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In the well-studied genus zero case, bases of d log integrands with integer leading singularities define
Feynman integrals that automatically satisfy differential equations in canonical form. Such integrand bases
can be constructed without input from the differential equations and without explicit involvement of
dimensional regularization parameter ¢. We propose a generalization of this construction to genus one
geometry arising from the appearance of elliptic curves. We argue that a particular choice of algebraic
1-forms of the second kind that avoids derivatives is crucial. We observe that the corresponding Feynman
integrals satisfy a special form of differential equations that has not been previously reported, and that their
solutions order by order in ¢ yield pure functions. We conjecture that our integrand-level construction

universally leads to such differential equations.

DOI: 10.1103/4fjc-1fnx

Introduction—Feynman integrals are fascinating objects
whose properties have broad implications, ranging from
precision phenomenology in particle collisions and gravi-
tational wave physics to foundational questions in quantum
field theory and cosmology. They also lie at the heart of
several open problems where physics and mathematics
deeply intertwine.

The method of differential equations (DEs) [1-5], based
upon integration-by-parts identities [6—8] and the existence
of a finite basis of master integrals [9], has proven remark-
ably effective in the study of Feynman integrals. In many
cases, the DEs can be brought into a so-called canonical
form [10], where solutions admit a systematic expansion in
the dimensional regularization parameter ¢, expressed as
iterated integrals with logarithmic kernels. This structure
enables compact representations of scattering amplitudes
[11-13] and has driven substantial progress in multiloop
calculations. These advances have, in turn, motivated the
development of algorithms and tools aimed at systematically
identifying the canonical DE form [14-19].

It is, however, well established that some Feynman
integrals are associated with nontrivial geometry, such as
elliptic curves, and cannot be expressed solely through
logarithmic differential forms [20,21]. Such a situation
commonly arises in higher-order corrections within the
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standard model involving massive particles, including the
top quark, Higgs, electroweak bosons, and even appear in
massless theories like maximally supersymmetric Yang-Mills
(sYM) [22,23]. These observations have prompted an exten-
sive search for generalizations of the canonical form [23—41].

Broadly, two major approaches have emerged in the
search for generalized canonical forms. The first, and so far
the most prevalent, begins with an educated guess for the
integral basis, derives the associated differential equations,
and then seeks transformations that bring them to a desired
form, typically one that is € factorized. Several mathemati-
cally motivated methods have been developed to make this
procedure more systematic [38,42—44].

The second approach is viewing Feynman integrals as
differential k-forms (cohomology) integrated over topo-
logically nontrivial cycles (homology), most naturally
interpreted through intersection theory [45]. This perspec-
tive, particularly in the context of ' = 4 sYM theory, has
highlighted the special role of d log integrands [46—48] and
their connection to leading singularities (LS) [47.49],
which encode a duality between the homology of the
punctured Riemann sphere and logarithmic k-forms. The
notion of elliptic leading singularities (eL.S) was introduced
in Refs. [31,50], also in the context of sYM theory, offering
the first indication of how this geometric framework might
extend to elliptic cases.

Elliptic leading singularities are commonly used in
modern approaches to guide the construction of the
canonical differentials of the first and third kind
[39,44,51-53]. While a possibility of similarly constructing
the required differentials of the second kind has been
mentioned [44,52,54], ultimately derivatives are employed
for this purpose. Some degree of a posteriori manipulation
of the differential equations is also generally necessary. A
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systematic approach based exclusively on the integrand-
level analysis in fixed integer dimensions remains notably
absent.

