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We introduce a thermodynamic work-extraction task that describes the energy storage enhancement of
quantum systems. This task induces majorizationlike conditions that provide a necessary and sufficient
characterization of state conversions in general quantum resource theories. When applied to specific
resources, these conditions reduce to the majorization conditions under unital channels and provide a
thermodynamic version of Nielsen’s theorem in entanglement theory. We show how this result establishes
the first universal resource certification class based on thermodynamics, and how it can be employed to
quantify general quantum resources based on work extraction.
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Introduction—Quantum advantages underpin the devel-
opment of quantum science and technologies. Enabled by
quantum resources, it is possible for certain quantum
information tasks to surpass the performance of classical
strategies that do not make use of these resources [1–3]. For
instance, quantum teleportation [4], superdense coding [5],
and sub-shot-noise interferometric precision with qubit
probes [6,7] are possible only with entanglement as a
resource [8]. Different levels of advantages in so-called
device-independent quantum information tasks in cryptog-
raphy and communication are enabled by utilizing quantum
nonlocality [9,10], quantum steering [11–13], measurement
incompatibility [14], and quantum complementarity [15].
Furthermore, certain quantum dynamical features are, in
fact, indispensable resources for quantum memories
[16–22], quantum communication [23–26], preserving
and generating quantum phenomena [24,27–31], and non-
equilibrium thermodynamics [24–26,32].
Most of the above-mentioned tasks and their quantum

advantages are resource-dependent. For instance, we do not
expect a nonequilibrium state (a thermodynamic resource
called athermality [33–36]) to be also useful for telepor-
tation. Also, a quantum dynamics that is able to generate
entanglement does not necessarily have a strong ability to
transmit information. A natural question is thus whether
there is a single, resource-independent class of operational

tasks in which general quantum resources can provide
advantages over resource-free ones. Performing such a
class of tasks in the laboratory implies the ability to certify
quantum resources operationally independent of the types
of resources.
Remarkably, such universal resource certification

classes (URCCs) do exist. Through a general approach
called quantum resource theories [37], or simply resource
theories, it has been proved that general quantum resources
(with reasonable physical assumptions) can provide advan-
tages in discrimination tasks [38–45], exclusion tasks
[15,46,47], parameter-estimation tasks in metrology [48],
and input-output games [49]. These URCCs tell us how to
universally certify quantum resources via their operational
advantages in the corresponding physical tasks [50],
serving as vital interdisciplinary bridges.
Surprisingly, there is no known thermodynamic URCC.

In thermodynamics, quantum signatures have been iden-
tified in quantum heat engines [52–57] and conservation
laws [58–62] (see also Refs. [63–67]), and thermodynamic
advantages have been demonstrated by using entanglement
[58,68–71], coherence [72,73], steering [54–57], incom-
patibility [74], and quantum dynamics [24–27,30].
Recently, it has been shown that one can witness certain
quantum properties by observing heat [75,76]. Yet, it
remains unknown whether there is a single class of
operational work-extraction tasks in thermodynamics that
can certify general quantum resources. Any such URCC,
once found, can reveal operational advantages of general
quantum resources in extracting controllable energy.
There is a stronger version of the above question—one

whose answer would directly imply the existence of such
a thermodynamic URCC. This stronger question is whether
a class of work-extraction tasks exists that can com-
pletely characterize state conversions in general resource
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theories. Such a class, if it exists, can provide a full
“ordering” for the resource contents of states that can be
used to witness the resource [77]. Moreover, such a class is
by construction fully operational as work is energy in a
controlled, reusable form.
Here, we fully answer the above question in the positive.

We introduce a work-extraction task describing quantum
system energy storage enhancement [Eq. (5)]. Then, we
show that it can induce majorizationlike conditions to
completely determine the (one-shot) state conversion in
general resource theories (Theorem 1). Interestingly, when
we apply this result to the resource theory of informational
nonequilibrium (see, e.g., Ref. [78]), we reproduce the
well-known majorization conditions for state conversions
under unital channels (Theorem 2). Finally, this result also
allows us to obtain the first worklike thermodynamic
URCC (Theorem 3) as well as to thermodynamically
quantify general resources (Theorem 4).
An extension of our result beyond state resources, as well

as its thermodynamic implications for steering and meas-
urement incompatibility are discussed in a separate
companion paper [79].
Quantum resource theories—We begin by fixing nota-

tion. A quantum system is described by a state ρ, i.e., a
positive semidefinite operator with unit trace: ρ ≥ 0 and
trðρÞ ¼ 1. The general evolution of such a system is repre-
sented by a quantum channel, a completely positive, trace-
preserving linear map E that sends an initial state ρ to
EðρÞ [80].
To study diverse quantum properties on a common

footing, one employs the framework of resource theories
[37], which provide a unified formalism for characterizing
and quantifying quantum resources. To formalize the
notion of a resource, let R denote a quantum property of
interest (e.g., entanglement or coherence). A resource
theory of R is specified by a pair ðFR;ORÞ. The set FR
consists of the free states, i.e., states that do not contain R.
A state ρ is resourceful if ρ ∉ FR. For example, for
entanglement, FR is the set of separable states.
The setOR is a set of channels, whose members are called

allowed operations. These are operations allowed to manipu-
late states. Formally, any channel N in OR must satisfy

