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In most noninteracting quantum systems, the scaling theory of localization predicts one-parameter
scaling flow in both ergodic and localized regimes. A corresponding scaling theory of many-body
ergodicity breaking is still missing. Here, we introduce a scaling theory of ergodicity breaking in interacting
systems, in which the divergent relaxation time follows from the Fermi golden rule, and the observable
fluctuations in proximity of the ergodicity breaking critical point are described by the recently introduced
fading ergodicity scenario. We argue that, in general, the one-parameter scaling is insufficient, and we show
that the scaling theory predicts the critical exponent v = 1 at the ergodicity breaking critical point. Our
theoretical framework may serve as a building block for two-parameter scaling theories of many-body

systems.
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Introduction—The emergence of thermalization in iso-
lated quantum many-body systems has attracted consider-
able attention since the beginning of quantum mechanics.
While it is nowadays understood that in most isolated
quantum many-body systems, local observables approach
the thermal ensemble predictions after being taken out of
equilibrium [1-11], much less is known about typical (as
opposed to integrable) systems that avoid thermalization in
the thermodynamic limit. If, upon tuning a parameter, the
system can be made to switch from a thermal to a nonthermal
phase, of particular importance becomes the understanding
of the critical behavior at the boundary, and its relationship to
other critical phenomena such as ground-state quantum
phase transitions [12] or spin-glass transitions [13,14].

Since most of the studies are carried out in finite systems,
the central question concerns how the properties of those
systems flow with increasing the system size either towards
ergodicity, for which the eigenstate thermalization hypoth-
esis (ETH) represents a fixed point [1-5], or towards
localization, which is another fixed point. A paradigmatic
example of the latter is Anderson localization [15], which
became a hallmark of ergodicity breaking in noninteracting
quantum systems. A milestone in the understanding of
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Anderson transition in finite-dimensional lattices has been
the scaling theory by Abrahams, Anderson, Licciardello,
and Ramakrishnan [16], which is based on the one-
parameter scaling hypothesis, investigated numerically
by later studies [17,18]. Recent studies have further
developed this theoretical framework using modern observ-
ables, e.g., spectral statistics, wave function fractal dimen-
sions, and entanglement entropy [19-31], and they
explored its validity and limitations in special geometries,
such as random regular graphs [30,32-36]. In such graphs,
it was found [31] (see also [35,36]) that the one-parameter
scaling hypothesis is not sufficient, and one needs to resort
to a two-parameter scaling theory, similar in many ways to
what describes the Kosterlitz-Thouless transition [37].

A common perspective on many-body quantum systems,
which are candidates for ergodicity breaking, is that they
exhibit many analogies with the Anderson model on
expander graphs [30,36,38—40]. Yet, they do not seem to
be governed by the one-parameter scaling hypothesis. The
evidence supporting this expectation is diverse [41-45],
and in most cases, it is obtained by studying the random-
field XXZ model [41,42,46-50]; see [51] for a recent
example. In the latter model, the many-body ergodicity-
breaking transition is the many-body localization transition
[11,52-56].

However, instead of following a specific model such as
the random-field XXZ model, we here consider a more
general theory of many-body ergodicity breaking, whose
main features are described by rather simple theoretical
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critical

FIG. 1. Two-parameter scaling of fading ergodicity. Dashed
blue lines are results for the beta function 3, from Eq. (8) at
different interactions a, and the overlapping solid blue lines are
results for the numerically available system sizes L. The solid red
line is the critical one-parameter flow with the critical exponent
v =1,1.e., Eq. (8) with a = a.. The two-parameter flows in the
ergodic phase terminate, with the same derivative, at the ETH
fixed point s = 1.

arguments. In particular, we consider systems in which the
divergent relaxation time close to the ergodicity breaking
critical point obeys the Fermi golden rule [57,58]. When
considering physical observables, this framework naturally
gives rise to a scenario of many-body ergodicity breaking
dubbed fading ergodicity [59]. The latter is an ergodic
regime in which the ETH ceases to be valid in its
conventional form [3,4,60]. A toy model of fading ergo-
dicity is the quantum sun model [58,61], which is closely
connected to the avalanche theory in spin-1/2 chains
[57,58,61-71].