In this Letter, we address this gap by revisiting the
question: can we construct integrands that most naturally
reflect the underlying elliptic geometry, with no input from
the differential equations that the associated Feynman
integrals satisfy? Pursuing this question leads us to an
extension of the method proposed in [55], originally
developed for identifying d log integrands, to elliptic
geometry. We begin by choosing a particular basis of
algebraic cohomology that is reminiscent to the one
employed in the construction of pure elliptic multiple
polylogarithms [54]. We then match it to a Feynman
integral ansatz in a suitable parametrization. Integration
over basis cycles yields the corresponding eLLS, which we
compute in closed form. Finally, following the observations
in Refs. [31,44,56], we perform a simple rotation involving
exclusively the eLS that brings the integrands into a form
that we define as canonical. Remarkably, we observe that
the associated DEs exhibit a previously unnoticed factor-
ized structure with several intriguing features: most notably,
the appearance of a mysterious integer whose origin is yet
to be understood, and the fact that its solution order by
order in € is readily written through iterated integrals over
1-forms with (locally) simple poles. We confirm the
existence of such DEs in several state-of-the-art examples
and conjecture that our integrand-based construction uni-
versally leads to such a form.

Canonical integrands—Let us define a vector space of
Feynman integrals called families by

Gi:/Hd“f%, /=110 (1)
i j

where i; are integer indices which can be positive or
negative. The p; are Lorentz-invariant polynomials in loop
and external momenta, as well as particle masses. We
denote scalar products of external momenta and masses
collectively as x. The divergences are regularized by
deforming the measure to d = d, — 2¢ space-time dimen-

sions. We consider a parametric representation,
G =N(e) [dzBrarda. @)

with integration over loop momenta exchanged for inte-
gration over k loop variables z = {zi, ..., z; }. For instance,
z = p in Baikov representation [57-59]. An exact choice of
parametrization, as well as the form of N/ (¢) and B(x, z), is
not relevant for our discussion. We call the differential
k-form P(G') = d*zg'(z) the integrand of G' in fixed d,
dimensions, which is the central object of our Letter.

Given a family of integrals we can span the space of its
integrands by linear combination:

S @G S mix)g (x.z)dk (3)
1 1
A finite basis of the integrals G', known as master integrals
(MIs), always exists. It is well established [10,47,49] that
analyzing the integrand, particularly through its leading
singularities, guides the construction of a good basis.
Logarithmic leading singularities: For completeness, we
briefly review the method of Ref. [55]. In many relevant
cases, one can impose constraints on n; to bring the
integrand ansatz in Eq. (3) to the form

> mg(x.2)d'z

LS
=Y lij(x,n)d logaj(z) A--- Adlogai(z), (4)
=

where the leading singularities 1;(x,n;) are linear in the
ansatz coefficients n;, and a} are algebraic functions of z. A
logarithmic k-form on the right-hand side represents that
the integrand can be fully localized by small circles around
zeros of the algebraic variety a} == af. = 0. Taking
the LS corresponds to computing

li(x,n;) = /@_ ‘@ > nilx)gl(x.z)d"z. (5)

i

This establishes the connection between the space of cycles
(homology) and the differential forms (cohomology).
Considering specific cycles that encircle (a subset of)
denominators in Eq. (1) defines generalized unitarity cuts.

One then searches for a spanning set § of linear
combinations (3) such that all LS are integer, which
amounts to solving a system of linear equations for
coefficients n;,

lj(x, n;) = &9, a=1{1,....,ns}, (6)
which we call LS equations.

It has been conjectured [10,60] and confirmed in
numerous practical applications that the basis of
Feynman integrals G corresponding to the integrands §
satisfies a differential equation in the canonical form,

dG =eAG. A=) AdlogW, (7)

where W, are algebraic functions of x and A; are matrices of
rational numbers.

It is well understood, however, that there exist cases
where the integrand cannot be fully localized by products
of circles as in Eq. (5), indicating nontrivial homology, and
presents a geometrical obstruction to the construction
outlined above.
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Elliptic leading singularities: We now propose a gener-
alization of this method to nontrivial homology. The
simplest obstruction to bringing the ansatz to the form
of Eq. (4) is when one encounters [44,54,61]

d
/f(z) = Adlogay Ao Adloga. 2=z (8)
VP[)

where f(z) is a rational function and the quadratic poly-
nomial with four distinct roots r;,

P(z) = (z=r)(z=r)(z—r3)(z—r4), 9)

defines an elliptic curve. Clearly, the homology in this case
cannot be spanned by circles around poles. Instead it is
characterized by two basis cycles y, y,, which can, without
loss of generality, be chosen to enclose the pairs of roots
(rp,r3) and (rs, ry), respectively. We may also have m
cycles y3 encircling the simple poles a; introduced by f(z).