N ðηÞ∈FR ∀ η∈FR; ð1Þ

namely, it cannot generateR from free inputs. Equation (1) is a
necessary condition for any allowed operation to satisfy,
while onemay consider extra constraints onOR dependingon
the physical context; hence, generally,OR does not contain all
channels satisfying Eq. (1). Different choices of OR lead to
different operational settings for resource manipulation. For
instance, in the case of entanglement, settingOR as the set of
local operations with classical communication (LOCCs) or as
the set of local operations with shared randomness leads to
different characterizations.

Working hypotheses—In most cases, OR carries the
following properties: (1) convexity (classical mixing of
states is allowed), (2) compactness (if a channel is
arbitrarily close to an allowed operation, it is also allowed
[81]), (3) it contains the identity channel (doing nothing is
allowed), (4) closedness under function composition
(sequentially applying two allowed operations is also
allowed), and (5) it contains state-preparation channels
of free states (preparing free states is allowed).
From now on, we assume that OR describes a set of

allowed operations with these properties. Notably, with this
assumption, as detailed in Appendix A, the free set FR
must be convex and compact (in the topology induced by
the one norm).
Conversion problem in resource theories—One of the

central goals in arguably every resource theory is to
understand the conversion under allowed operations. To
formalize it, consider a given OR and two states ρ and σ. If
there exists an allowed operation N ∈OR achieving

N ðρÞ ¼ σ, we write ρ⟶
OR

σ. The conversion problem
refers to determining under which conditions we have

ρ⟶
OR

σ. Conceptually, a complete answer to the conversion
problem can tell us, necessarily and sufficiently, whether an
evolution from one state to another via an allowed
operation can ever be possible, just like the second law
of thermodynamics (see, e.g., Refs. [84–88]). Moreover,
such an answer may serve as a bridge to further demon-
strate the resource’s advantage in specific operational tasks
(e.g., as in Ref. [77]). Here, we aim to develop a fully
thermodynamic way to answer conversion problems for
general resource theories (Fig. 1). To this end, we need to
introduce the following task.
Energy storage enhancement as a work-extraction task

—In order to define a work-extraction task that is capable
of certifying quantum resources, we focus on a finite-
dimensional quantum system with Hamiltonian H. When
this system reaches thermal equilibrium with a large bath
in temperature 0 < T < ∞, it will be described by the
thermal state

γ ¼ e−
H

kBT=trðe− H
kBTÞ; ð2Þ

FIG. 1. Schematic illustration of the central question. We ask
whether any class of work-extraction tasks can completely
characterize state conversions in general resource theories. A
suitable answer can offer a method to analyze a broad range of
quantum effects via work extraction.
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where kB is the Boltzmann constant. When this system is
prepared in a nonequilibrium state ρ, one can extract the
following optimal amount of work from it [71,89,90]:

Wðρ; HÞ ≔ ðkBT ln 2ÞDðρkγÞ; ð3Þ

where DðρkσÞ ≔ tr½ρðlog2ρ − log2σÞ� is the quantum
(Umegaki) relative entropy [91]. Notably, when the
Hamiltonian is fully degenerate; i.e., H ¼ 0, the above
equation gives the optimal work extractable from ρ’s
information content,

WinfðρÞ ≔ Wðρ; H ¼ 0Þ ¼ ðkBT ln 2ÞDðρkI=dÞ: ð4Þ

Inspired by Refs. [92–96] and the charging process of
quantum batteries [69,97–103], we consider the figure of
merit called energy storage enhancement of ρ with H,

Δðρ; HÞ ≔ Wðρ; HÞ −WinfðρÞ: ð5Þ

Δ has a direct operational interpretation. If the system is
initially prepared in a state ρ under a fully degenerate
Hamiltonian, then Δðρ; HÞ is the change (possibly
negative) in extractable work when the Hamiltonian is
suddenly quenched to H without altering the state (see
Fig. 2). Concretely, the extractable work with the initial
fully degenerate Hamiltonian is WinfðρÞ [Eq. (4)], and
after the quench to H it is Wðρ; HÞ [Eq. (3)]. The
difference, Δðρ; HÞ, quantifies the additional amount of
energy that can be stored through this process.
Completely characterizing state conversion by work

extraction—Here, by using Δ, we can fully characterize
conversion problems for general resource theories. To see
this, for a given state ρ and Hamiltonian H, define