In this Letter, we introduce a scaling theory of fading
ergodicity and argue that it generally gives rise to a two-
parameter scaling. Studying the entanglement properties of
many-body quantum states, we inspect the flow in the
vicinity of the two special points, i.e., the ergodicity
breaking critical point [58,61,70] and the ETH fixed point
[59], as sketched in Fig. 1. We show that the two-parameter
description contains a rather simple structure, and it
predicts the critical exponent v =1 at the ergodicity
breaking critical point. Our results suggest a different
scenario from that depicted by the random-field XXZ
model, and present a new universality class of ergodic-
ity-breaking transitions.

Setup—Our goal is to develop a scaling theory of
ergodicity breaking transition in spin-1/2 systems. While
the theory is based on general arguments, a particular
system we have in mind for numerical tests is the quantum
sun model [57,58,61,65]. Its Hamiltonian is given by
H =R + gyH,, + H,., in which R describes a quantum
dot of dimension 2V (with fixed N = 3 in our case), goH;y,
represents the interaction between the N spin-1/2 qubits
within the dot and L spin-1/2 qubits outside the dot, and

H,,. describes the random fields of O(1) strength. Full
details of H are given in Eq. (A1) of End Matter. Two
parameters are needed to describe this Hamiltonian: the
overall interaction strength gy, and the interaction a € [0, 1]
that determines the decay factor for each spin coupling,
Hi ~ SE o S’j‘l(f)A’}, where ¢ labels the spin-1/2 out-
side the dot and n(¢) labels, for a given £, a randomly
chosen spin-1/2 inside the dot. The coupling term H,,, can
be interpreted as the exponentially decreasing interaction
between two spins at distances £ = 1, ..., L. We allow for
additional fluctuations of the distance around the integers,
£ = uy, with u, e[ —0.2,¢+ 0.2], which account for
small uncertainties in the particle positions but do not affect
the properties of the ergodicity breaking transition. A
critical . separates an ergodic phase at a > a, from a
localized phase at a < a,, with a, ~ 1/v/2. Fading ergo-
dicity is observed at a. < a <1, while the observable
fluctuations are close to those predicted by the conventional
ETH at a~ 1 [59].

We identify the single-site entanglement entropy as an
observable with well-defined properties in the ergodic and
localized regimes. We consider the bipartite entanglement
entropy in an eigenstate |n), partitioned into a subsystem A,
being a single spin at distance £ ~ L from the dot, and its
complement B. We define the reduced density matrix as
P4 = Trp|n)(n| and compute the von Neumann entangle-
ment entropy S = —Tr(p} Inp%), which we average over
eigenstates in a microcanonical energy window at the mean
total energy, denoted as S,. We define the scaled average
entanglement entropy as s = S/ S, where S = In2 is
the maximal entropy. This quantity interpolates between the
localized phase, s — 0, and the ergodic phase, s — 1 [61].

Beta function—The goal of the Letter is to study the
scaling properties of s in terms of the beta function,

B dlns
dInL’

Bs (1)
The beta function was originally introduced for describing
the scaling behavior of the dimensionless conductance g
[16]. Under the one-parameter scaling hypothesis, which is
expected to hold in the d-dimensional Anderson model, it
can be used to obtain the scaling for any observable ¢, by
means of universal change of variables, #(g), see [31]. We
consider here, instead, the beta function of the wave
function entanglement entropy. For the latter (and also
for other indicators such as the wave function fractal
dimension or spectral statistics [30,31,72]), the beta func-
tion f, displays three fixed points: the ergodic (ETH) fixed
pointat s = 1, the localized fixed point at s = 0, and a third
isolated zero at the critical point s. (Wilson-Fisher fixed
point), with 0 < s, < 1.

When a critical point a = a, is described by a one-
parameter scaling, the beta function is expected to display
power-law corrections L~7 to the critical entanglement
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entropy s = .. In the vicinity of the critical point, one can
linearize the beta function,

by = bO(S - Sc) + 0((8 - sc)z)’ (2)

such that by = f, at s = s... Solving Eq. (2) for s produces
the scaling relation

s(L) = s, + f((L/&'"), (3)

where v is the critical exponent, v = 1/(s.by), and f(z) is a
scaling function that is linear for small z [51]. The
correlation or localization length & diverges at the critical
point. Previous works studied numerical scaling collapses
using Eq. (3) for the level spacing ratio [58,70], and in End
Matter we show similar scaling collapses for s.