In the following, we assume that the integrand has been
already localized by taking k — 1 residues corresponding to
encircling the variety a; = --- = a4_; = 0, and focus on
the last integration over z = z;. The structure of algebraic
cohomology in this case is also well understood, and
following the conventions of [62], we define the basis of
1-forms as follows:

N, (z)d
o, = Mel2)dz. (10)
P(z)
with
N, =1,
2 S S 1
N, =- R ,
¢ T e (Z St 6(721743+V31742))
N,roo Z,
P(a;)
Ny = . 11
i Z—a; ( )
We used the notation r;;=r;—r; and s, =) 1

Sy = Y ic;Iir;. Here @, w; are Abel differentials of
the first and second kind, respectively, implying that w,,
is holomorphic and w,, has a double pole at infinity, but no
nonvanishing residues. They correspond to the period and
quasiperiod of the elliptic curve, respectively. Here we
constructed the numerator N, to integrate to the quasi-
period defined in [62]. @, is a differential form of the third
kind, implying that it has a simple pole at a; and we
normalize it to have unit residue.

Integration of {w,,, @, @, } over the basis cycles yy, 7,
yields elliptic leading singularities. The duality between
homology and cohomology can be conveniently visualized
by the period matrix

YL Y2 ¥ v
Wy, = Y Y g g
a)¢ -
Wpy = ﬂ‘lll' ﬂf' 1 0 (12)
SRR S S S

The period y; and quasiperiods ¢; satisfy the coupled DE,
1

; 1 /dlog— d log X ;
1(5) 72 aret argrara) () 07
bi 2\ dlogl dlogryry/ \¢i
with k = (r3pr41/r31r4), while the differential of 7% is
given by

Az = o} (r))y; + g (r;) i, (14)

where the coefficients of y/; and ¢; are rational differential 1-
forms depending on the roots. We also have the Legendre
identity:

1

W= .
31742

Wity — oy = (27i)W, (15)

The precise form of the roots and an explicit representation
of eLS through complete elliptic integrals of three kinds is
shown in Appendix A. Note that sometimes (a linear
combination of) ' collapses into a d log form, in which
case its integration over y; and y, vanishes, decoupling it
from the elliptic curve. In this case we prefer such linear
combination as the basis integrand.

With the cohomology basis in hand, we now address
Eq. (8) as in the logarithmic case. Instead of Eq. (4), we
bring the ansatz to the form

k—1
> migdiz =Y Ii(x.m)w, A dlogai.  (16)
i j i=1

where ), is one of the basis integrands in Eq. (11) and the
sum is over all different logarithmic (k — 1)-forms. We then
similarly write the LS equations (6) to find a spanning set of
linear combinations g 4 that matches the integrand basis. By
construction g4 have eLS corresponding to Eq. (12).
Finally, —motivated by the observations in
Refs. [31,44,56], we choose (without loss of generality) a
preferred cycle y; and define the canonical integrands @, as

1

—
&’w vV
1

@y W(Wlw(/) - ¢1ww)

a
= fia

1
@ ja — @ pap — WCUV/ A (17)
_ am
w”dm 1

b2
@ pam — v w
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One can immediately see that the period matrix for @, has
the form

1 2 0 0
0 1 0 0
0 m'—m'yy L 0 (18)

0 7" —n"2 0
2 Loy,

—_—

with all eLS under y; vanishing, apart from the one
corresponding to @,, which is unit. We suggest that this is
a generalization of integrands with unit LS to elliptic
geometry.

To summarize, our integrand construction is performed
in three steps. Step 1: find an integrand parametrization (2)
and bring the ansatz (3) to the form of Eq. (8). Step 2: match
it to the basis of algebraic 1-forms @, complemented with
as many d log 1-forms as possible and solve for ansatz
coefficients. This defines algebraic basis of integrals G 4.
Step 3: apply the transformation Eq. (17) containing eL.S.
This defines our final integral basis G.