ΔOR
ðρ; HÞ ≔ max

N ∈OR

Δ½N ðρÞ; H�; ð6Þ

which is the highest value of Δ that can be reached by
applying allowed operations to the state ρ. We thus call
ΔOR

ðρ; HÞ the OR-assisted energy storage enhancement of
ρ with H. Then, we have the following result, serving as a
thermodynamic, complete characterization of state
conversion.
Theorem 1—Let 0 ≤ ϵ < δ be fixed energy scales. Then

ρ⟶
OR

σ if and only if

ΔOR
ðρ; HÞ ≥ ΔOR

ðσ; HÞ ∀ ϵI ≤ H ≤ δI: ð7Þ

We detail the proof in Appendix B. Theorem 1 gives the
first thermodynamic characterization, in a necessary and
sufficient way, of general one-shot state conversion, i.e., it
assumes access to a single copy of the state. Here, ϵ and δ
are freely chosen energy scales to fit the relevant physical
settings. Hence, a complete characterization can already be
achieved by focusing on Hamiltonians with limited energy
scales. It is interesting to note that Theorem 1 shows that
the quantity Wðρ; HÞ [Eq. (3)], which characterizes the
asymptotically extractable work [71,89,90], also com-
pletely characterizes one-shot state conversion properties.
We also note that although infinite conditions are necessary
for general complete resource theories [104], finite con-
ditions with practically feasible Hamiltonians may suffice
for specific resources, as we shall demonstrate later.
Interestingly, Eq. (7) takes a form that is similar to the so-

called majorization (see, e.g., Ref. [78]), as it implies that
the state ρ “outperforms” (or at least equals) σ in terms of
the figure of merit ΔOR

for every possible Hamiltonian in
the given range. We will see in the next section that, when
applied to the appropriate setting, Theorem 1 indeed
reproduces the actual majorization condition.
Implication for informational thermodynamics and

entanglement—We now apply our result to the resource
theory of informational nonequilibrium (see Ref. [78] for
review). For a d-dimensional system, the free set is
FR ¼ fI=dg, corresponding to the thermal state [see
Eq. (2)] of a fully degenerate Hamiltonian. In this case,
with no energy differences, the thermodynamic contribu-
tion stems solely from the state’s information content. The
allowed operations OR are all energy-conserving closed
system dynamics and their classical mixtures, i.e., all mixed

unitary channels. We write “ρ⟶
MU

σ” if there is one such
channel converting ρ into σ. As we have a fixed system
dimension, conversions under mixed unitary channels are
equivalent to conversions under unital channels, denoted by

“ρ⟶
unital

σ” (see Lemma 10 in Ref. [78]). These state con-
versions can be characterized by the so-called majorization.
Formally, for a given state ρ, let fρ↓i gd−1i¼0 be its eigenvalues

in the nonincreasing order, i.e., ρ↓i ≥ ρ↓iþ1 ∀ i ¼ 0;
…; d − 2. Then, ρ is said to majorize σ, denoted by
ρ≻ σ, if (see, e.g., Ref. [78])

FIG. 2. Work-extraction task that describes energy storage
enhancement. Each round starts with the same initial state ρ
subject to a fully degenerate initial Hamiltonian. If we extract
work with this setting, we obtainWinfðρÞ [Eq. (4)]. Alternatively,
if we quench the Hamiltonian into a new one, H, and then
perform work extraction, we obtain Wðρ; HÞ [Eq. (3)]. The
energy storage change Δðρ; HÞ is the difference between these
two work values.
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Xk
i¼0

ρ↓i ≥
Xk
i¼0

σ↓i ∀ k ¼ 0;…; d − 2: ð8Þ

As detailed in Ref. [78], by applying Hardy-Littlewood-
Pólya theorem [105] (see also Ref. [106]), we have the
well-known result,

ρ ⟶
unital

σ iff ρ ⟶
MU

σ iff ρ≻ σ: ð9Þ

Namely, state conversions under allowed operations of
informational nonequilibrium are fully captured by d − 1
inequalities through majorization Eq. (8). Here, as an
application, we will demonstrate that Theorem 1 reprodu-
ces the above result in this special case. Notably, as
Theorem 1’s proof relies on Sion’s minimax theorem
[107], rather than the Hardy-Littlewood-Pólya theorem,
we thus uncover a novel proof for this well-known result.
Let fjiigd−1i¼0 be a fixed basis and ρ↓ ≔

P
d−1
i¼0 ρ

↓
i jiihij,

which is a “reordered” version of the state ρ in
this basis. For k ¼ 0;…; d − 2, consider Hamiltonians
Hk ≔ ω

P
k
i¼0 jiihij, where ω > 0 is a fixed energy scale.