Scaling arguments—IL et us first focus on the behavior of
the beta function (1) in the ergodic regime. To do so, we
need to describe the dependence of s on the linear size L. If
the entire ergodic phase is described by the conventional
ETH, the approach to the ETH fixed point s =1 is
governed by random-matrix theory corrections of the form
s~1—c/D+ O(D7?), where D « 2F is the Hilbert-space
dimension. Such corrections are typical for Haar-random
pure states [73], see also [74]. However, in the fading
ergodicity regime when the conventional ETH breaks down
[59], one expects the leading correction to the entanglement
entropy s to scale as

s=1- C/Deff =1- CE_L/”, (4)

with the fluctuation exponent 7 depending on «, approach-
ingn = 1/1n2 at the ETH point (@ — 1) and # — oo at the
ergodicity breaking critical point (@ — a.). The ansatz in
Eq. (4) is motivated by the similarity of the scaling
properties of the single-site entanglement entropies and
the variances of the matrix elements of local observables
introduced in [59], see also [74] for details. Indeed, it was
argued [59] that the fluctuation exponent 5 scales as
n'=In2(1-Ina/lna,), up to a constant prefactor.
Hence, it diverges at the critical point and it assumes the
role of £ from Eq. (3).

The scaling ansatz from Eq. (4) is the central building
block of our theory. It corresponds to the following beta
function,

1- 1-
Sln(l—s)—i— o

ﬂfading(sv C) = - ln(c). (5)
The main result of Eq. (5) is that, if ¢ depends on a
microscopic parameter, such as a, then fgip, 1S a two-
parameter function. In the quantum sun model, we show
that, indeed, ¢ depends on the interaction a.

For a complete description of the renormalization group
flow close to ergodicity breaking, we need to incorporate
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FIG. 2. Symbols: Numerical results for 1 — s in the ergodic
phase of the quantum sun model at (a) g, = 0.5 and (b) gy = 2.
Dashed lines are fits using Eq. (7), for system sizes L > 9, with
free parameters a and 7, see [74] for the actual values of a and #.
The horizontal dash-dotted lines are the values 1 — s, at the
critical point.

also the behavior in the localized phase. Similarly to the
fractal dimension in the Anderson model and to other
spectral observables [30], the entanglement entropy
decreases exponentially as s = be™L/e in the localized
phase. This behavior corresponds to a beta function

Proc(s,b) =1Ins —Inb, (6)

which is consistent with the localized fixed point
PB(s = 0) > —oco. If the constant b depends on interaction
a (we argue it does), it leads to a two-parameter flow.

Following similar arguments as presented in [16], we
argue that the beta function in Egs. (5) and (6) indeed
ensures the ergodicity-breaking transition at finite s.. On
the ergodic side, the beta function approaches the ETH
fixed point with a negative derivative (i.e., from above),
while close to the localized fixed point it is negative.
Consequently, there has to occur a sign change in the beta
function at s, = s(a,), where 0 < a, < 1, determining the
transition from ergodicity to localization, see Fig. 1.

To simplify the discussion, we argue that the specific
scaling behaviors on the ergodic and localized sides
discussed so far can be interpreted as limiting cases to a
general function. We propose that the entanglement entropy
can be modeled for any value of interaction as

1

T 1+ ae L

s(L) (7)

which incorporates both the ergodic, n > 0, and localized,
n = Mo < 0, limiting cases. The parameter a in Eq. (7) is
related to the parameters ¢ and b as a = ¢ on the ergodic
side at L/y> 1, and a~b on the localized side at
L/n < —1. For the quantum sun model, we demonstrate
relevance of the ansatz (7) in Fig. 2 (at g; = 0.5, 2), and in
Fig. 4 of End Matter (at g, = 1). Following Eq. (7) one is
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FIG. 3. (a),(b) Results for g, at (a) gy = 0.5 and (b) gy = 2. (¢),

(d) Results for ™) at (c) gy = 0.5 and (d) g, = 2. All results
correspond to the ergodic phase @ > @, in the quantum sun
model. Solid lines are numerical results for g, in (a),(b), see

Eq. (1), and for " in (c),(d), see Eq. (10), in which the value of
L is estimated from the fits in Fig. 2 (see also [74] for details of
numerical calculations). The arrows indicate the increase in
system size L =7,...,16, and the colors denote the value of
interaction a. Thin dotted lines in (a),(b) show the two-parameter
functions f,(s, a) from Eq. (8), with values of a extracted from
Fig. 2, while the thick dashed (black) lines show the one-
parameter function f(s,a = a.). The corresponding values of
a are the same in all panels, and the legend in panel (b) applies to
all panels.