We emphasize that employing cuts, while practically
useful to simplify step 1, is not conceptually important.
Indeed, as long as step 1 is accomplished, step 2 only
requires solving a system of linear equations. Since step 3
concerns only @,,, @, @,a;, it should be performed after the
basis G 4 is constructed that is valid without any cuts.

Differential equations—To study the properties of our
integrands in dimensional regularization, we now calculate
the derivatives of the integral bases G 4 and G, and through
integration-by-parts (IBP) reduction [63,64] derive their
DEs. We assume that all integrals which do not couple to
the elliptic curve have already been chosen to have unit LS.

We observe that the algebraic basis G, satisfies a
minimally coupled DE linear in e,

dG_A = (A0+€A1)GA, (19)

where A, can have nonzero entries only in the blocks
corresponding to the cuts that reveal the elliptic curve.
These entries match exactly the corresponding logarithmic
DE in Egs. (13) and (14) satisfied by eL.S. The latter implies
that A contains at most 2 x 2 coupled blocks and A; has
the usual block-triangular structure corresponding to the
hierarchy of generalized cuts.

The transformation (17) brings Eq. (19) into the special
form where e dependence is factorized componentwise:

dG = AG,
(AO)ij (Al)ij =0,

A = (1—-ne)Ay + €Ay,
A3 =0, (20)

where no summation over i, j is assumed. The matrix A is
strictly upper (or lower) triangular. We may therefore

immediately write G order by order in e through Chen’s
iterated integrals [65]. (Note that Ay = O is not necessary
for obtaining solutions through iterated integrals [66].) It
would be interesting to investigate the origin of the
mysterious integer n. Furthermore, Eq. (20) satisfies the
following properties. The entries of A, are precisely the
exact 1-forms d(wa/y,), d[n5 — #{' (w2/w1)] correspond-
ing to the differentials of the period matrix entries for cycle
¥» in Eq. (18). Each entry of A scales homogeneously as ¥
under the simultaneous rescaling [66] of all eLS,
(w1 178} — My droal'}, with ke {-2.-1,0,1,2}.
We expect this property to be useful for the classification of
1-forms, which we leave for future work. Finally, all 1-
forms in A have at most simple poles locally around each
DE singularity (see Appendix C for details). The solutions
therefore correspond to pure functions as defined in
Refs. [54,56]. Let us remark that the DE (20) is explicitly
covariant under the change of the preferred basis cycle (the
DE for the second cycle is obtained simply by switching the
cycle index in all eLS), and in practice one must always
locally choose the cycle on which the eLS can be expanded
into power series around the closest singular point [52,56].
Another useful feature of these functions is that one can
easily construct their linear combinations that are invariant
under the choice of cycle by applying the inverse of Eq. (17).
We conjecture that all these properties hold for the bases
G 4 and G constructed by following the method presented
in the previous section. To support this, we apply the
method to verify that the DE attains the form of Eq. (20) in
several state-of-the-art examples, summarized in Table I.
For all sunrise diagrams (first three rows of Table 1) we
do not apply cuts, while for the others we consider minimal
cuts supporting the corresponding elliptic curve. The
number of MI on these cuts, shown in column 3, equals

TABLE 1. Example of Feynman graphs considered in this
Letter. Thick lines denote massive lines (shades of grey corre-
spond to different masses), n is the integer in 1 — ne.

References Number of MI Number of 7% n

[67-69] 2 0 3

Graph

-
>@< [52] 3 1 3

e 47071 4 2 3
E [72-76] 442 1+0 4
]:I:[ [43,66,77] 5 1 2
_ﬂ [34,40,78] 3 1 2
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2 plus the number of nonvanishing third-kind eL.S z%, plus
remaining integrals chosen to have d log integrands with
unit LS. We provide the bases G for all considered
examples in Supplemental Material [79]. The explicit
DE for the unequal-mass sunrise is given in Appendix B.