Each Hk has two different energy levels (i.e., 0 and ω > 0)
and ðd − k − 1Þ-fold ground state degeneracy. Then, apply-
ing Theorem 1 gives the following.
Theorem 2—For two d-dimensional states ρ and σ, we

have ρ ⟶
unital

σ if and only if ρ ⟶
MU

σ if and only if

Δðρ↓; HkÞ ≥ Δðσ↓; HkÞ ∀ k ¼ 0;…; d − 2: ð10Þ

Moreover, the above statement implies Eq. (9).
See Appendix C for proof. This illustrates Theorem 1’s

applicability to specific resources. In fact, Theorem 2 goes
beyond the existing notion of Eq. (9) by linking state
conversions to a work-extraction task with a clear thermo-
dynamic interpretation. The involved Hamiltonians
describe simple systems whose energy scales can be
adjusted arbitrarily to fit practical settings (see also
Ref. [108]). Since Δ can be obtained by two work-
extraction experiments (one for Winf ; one for W),
Theorem 2 suggests that, in a d-dimensional system,
2ðd − 1Þ work-extraction experiments with simple
Hamiltonians completely characterize state conversions
for informational thermodynamics. Hence, our results not
only generalize the well-known result for unital channel
conversions [Eq. (9)], but also provide an experimentally
testable form for it via work extraction.
Next, we study the implications of Theorem 2 for

entanglement theory. Suppose jψi; jϕi are bipartite pure
states with equal local dimension d, and ψ ;ϕ are their
reduced states in the first subsystem. The well-known

Nielsen’s theorem [80,109] states that jψi⟶LOCCjϕi if and

only if ψ ≺ ϕ, where “jψi⟶LOCCjϕi” means that one can
convert jψi into jϕi by LOCC. Then, Theorem 2 and

Nielsen’s theorem jointly imply that jψi⟶LOCCjϕi if and
only if

Δðψ↓; HkÞ ≤ Δðϕ↓; HkÞ ∀ k ¼ 0;…; d − 2: ð11Þ

Hence, Theorem 2 uncovers a thermodynamic form of
Nielsen’s theorem: 2ðd − 1Þ different work-extraction
experiments performed in the local system are enough to
fully characterize pure state conversions under LOCC.
Further investigation into our findings’ applications to
entanglement (e.g., the connection with Refs. [93,94])
and other specific quantum resources is beyond the scope
of this work and is left for future research.
Witnessing and quantifying quantum resources by work

extraction—We are now in the position to answer the
question about the existence of a thermodynamic URCC.
From Theorem 1 we can derive the following result.
Theorem 3—Let 0 ≤ ϵ < δ be fixed energy scales. Then

ρ ∉ FR if and only if there is a Hamiltonian ϵI ≤ H ≤ δI
such that

Δðρ; HÞ > max
η∈FR

Δðη; HÞ: ð12Þ

See Appendix D for the proof. Hence, the energy storage
enhancement Δ alone can certify state resources, and every
resourceful state can provide an advantage over free states
in enhancing energy storage under a specific quenching
process. Theorem 3 thus establishes the first protocol to
universally certify general quantum resources via energy
extraction, and thus a thermodynamic URCC.
In fact, apart from certifying quantum resources, we can

further quantify them by work extraction via Δ. To do so,
we introduce the following measure for some fixed energy
scales 0 ≤ ϵ < δ (whose dependence will be kept implicit):

MOR
ðρÞ ≔ max

ϵI≤H≤δI

�
ΔOR

ðρ; HÞ −maxη∈FR
ΔOR

ðη; HÞ
�
.