able to find the corresponding beta function,

ﬂs(s,a):—(l—s)ln] _s+(1—s)1na. (8)

Remarkably, g, in Eq. (8) matches Eq. (5) for 1 — s <« 1,
and Eq. (6) when s < 1. It is a good, simple, interpolating
function for f both around the localized and ETH regimes
and, in the remainder of the Letter we will prove that it also
describes the vicinity of the critical point s..

The first main result of the Letter is that ; from Eq. (8) is
a two-parameter function since the parameter a depends on
the interaction a. The dependence of @ on « is seen in the
fits in Fig. 2 at L — 0, and explicitly demonstrated in
Sec. S3 B in [74].

We note that it appears tempting to express the beta
functions in Egs. (5), (6), and (8) as B(s, p) = fi(s) +
Ba(s, p), where pe{a,b,c,...} is a microscopic param-
eter. They have in common that the two-parameter scaling
part of the flow is subleading in two limits: close to the
localized fixed point s = 0, and close to the ETH fixed
point s = 1, as f(s, p)/f1(s) > 0 when s - O or s - 1.

This means that, asymptotically close to these points, the
flow returns to one-parameter scaling, which will be
discussed in more detail below. In this sense, our result
is fundamentally different from the Kosterlitz-Thouless
flow [37] or that of the Anderson transition on random
graphs [30]. Nevertheless, it is crucial to consider the
complete beta function for understanding the existence and
properties of the critical point separating the localized and
ETH fixed points, since neglecting the function f,(s, p)
yields a different critical exponent v.

The second main result of the Letter concerns the value
of the critical exponent v in Eq. (3). At the critical point s,
the entanglement entropy is s.=1/(1+a.), where
a. = a(a,), as it is easily seen either by solving (s, a) =
0 or by letting # — oo in Eq. (7). The slope of the beta
function at s = s, is f;(s = s.,a.) = 1/s,, and v is

v=(fis.)”" =L ©)

This family of (s, a) all have v = 1, irrespective of gy,
i.e., of the value of s,.. Hence, f,(s, a) describe a family of
flows in the same universality class, irrespective of a.

The result v =1 is consistent with previous studies
[58,62,66], e.g., with the divergence of the ratio of the
Heisenberg and Thouless times close to the critical point
[58]. In fact, the ratio was shown to diverge as & el with
n introduced above.

Corrections to one-parameter scaling in the ergodic
phase—While the analysis of Eqs. (4)—(9) represents the
main results of the Letter, we can take a step further and
define an appropriate scaling variable that considerably
reduces the two-parameter flow and, more importantly,
provides finite-size corrections to the critical exponent v.

To this end, we observe that the numerical results in
Fig. 2 can also be well described by a modified Eq. (7),
s = (1 +a.exp[—(L = Ly)/5))7", in which Ly = O(1) is
a characteristic length that is, to a reasonable approxima-
tion, independent of a, and the parameter a.. is a constant.
[The modified s can be thought of as s from Eq. (7),

in which a — a,e’0/".] Then, introducing a variable

L' = L — L, one defines the new beta function ﬂﬁnew),

(new) dlns - L,
L

pr == (1= 250 (10

new)

The important property of ﬁ§ is that it is a one-parameter
function. It is given by ﬁﬁ.“ew) = p(s,a.), i.e., by p; in
Eq. (8) at a = a... Then, one can use Eq. (10) to express the
two-parameter function f; via the one-parameter function

ﬂﬁnew) and the L,/L correction,
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ﬁs(s7ac)L0
7L s
(11)

where in the last equation we expressed f(s,L), at
L > L,, as a sum of the one- and two-parameter scal-
ing part.