On the role of € factorization: Many appealing properties
of the e-factorized DE in d log form Eq. (7) also hold for
Eq. (20). An evident difference is the identification of the ¢-
expansion order with the maximal length of iterated
integrations at that order, corresponding to the algebra’s
grading by transcendental weight [10].

We could convert (20) into an e-factorized form by fully
diagonalizing the period matrix (18) [equivalent to “inte-
grating out” A, in Eq. (20)], enforcing alignment between e
order and iterated integration length. However, this breaks
covariance of Eq. (20) under preferred cycle changes and
rescaling homogeneity. There are indeed indications that
one should not expect such alignment with nonlogarithmic
1-forms [54]. On the other hand, e-factorized DE have been
linked to function classes with appealing properties [80]
and may aid in establishing linear dependencies in the
solution space [81,82], crucial for modern analytic ampli-
tude methods [13,78,83-85].

Understanding how these insights relate to the integrand
basis proposed here is an interesting direction for future
work, alongside the study of the function space of the
solutions of Eq. (20).

Discussion and outlook—In this Letter, we introduced a
method to construct a basis of Feynman integrands that
naturally captures the underlying elliptic geometry, extending
earlier construction based on logarithmic forms. The resulting
integrals satisfy a new factorized form of DE, which we
argued possesses several appealing structural properties. We
believe this offers a new perspective onto the generalization of
canonical DE to genus-one geometry and provides a system-
atic starting point for further investigations. In particular, we
are hopeful that it will offer insights into the construction of
elliptic special function bases that reveal the simplicity of
scattering amplitudes—an aspect that has been essential in the
development of modern approaches to multiscale amplitude
calculations in the logarithmic case.

Our construction resembles that of Refs. [31,50] in sYM
theory. However, only ,, and w,; appear there, lacking a
second-kind differential to complete the cohomology. This is
explained by noting that @, produce UV-divergent Feynman
integrals. Thus, in sYM theory, one expects the amplitudes to
conspire such that the coefficient of w,, vanishes.

Our construction offers practical advantages: it is algo-
rithmic, anticipating implementation similar to [55,86], and
independent of the number of external scales while explic-
itly covariant in both the treatment of scales and the choice
of basis cycles. This makes it especially well suited for
multiscale scattering amplitude calculations. Without
squared denominators, deriving DEs may also be more
efficient. For numerics, the algebraic basis is likely optimal

for local generalized series methods [87-90], and closed-
form eL.S expressions via complete elliptic integrals benefit
onefold integral approaches [13,83,91,92].

Finally, we highlight key differences between our
approach and related methods [44,51,93]. Our construction
avoids derivatives in defining the algebraic basis, requires
no e-dependent rescaling, and directly yields the DE in
form Eq. (20) without further manipulation. It also directly
provides a basis for an e-factorized DE if desired. In
contrast, standard approaches typically involve some
degree of postprocessing. We verified that taking the
derivative of w,, in place of wy, while otherwise following
all steps of our construction, does decouple the homo-
geneous part of the DE, but does not lead to (20), producing
higher orders in € in Egs. (19) and (20). Thus, the choice of
the second-kind differential in the algebraic cohomology
basis is crucial, with the structure of Eq. (13) likely playing
a key role.