ð13Þ
Then, we have the following result.
Theorem 4—For all energy scales 0 ≤ ϵ < δ, the mea-

sure MOR
is a resource quantifier of R; namely, it satisfies

(1) MOR
ðρÞ ≥ 0 and MOR

ðρÞ ¼ 0 if and only if ρ∈FR

and (2) MOR
½N ðρÞ� ≤ MOR

ðρÞ ∀ N ∈OR.
See Appendix E for its proof. We thus uncover the first

thermodynamic, energetic way to quantify general state
resources, which is a strictly stronger notion than
certification.
Mean energy as a witness of quantum resources—As a

corollary of our approach, one can observe that
Theorems 1, 3, and 4 also hold by replacing Δðρ; HÞ with
the mean energy trðρHÞ. More specifically, Theorem 1’s
proof can be adapted to the mean energy by starting from
Eq. (B3) in Appendix B (which thus also implies
Theorems 3 and 4 for the mean energy). This means that
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a resourceful state can attain a higher mean energy (for
some Hamiltonian) than any free state. However, a state’s
mean energy may not directly equal its extractable work
[which is more related to free energy; see also Eq. (B2) in
Appendix B]. Consequently, attaining a higher mean
energy is still insufficient to imply an operational advantage
in work extraction. This is why we presented our main
results in terms of Δ, which provides a clear operational
picture.
Conclusions—We have introduced a thermodynamic

work-extraction task that fully characterizes state conver-
sions in arbitrary resource theories (Theorem 1). This
framework yields the first thermodynamic universal certif-
ication class of quantum resources (Theorem 3) and
provides a quantification of general resources based on
work extraction (Theorem 4). Our approach further sug-
gests that mean energy can also characterize state con-
versions and hence witness quantum resources.
Consequently, together with Ref. [75], we conclude that
thermodynamic energies—heat flow, mean energy, and
extractable work—all can witness general quantum proper-
ties. This naturally raises the open question of whether heat
flow can also provide a complete set of monotones for
general quantum resources.
In the resource theory of informational nonequilibrium

[78], our result recovers the majorization conditions for
unital channel conversions and links them to work ext-
raction (Theorem 2), while in entanglement theory it
yields a thermodynamic interpretation of Nielsen’s theo-
rem. We conjecture that the same framework also repro-
duces thermomajorization in thermodynamics (see, e.g.,
Refs. [33,84–88]), a question we leave for future work.
Finally, for any resourceful state ρ ∉ FR, by Theorem 3,

there is a Hamiltonian H > 0 achieving Δðρ; HÞ >
maxη∈FR

Δðη; HÞ. By viewing the quenching as a “charg-
ing process,” Theorem 3 means that under a fixed charging
process with some final Hamiltonian H, a system initially
in ρ can be charged strictly better than one initially in any
free state η∈FR. Namely, systems initially prepared in
resourceful states can achieve larger energy storage
enhancements under a fixed charging process. This thus
raises the question of whether quantum batteries can be
employed to characterize general state conversions via the
standard ergotropy framework [103,110,111]. Extending
our methods to ergotropic approaches, such as quantum
battery capacity [103], and broader notions of work
extraction [69,97–103] lies beyond the present scope and
will be pursued in future work.
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End Matter

Appendix A: On the convexity and compactness of
FR—When the working hypotheses hold for OR, a
convex mixture of two state-preparation channels of any
two free states must also be in OR. Since allowed
operations cannot output resourceful states from free
inputs [i.e., Eq. (1)], this convex mixture must also be a
state-preparation channel of some free state. This implies
that FR is convex.
To see FR’s compactness, suppose we have a limit point

η of FR in the topology induced by the one norm k · k1,
where, for an operator P, its one norm reads kPk1 ≔ trðjPjÞ
[80]. This means there is a countable sequence fηng∞n¼1 ⊆
FR achieving limn→∞kη − ηnk1 ¼ 0. Let Λnð·Þ ≔ ηntrð·Þ

and Λ∞ð·Þ ≔ ηtrð·Þ be the corresponding state-preparation
channels. Now, recall that, for any Hermitian-preserving
map Λ with input system S, its diamond norm [82] is
defined by

kΛk⋄ ≔ max fkðΛ ⊗ IÞðρÞk1jρ∶ state in SAg; ðA1Þ
where I is the identity map acting on an auxiliary system A
with the same dimension as S (see, e.g., Ref. [83]). Then,

lim
n→∞

kΛ∞ − Λnk⋄ ¼ lim
n→∞

max
ρA

kðη − ηnÞ ⊗ ρAk1
¼ lim

n→∞
kη − ηnk1 ¼ 0; ðA2Þ

PHYSICAL REVIEW LETTERS 137, 070403 (2026)