Numerical results in Fig. 3 show that, while f; is not a
new)

:BS(S’L) :ﬂs(siac) (1 _%)_l zﬁs(&ac) +

one-parameter function [Figs. 3(a) and 3(b)], ﬁg is much
closer to a one-parameter function [Figs. 3(c) and 3(d)], in
particular for gy 2 1. The suppression of the two-parameter
scaling obtained by this simple change of variables is most
clearly visible when comparing Figs. 3(d) and 3(b) at
go = 2. Indeed, for gy =2 we observe a remarkable
collapse of the data into a single curve, see Fig. 3(d),
except for the initial parts of the flow trajectories that are
outside of the scaling regime. The latter represent finite-size
effects that become more severe with decreasing g,. For
go = 0.5, see Fig. 3(c), the collapse of the data is less clear.
We interpret it as evidence of significant finite-size effects
in the regime gy < 1, in which the hybridization between
the ergodic quantum dot and the spins outside the dot is
weaker than in the regime g, > 1. However, it is expected
that ergodic properties in the regime g, <1 will be
enhanced for larger system sizes than those considered
numerically [61]. We therefore also expect the results for

ﬁ§“€w> to approach the one-parameter scaling in the thermo-
dynamic limit.

Looking at f3(s,a,.), the parameter a,., or better, the
microscopic parameter g, on which it depends, plays the
role that the dimension d plays in a d-dimensional
Anderson model, see [31], where it fixes explicitly the
position of the critical points and the critical exponent.
However, the peculiar form of f, discussed here is such
that, despite the fact that the value of s at the critical point
changes, the critical exponent v stays fixed at 1.

The expression in Eq. (11) then allows us to estimate the
corrections to the critical exponent as

v=(Bls)s)” =172 (12)

Numerical analysis of the finite-size corrections to v, shown
in Fig. 6 of End Matter, confirm validity of the predicted
scaling in Eq. (12) in the regime gy > 1.

Conclusions—In this Letter, we studied a new univer-
sality class of ergodicity-breaking transitions. It is
described by the framework of fading ergodicity [59],
i.e., a precursor regime of ergodicity breaking in which
volumic fluctuations of observables are gradually trans-
formed to linear fluctuations at the critical point.

The phenomenology of fading ergodicity differs from the
one in noninteracting systems that exhibit one-parameter
scaling, and possibly also from the well-studied interacting
models such as the random-field XXZ model. We showed

that the beta function in the ergodic regime obeys, at large
system sizes, the two-parameter scaling. Our theoretical
framework allows for identifying the critical exponent of
fading ergodicity v = 1, and it offers a reference point for
future explorations of alternative scenarios of ergodicity
breaking.
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End Matter

Appendix A: Quantum sun model—The quantum sun
model consists of a thermal inclusion (a quantum dot)
with N = 3 spins, and L localized spins outside the dot.
The Hamiltonian for this model can be written as

L-1 L-1
H=R+gyy a8, 80+ heS5. (A1)
= 7=0

where the thermal dot is modeled by a normalized all-to-
all random matrix R drawn from the Gaussian orthogonal
ensemble (GOE) [61,74]. The spins outside the dot are
subject to random fields that act as on-site disorder
h,€1]0.5,1.5] drawn from a uniform distribution. The
interaction term connects a localized spin at site £ to a
randomly selected spin in the dot, n(¢), via an
exponentially decaying strength gya*c with u, €[¢ —
0.2, 4 0.2] and uy = 1. Hence, the distance between the
spins inside and outside the dot can be roughly estimated
as u, ~ ¢. The last spin, of main interest in this work, is
then at distance u;_; ~ L. Decreasing the interaction o
drives the model from an ergodic phase at o > a,
through an ergodicity breaking phase transition at @ = «a,,
to a localized phase for a < a, [58,61,79,80]. Following
previous theoretical arguments, the transition occurs at

a. =1/ \/5 ~ 0.707 [57,62], while the numerical results
suggest the transition to occur at slightly larger a,, which
may also depend on g, [61]. We study this model for
system sizes up to L + N =19, see also [74] for further
details about the numerical implementation.

Appendix B: Scaling in ergodic and localized regimes—
We further support our results in the main text by

r@a>a. ‘
0 4 8 12 16 0 4 8 12 16
L L
FIG. 4. (a) Numerical results for 1 — s vs L in the ergodic phase

a > a., and (b) for s vs L in the localized phase a < a,, both at
go = 1. The dashed curves are fits from Eq. (7) to sizes L > 7. Inset
of (b): Correlation length 5 obtained from the fits in the main panel.
The dotted line shows the prediction 5, = 1/ In(a./a)>.