Several open questions deserve investigation. First,
understanding the integer n in Eq. (20) is valuable.
Clarifying dependencies among the 1-forms in Eq. (20)
and their associated functions is another immediate direc-
tion. Finally, having focused on the simplest geometry
beyond the Riemann sphere, a natural future step is to
generalize to higher-genus curves and higher-dimensional
algebraic varieties.
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Appendix A: Representation of elliptic leading 2E(k)
singularities through complete elliptic integrals—The P = ——. (A06)
elliptic leading singularities y, ¢, 7% can be represented V3T
in closed form through complete elliptic integrals of TI( &
first, second, and third kind, respectively. An explicit 7% = rup + (E’ )rai (A7)
form depends on the arrangement of roots (see, e.g., ! V31742
[94]). For reference we give here a representation for
four real roots ordered as r| < r, < r3 < ry4. 7 — P(a) 4 21 N (ri—a)ry
Here we employ the following conventions for the L i —a v (a=ry)/rrem \(rm—a)r;s’ '
complete elliptic integrals, (A8)
/2 de
K(m) = / _— Al And the integration over the second cycle ields
/2 —2iK ]_C
E(m) = / 1 — m sin?0do), (A2) Wy = (L) : (A9)
0 3174
/2 do -
(n, m) = / , A3 2iE(k)
(. m) 0 (1-nsin*0)V1 - msin’0 (A3) hr=w2t 3178 (A10)
and denote -
3741 7 21743 ”m:rzlﬂz—w» (All)
o= 3204 F=1—k=_2"4 (A4) 2 3174
r31rap r3174
The integration over the first cycle y; yields o V/P(a) o — 2irs, - ((r2 —a)ry 7{)}
2K (k) > n-a (a—r3)\/T317Ta (r3—a)ry’
W=, (AS) (A12)
N
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In addition, we show an explicit form of the differential of #;" expressed through y; and ¢;, which is useful in derivation

of the differential equations:

1 1
drf® = —— [r3d log <@> + ryd log (ﬂﬂwi += [—rzd log <rﬂ)
2 r3 ryq 2 ry

<@) + rydlog (ﬁﬂfpi, (A13)
r3 T'43

e /P (108() | dox() ) e (s () dos() dle(im))
T e e VT (a=r) (a=r) ~ (a-ry) ™"
Appendix B: Sunrise with two unequal masses—We 0 o) © )
; : v o 22 P9 pY
define the sunrise graph with two unequal masses v v v "
sunrise graph, in column 2 in Table I, with p; = 2 P (1) (1) 0
v
{(£1)* =m?, (£,)*- Py gz Pyg Py Py
M2, (6, =€, —p)>—m?, €, -p. ¢ty p}, where p is the . o0 o0 o0 . (B4)
o . vz 0 w.a® v,z [
external momentum. In dy = 2, we obtain v v v v
0 0 0 —2dlogw, 0
G1.1.1.00 0 0 0 0 —4dlogw,
2 C'Gl’l’l'o’_j + 4WG1,0.1,0.0
_ =0 Lot where p,(f) are distinct homogeneous polynomials of
Ga= G- ’ (BI) degree k in the eLS indicated as subscripts and algebraic
GO-1.1.0.0 1-forms as coefficients.
G10.1.00 A more detailed discussion of examples and comparison to
the existing methods will be presented in the follow-up Letter.
) . o Appendix C: A posteriori validation of simple poles—
V‘flth co =2 ¢1 =45, W, and ¢; = —8W. The basis G is e discuss how we convince ourselves that all 1-forms
given by in Eq. (20) have locally only simple poles. First, we pull
back the DE on a random line y(7). We note that around
1 00 0 0 every singular point #; one can always choose a suitable
v constant linear combination of periods,
¢ y
= mwow 0000 = W =cy, + oy
G=|-= 0 10 0|0s (B2) R
0 00 10 ¢:Cl¢;_+c"‘¢j’_
0 0 0 0 1 =@ + ey, (C1)
such that y, ¢, #% have converging power series
where the cycle index is implicit. It satisfies the DE  expansions around #; and in addition the expansion of i

dG = [(1 - 3€)A0 + GAJG, Wlth

0 d(ﬂ) 00 0
Y1
0 0 00 0
Av=10 d(ﬂ§°— 7°;/;—f> 00 o0f (B3
0 0 00 0
0 0 00 0

and A, schematically given by

always starts with a nonzero constant term (see, e.g., the
discussion in [52,95]). The latter guarantees that the
presence of y in denominators cannot introduce any
extra poles. We then observe that every entry of the
pulled-back DE has a generic form:

l/j—kzll/aid)biﬂ'cid(ci log p;(1) + q,»(l)), (C2)

with constants c¢;, positive integers k,a;, b;,c;, and
polynomials p;(7), ¢;(f). This immediately manifests that
only simple poles are possible around any of the
singular points along the path y.
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