070403-8

https://doi.org/10.1038/s41467-018-06261-7
https://doi.org/10.1038/s41467-018-06261-7
https://doi.org/10.1088/1367-2630/ad0d38
https://doi.org/10.1088/1367-2630/ad0d38
https://doi.org/10.1103/PRXQuantum.3.040323
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.2996/kmj/1138844604
https://doi.org/10.2996/kmj/1138844604
https://doi.org/10.1103/PhysRevLett.89.180402
https://doi.org/10.1103/PhysRevLett.89.180402
https://doi.org/10.1103/PhysRevE.102.012145
https://doi.org/10.1103/PhysRevA.99.052320
https://doi.org/10.1103/PhysRevA.99.052320
https://doi.org/10.1103/PhysRevA.77.032114
https://doi.org/10.1103/PhysRevA.77.032114
https://doi.org/10.1103/PhysRevLett.120.150602
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1038/s41534-017-0011-9
https://doi.org/10.1038/s41534-017-0012-8
https://doi.org/10.1103/PhysRevLett.122.047702
https://doi.org/10.1103/PhysRevLett.124.130601
https://doi.org/10.1103/PhysRevLett.124.130601
https://doi.org/10.1103/PhysRevLett.127.040602
https://doi.org/10.1103/PhysRevLett.131.030402
https://doi.org/10.1103/PhysRevLett.131.030402
https://doi.org/10.1103/PhysRevLett.130.240204
https://doi.org/10.2140/pjm.1958.8.171
https://doi.org/10.2140/pjm.1958.8.171
https://doi.org/10.1103/PhysRevLett.112.140502
https://doi.org/10.1103/PhysRevLett.112.140502
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1209/epl/i2004-10101-2
https://doi.org/10.21468/SciPostPhys.17.2.041
https://doi.org/10.21468/SciPostPhys.17.2.041


where ρA is a state living in the auxiliary system A.
Consequently, Λ∞ is a limit point of OR in the topology
induced by k · k⋄. By the working hypotheses,OR is closed
in this topology, meaning that Λ∞ ∈OR. Since Λ∞ is the
state-preparation channel of η, and allowed operations
cannot output resourceful states from free inputs [i.e.,
Eq. (1)], we conclude that η∈FR. Namely, FR contains
all its limit points in the topology induced by k · k1,
meaning that it is closed in this topology. Because FR is
a subset of quantum states, it is bounded. Hence, it is
bounded and closed in a finite-dimensional space, implying
that it is indeed compact in the desired topology.

Appendix B: Proof of Theorem 1—If N ðρÞ ¼ σ
for some N ∈OR, then, by definition, ΔOR

ðρ; HÞ ≥
ΔOR

ðσ; HÞ ∀ H. Hence, it suffices to prove the opposite
direction. For ρ and σ, suppose we have Eq. (7). This
means, for every ϵI ≤ H ≤ δI,

0 ≤ max
N ∈OR

ðΔ½N ðρÞ; H� − Δðσ; HÞÞ: ðB1Þ

Now, note that, for any Hamiltonian H and state ρ in a
d-dimensional system, we have the following formula:

Δðρ; HÞ
kBT ln 2

¼ trðHρÞ
kBT ln 2

þ log2tr
�
e−

H
kBT

�
− log2d: ðB2Þ

Using the above formula in Eq. (B1), we obtain
0 ≤ maxN ∈OR

trð½N ðρÞ − σ�HÞ. Minimizing over all
Hamiltonians H with ϵI ≤ H ≤ δI gives

0 ≤ min
ϵI≤H≤δI

max
N ∈OR

trð½N ðρÞ − σ�HÞ: ðB3Þ

Now, note that both OR and fHjϵI ≤ H ≤ δIg are
compact and convex sets. Moreover, for fixed ρ and σ,
define fðN ; HÞ ≔ trð½N ðρÞ − σ�HÞ. Then, for any fixed
N , the function f is linear in H, meaning that it is
continuous as well as quasiconvex in H. Similarly, for
any fixed H, the function f is also linear in N , meaning
that it is continuous as well as quasiconcave in N . The
above implies that Sion’s minimax theorem [107] can be
applied to switch the order of the maximization and
minimization, giving

0 ≤ max
N ∈OR

min
ϵI≤H≤δI

trð½N ðρÞ − σ�HÞ: ðB4Þ

Define the function

fminðN Þ ≔ min
ϵI≤H≤δI

trð½N ðρÞ − σ�HÞ: ðB5Þ

For two channels E, L, without loss of generality,
suppose fminðEÞ ≥ fminðLÞ. Then, we have (let
H̃ ¼ H=δ)

jfminðEÞ − fminðLÞj ≤ δ max
ðϵ=δÞI≤H̃≤I

trð½EðρÞ − LðρÞ�H̃Þ

≤ δmax
0≤P≤I

trð½EðρÞ − LðρÞ�PÞ

≤
δ

2
kE − Lk⋄; ðB6Þ

meaning that fmin is Lipschitz continuous in the
topology induced by the diamond norm k · k⋄
[Eq. (A1)]. Here, we have used the trace distance
formula kρ − σk1=2 ¼ max0≤P≤Itr½ðρ − σÞP� [80].
Since OR is compact in the same topology (by
working hypothesis), there is N � ∈OR achieving
fminðN �Þ ¼ maxN ∈OR

fminðN Þ. Thus, Eq. (B4) leads to

0 ≤ min
ϵI≤H≤δI

trð½N �ðρÞ − σ�HÞ; ðB7Þ

which is equivalent to 0 ≤ N �ðρÞ − σ. This means
N �ðρÞ − σ is a traceless positive semidefinite operator,
i.e., it is zero. Consequently, N �ðρÞ ¼ σ, which
concludes the proof. ▪