numerically studying the properties of the beta function
in the ergodic and localized phases of the quantum sun
model. First, in Fig. 4(a) we show results for 1 —s vs L
in the ergodic phase at gy = 1, which complements the
results in Fig. 2 at gy = 0.5 and 2, and shows agreement
with predictions from the ansatz in Eq. (7). In Fig. 4(b)
we then show that the numerical results for s vs L in
the localized regime are also in good agreement with the
ansatz from Eq. (7). In the inset of Fig. 4(b), we plot
the resulting localization length #, showing that it agrees
with the prediction 7, = 1/In(a./a)? from Ref. [58].
The observed scaling behavior of s is consistent with the
beta function in Eq. (6) in the limit s — 0, as argued in
the main text. We also show in Fig. 5 the numerical

results for the beta function f; from Eq. (1) and ﬁﬁ“ew)
from Eq. (10), in the ergodic regime at g, = 1. These
results are consistent with those shown and discussed in
the context of Fig. 3 in the main text.

Appendix C: Scaling collapse at the critical point—In
Fig. 6(a) we show additional results for the behavior of
s vs a in the vicinity of the critical point for various
system sizes L and parameters g,. As expected, s. — 0
as gp— 0 and s, - 1 as gy — oco. We then find the
scaling collapses using the cost function minimization
[42], see [74] for details. Here we consider the
correlation length & consistent with fading ergodicity,
ie, &=n'~[In(a/a,)?]™, where v is the critical
exponent. While we expect v = 1 in the thermodynamic
limit (as argued in the main text), the results in finite
systems may give rise to v # 1.

== ps(s,ac) (a)
0.8 0.9 1
N

FIG. 5. Results for (a) 8, and (b) ™", in the ergodic phase at
go = 1. They complement those in Fig. 3 of the main text. The thin
dotted lines show the two-parameter beta function f,(s, ) from
Eq. (8) with values of a extracted from Fig. 4(a), while the thick
dashed line shows the one-parameter function f(s,a = a.).
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The cost function minimization gives rise to the optimal
values of the critical exponent v, the critical point a,, and
the entropy at the critical point s.. The resulting scaling
collapses are shown in Fig. 6(b), while the values of v, a,
and s, as well as the quality of the scaling collapses, are
listed in Sec. S3 of [74]. In general, we find better scaling
collapses at large g, for which the critical point a,. is closer
to the analytically predicted value a, = 1/v/2, and v is
closer to v = 1. In the numerical analysis, v is smaller than
the theoretically predicted v = 1. Using (12), we estimate
v=1-Ly/Le€(0.6,0.8) [since Lye(3,6) in Fig. 2],
which is in good agreement with the values given from
the scaling collapses.

We complement our analysis by estimating the correc-
tions to the critical exponent v, namely, we calculate the
critical exponent as a function of system size. For a given L,
we perform a finite-size collapse using system sizes in the
range [L — 1, L + 2] and vary L across the available data
points. We use the same correlation length £ = #* as in
Fig. 6(b). The resulting critical exponents are shown in
Fig. 6(c) as a function of 1/L. For large values of g; > 1 we
find remarkable agreement with our framework described
in the main text. We estimate Ly~ 3 from the results.
However, smaller values of g, < 1 show larger finite-size
effects and it is not clear whether the flow of the critical
exponent v will resume 1 — L,/ L corrections at large L, or
whether v remains smaller, giving rise to v < 1 in the
thermodynamic limit.

1.0
0.8r%
0.6
“ q
0.4
0.2
L 1
00 09 -0.5 0.0
a (L/f)”y/AZ
10 T T T T T
¢ 2=02 ¢ go=2|glo
0.9F 415 Dg=05 1 g=30
ko 7 g=1
L 08F ?w%(‘)& 1H12
0.7r vy Y¥x 7V g . ¥ v 1H10
vesd " :
L ® 8
“Clo W LE
0.00 0.05 0.10 0.15 0.20 0.25
1/L
FIG. 6. (a) Entanglement entropy s vs «a in the vicinity of the

critical point, for different values of L and g,. (b) Scaling
collapses using a cost function minimization for the values of
a shown in (a). The dashed line denotes a fit of Eq. (7) to the
collapsed results, i.e., upon exchanging L/n — (L/&)Y". We
normalize the values on the x axis by Az = max(L/&)"/* —
min(L/£)"/* to show different g, on the same scale. (c) Critical
exponent v as a function of 1/L, obtained by the procedure
described in the main text.
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