and define the new
pair (X,,¥,) by the two-mode squeezing transformation

X, := cosh(2)X, + sinh(1)Y;, (Cla)
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Y, := cosh(A)Y, + sinh(/l)XI, (Clb)

where A € R is the squeezing parameter. The nonvanishing
commutators of the new operators are [X,.X|]=
[¥,, 7] = 226(v — /). The inverse transformation is

X, = cosh(2)X, — sinh(2)¥], (C2a)

Y, = cosh(2)¥, — sinh(1)X]. (C2b)

The crucial observation is now that the postinteraction
BEC annihilation operator D, (B10c) can be written in

terms of the new operators )A(,, and ¥ , as

D, =D, +ipe*(X, + 7). (C3)

This shows that if the laser beam fluctuations are initially
prepared in the two-mode squeezed state |A) that is

annihilated by X, and ¥,, the phonon number expectation

value after the laser-BEC interaction is given by

(DiD,), = (DiD,) + p*e *2z6lv — V],  (C4)
where the subscript 4 on the left-hand side denotes that the
initial state of the laser fluctuations was |A). The y? term in
(C4) is the backaction noise, and the factor e~ in this term
shows that the noise is exponentially suppressed for large
positive 4.

By Heisenberg’s uncertainty principle, the exponential
squeezing of X, + Y} = e (X, + ¥1) is concomitant with
the exponential enhancement of the conjugate operator
—i(X, — YJ) = —ie*(X, — ¥). Preparing the laser fluctua-
tions in the state |1) hence suppresses the BEC noise but
enhances the conjugate electromagnetic noise. We shall
show in Supplemental Material [37] that the balance of this
suppression and enhancement leads to the total added noise
formula (12) in the main text, allowing the total added noise
to be below the standard quantum limit.
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