Appendix C: Proof of Theorem 2—Since there is
always a unitary converting ρ to ρ↓, ρ⟶

MU
σ if and only

if ρ↓ ⟶
MU

σ↓, which holds if and only if (by setting ϵ ¼
0 in Theorem 1)

ΔMUðρ↓; HÞ ≥ ΔMUðσ↓; HÞ ∀ 0 ≤ H ≤ δI; ðC1Þ

where we set “OR ¼ MU,” the set of all mixed
unitary channels. Using Eq. (B2), we learn that
Eq. (C1) holds if and only if maxN ∈MUtr½N ðρ↓ÞH� ≥
maxN ∈MUtr½N ðσ↓ÞH�. One can check that
maxN ∈ MUtr½N ðρ↓ÞH� ¼ maxUtrðUρ↓U†HÞ ∀ H ≥ 0
(“maxU” denotes maximization over all unitaries U).
Hence, Eq. (C1) holds if and only if

max
U

trðUρ↓U†HÞ ≥ max
U

trðUσ↓U†HÞ ∀ 0 ≤ H ≤ δI:

ðC2Þ

Let fE↓
i ðHÞgi be H’s eigenenergies in the nonincreasing

order; i.e., E↓
i ðHÞ ≥ E↓

iþ1ðHÞ ∀ i ¼ 0;…; d − 2. In
Lemma 1, we show that Eq. (C2) holds [and so does
Eq. (C1)] if and only if

Xd−1
i¼0

�
ρ↓i − σ↓i

�
E↓
i ðHÞ ≥ 0 ∀ 0 ≤ H ≤ δI: ðC3Þ

Now, recall that Hk ≔ ω
P

k
i¼0 jiihij and fjiigi is the

prefixed basis and ω > 0. Using Eq. (B2) again, we
conclude that Eq. (10) (i.e., Theorem 2’s statement)
holds if and only if
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ω
Xk
i¼0

�
ρ↓i − σ↓i

�
≥ 0 ∀ k ¼ 0;…; d − 2: ðC4Þ

It remains to show that Eqs. (C3) and (C4) are
equivalent. As Eq. (C3) implies Eq. (C4), it remains to
show the converse. For a Hamiltonian 0 ≤ H ≤ δI,
suppose E↓

NðHÞ > 0 is H’s smallest positive eigen-
energy. Then, we have

Xd−1
i¼0

�
ρ↓i − σ↓i

�
E↓
i ðHÞ

≥ E↓
1 ðHÞ

X1
i¼0

�
ρ↓i − σ↓i

�
þ
Xd−1
i¼2

�
ρ↓i − σ↓i

�
E↓
i ðHÞ

≥ E↓
2 ðHÞ

X2
i¼0

�
ρ↓i − σ↓i

�
þ
Xd−1
i¼3

�
ρ↓i − σ↓i

�
E↓
i ðHÞ

… ≥ E↓
NðHÞ

XN
i¼0

�
ρ↓i − σ↓i

�
≥ 0: ðC5Þ

The second line is due to ρ↓0 − σ↓0 ≥ 0 [setting k ¼ 0 in

Eq. (C4)] and E↓
0 ≥ E↓

1 . The third line is due toP
1
i¼0

�
ρ↓i − σ↓i

�
≥ 0 [setting k ¼ 1 in Eq. (C4)] and

E↓
1 ≥ E↓

2 . Applying this argument N times gives the last
line, which is non-negative by setting k ¼ N in
Eq. (C4). This shows that Eq. (C4) implies Eq. (C3).
Finally, since ω > 0, Eq. (C4) is equivalent to ρ≻ σ
[defined in Eq. (8)], leading to Eq. (9). ▪
Finally, it remains to prove the following lemma.
Lemma 1—For ρ and 0 ≤ H ≤ δI, we have that

max
U

trðUρ↓U†HÞ ¼
Xd−1
i¼0

ρ↓i E
↓
i ðHÞ: ðC6Þ

Proof—For 0 ≤ H ≤ δI, let H̃ ≔ δI −H. Then we have

max
U

trðUρ↓U†HÞ ¼ δ −min
U

trðUρ↓U†H̃Þ: ðC7Þ

Let us write H ¼ P
d−1
i¼0 E

↓
i ðHÞjEiihEij, where jEii is H’s

energy eigenstate with the eigenenergy E↓
i ðHÞ. Hence, H̃ ¼P

d−1
i¼0 ðδ − E↓

i ðHÞÞjEiihEij with its eigenenergies in the
nondecreasing order. Using the property of passive states
[110] [see also Eqs. (1) to (3) in Ref. [69] ], we obtain

min
U

trðUρ↓U†H̃Þ ¼ trðρ̃passiveH̃Þ; ðC8Þ

where ρ̃passive ≔
P

d−1
i¼0 ρ

↓
i jEiihEij is a so-called passive

state with the Hamiltonian H̃ (i.e., diagonal in H̃’s
eigenbasis with nonincreasing eigenvalues with respect

to H̃’s eigenenergies). Together with Eq. (C7), we have
maxUtrðUρ↓U†HÞ ¼ trðρ̃passiveHÞ ¼ P

d−1
i¼0 ρ

↓
i E

↓
i ðHÞ. ▪

Appendix D: Proof of Theorem 3—Define the set

Omin
R ≔ Covfstate-preparation of FR & identityg; ðD1Þ

which is the set containing the identity channel, all
state-preparation channels that prepare some free state,
and their convex mixture. Since, in our approach, FR is
always convex and compact (see Appendix A), Omin

R is a
set satisfying the working hypothesis [to see its
compactness, it suffices to consider the continuous
function fðp; ηÞ ≔ pηtrð·Þ þ ð1 − pÞIð·Þ and note that it
maps the compact set ½0; 1� × FR onto Omin

R ]. Consider
energy scales 0 ≤ ϵ < δ and a given ρ ∉ FR. For a
given free state η� ∈FR, since no channel in Omin

R can
convert it to ρ, Theorem 1 implies that there is a
Hamiltonian ϵI ≤ H ≤ δI achieving ΔOmin

R
ðρ; HÞ >

ΔOmin
R
ðη�; HÞ. Now, the structure of Omin

R ensures
ΔOmin

R
ðη�; HÞ ¼ maxη∈FR

Δðη; HÞ. Hence,

ΔOmin
R
ðρ; HÞ > max

η∈FR

Δðη; HÞ: ðD2Þ

Finally, using Eq. (B2), we have

ΔOmin
R
ðρ; HÞ ¼ max

0≤p≤1;
η∈FR

ðpΔðρ; HÞ þ ð1 − pÞΔðη; HÞÞ

¼ max
0≤p≤1

ðpΔðρ; HÞ þ ð1 − pÞmax
η∈FR

Δðη; HÞÞ.

ðD3Þ

Suppose p� achieves the above maximum. Combining
with Eq. (D2), we obtain p�maxη∈FR

Δðη; HÞ <
p�Δðρ; HÞ. This thus means we must have p� > 0.
Dividing p� on both sides concludes the proof. ▪
As a remark, such results are usually proved by the

hyperplane separation theorem (see, e.g., Ref. [42]). Here,
we prove it by Sion’s minimax theorem (via Theorem 1).

Appendix E: Proof of Theorem 4—Since OR contains
all state-preparation channels of free states (from the
working hypothesis), Eq. (6) implies that ΔOR

ðκ; HÞ ¼
maxη∈FR

Δðη; HÞ ∀ ϵI ≤ H ≤ δI and ∀ κ∈FR,
meaning that MOR

ðηÞ ¼ 0 ∀ η∈FR. Also, for ρ ∉ FR,
Theorem 3 implies that there is ϵI ≤ H ≤ δI achieving
maxη∈FR

ΔOR
ðη; HÞ < ΔOR

ðρ; HÞ. Hence, MOR
ðρÞ >

0 ∀ ρ ∉ FR. Finally, to show that MOR
is

nonincreasing under allowed operations, note that
ΔOR

½N ðρÞ; H� ≤ ΔOR
ðρ; HÞ ∀ ρ and ∀ N ∈OR. Hence,
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MOR
½N ðρÞ� ≔ max

ϵI≤H≤δI

�
ΔOR

½N ðρÞ; H� −maxη∈FR
ΔOR

ðη; HÞ
�

≤ max
ϵI≤H≤δI

�
ΔOR

ðρ; HÞ −maxη∈FR
ΔOR

ðη; HÞ
�
¼ MOR

ðρÞ ðE1Þ

which concludes the proof. ▪
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