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Quantum advantage schemes probe the boundary between classically simulatable and classically
intractable quantum dynamics. We explore the impact of midcircuit measurements on the computational
power of quantum circuits. To this effect, we focus on quantum sampling and introduce a constant-depth
measurement-driven approach for efficiently sampling from a broad class of commuting diagonal quantum
circuits and associated structured phase states, previously requiring polynomial-depth unitary circuits. By
interleaving midcircuit measurements with feedforward in randomized “fan-out staircases,” our dynamical
circuits bypass Lieb-Robinson light-cone constraints, enabling global entanglement with flexible auxiliary
qubit usage on bounded-degree lattices (e.g., two-dimensional grids). The generated phase states exhibit
random-matrix statistics and anticoncentration comparable to fully random architectures. We further
demonstrate measurement-driven feature maps that distinguish phases of an extended Su-Schrieffer-Heeger
model from random eigenstates in a quantum machine-learning benchmark (reservoir computing).
Technologically, our results harness midcircuit measurements to realize quantum advantages on
bounded-degree hardware with a favorable topology. Conceptually, they provide complexity-theoretic
support for quantum speedups by midcircuit measurements.
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A leading paradigm for demonstrating quantum advan-
tage is quantum sampling: implementing a quantum evo-
lution and sampling from its output distribution that is
believed to be classically intractable under standard
assumptions [1]. Notable examples include boson sampling
[2–6] and random circuit sampling [7–17]. Paradig-
matically, these tasks are central to clarifying the precise
fine print of quantum advantage, but they also expose a core
tension: the deep, highly connected circuits demanded
conflict with the constraints of noisy, locally connected
hardware. This tension motivates the pursuit of hardware-
efficient routes to quantum advantage.
Instantaneous-quantum-polynomial-time (IQP) circuits—

commuting diagonal circuits whose output probabilities are
complex-temperature partition functions—form a central
model [9–13,18,19]. The argument for their classical
sampling hardness connects the sampling task to the
#P-hard problem of estimating single output probabilities,
as an efficient sampler would imply an efficient estimator
(leading to an unlikely collapse of the polynomial hier-
archy). This connection requires the distribution to exhibit

anticoncentration, where probabilities are not dominated by
a few outcomes, precluding trivial classical strategies based
on guessing dominant bit strings. Worst-to-average reduc-
tions extend the hardness from contrived instances to typical
random circuits used in experiments [1]. Random, long-
range IQP circuits at polynomial depth satisfy these criteria,
providing strong evidence for their hardness [11,12]. That
said, experimentally realizing and witnessing an IQP sam-
pling advantage faces two key challenges: limited hardware
connectivity makes the long-range interactions needed for
hardness depth expensive [20], and noise that grows with
depth renders noisy IQP circuits—even with additional
controlled-NOT (CX) layers—classically simulable beyond
a constant depth under natural noise models [21,22].
In this Letter, we suggest a different approach using mid-

circuit measurements, which not only overcomes the above
challenges but is also independently interesting. Basically,
in our Letter, we show that constant-depth quantum circuits
are substantially more powerful computationally when
equipped with midcircuit measurements compared to the
unitary setting. This regime of noisy intermediate-scale
quantum (NISQ) devices with midcircuit measurements has
been dubbed “NISQþ” [23]: We present a NISQþ and
NISQ computational separation under plausible assump-
tions, highlighting the computational power of measure-
ments along the way. To put this into context, dynamic
circuits with measurements and feedforward have shown
great potential in implementing certain deep quantum
circuits and preparing highly entangled states [24–38].
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By conditioning operations on measurement outcomes,
these circuits create nonlocal “shortcuts” that enable the
rapid generation of complex, long-range entanglement at
minimal depth [37–41]. Inspired by these advances, we
introduce a measurement-driven fan-out staircase architec-
ture that implements the dense, long-range interactions
required for IQP computational hardness at constant
depth, even on simple two-dimensional (2D) hardware.
Importantly, we show that the output distributions from
these shallow circuits retain key signatures of complexity
(such as anticoncentration), providing strong evidence for
their classical hardness, while significantly relaxing the
experimental requirements of depth and connectivity.
Beyond establishing a new route to quantum sampling

advantages, our measurement-driven technique provides
strongly entangled feature maps for quantum machine
learning. We demonstrate its effectiveness in quantum
reservoir computing, where a fixed quantum evolution acts
as a feature map, while only a simple classical readout is
trained [42,43]. Even under a realistic noise model, our
measurement-based reservoir—which leverages global
entanglement created at constant depth—accurately clas-
sifies distinct topological phases, surpassing conventional
local reservoirs.
The upshot of the present Letter is as follows. Midcircuit

measurements are known to enable the preparation of
symmetry-protected topological states [30,31] and long-
range entangled states [26,44] that elude constant-depth
unitary circuits. They also underpin quantum advantage
in certain random shallow Clifford architectures [33].
Extending these insights has proved difficult. Here we
provide some of the clearest algorithmic-level evidence that
measurements with real-time feedforward enhance shallow
quantum algorithms. We do so by compressing dense IQP
circuits to constant depth and demonstrating robust anti-
concentration, noise resilience, and a provable expressivity
advantage in a quantum machine-learning benchmark.
Measurement-prepared Hamiltonian phase states—The

core of our protocol is a constant-depth, measurement-
driven method for implementing the dense, many-body
Pauli-Z rotations that constitute computationally hard IQP
circuits. While one could conventionally generate such a
term by conjugating a single-qubit rotation with a deep
unitary CX circuit, this requires polynomial depth on locally
connected hardware.
Our measurement-driven fan-out staircase (FS)

blocks–layered circuits of fan-out gates that build global
correlations–achieve this same goal in constant depth.
The mechanism of a block involves three conceptual steps.
First, we locally entangle system qubits with nearby
auxiliary qubits using a short pattern of nearest-neighbor
CX gates. Next, we measure the auxiliaries in the X basis.
An X-basis outcomemk ¼ 1 is equivalent to having applied
a Pauli-Z operator to that auxiliary qubit just before its
measurement. The resulting Pauli-Z correction string on the

system qubits is determined by tracking how this “hypo-
thetical” Z operator is transformed under conjugation by the
full entangling unitary. This transformation—calculated by
iteratively applying commutation rules [e.g., CXðc; tÞZt ¼
ZcZtCXðc; tÞ] through the circuit’s layers—establishes a
linear map from the measurement-outcome vector m to the
correction string, captured by a binary transfer matrix T . The
exact FS construction is characterized by a depth parameter
D and connectivity parameters r1, r2, as detailed in the End
Matter (Algorithm 1) and Supplemental Material [45] and
illustrated in Fig. 1(a).
By interleaving L layers of FS blocks and single-Z

rotations, the full circuit is

CMD ¼ ⊗
n

j¼1
eiϑLþ1;jZj

 YL
i¼1

FSi ⊗
n

j¼1
eiϑi;jZj

!
; ð1Þ

We absorb the Pauli-frame corrections by classically
updating the subsequent rotation angles via ϑ̃iþ1;j≔
ϑiþ1;jþðπ=2ÞðT ðiÞmðiÞÞj (mod 2π), as depicted in Fig. 1(c).
Since an FS block conjugates single-qubit Z’s into Z

(a)

(b) (c)

FIG. 1. Schematic of measurement-based fan-out staircases
for dense IQP sampling. (a) Multiloop fan-out staircases
(alternating-direction ladders) generated by random dynamic
circuits with measurement and feedforward. (b) Conceptual
bipartite (system-auxiliary) coupling graph. Our geometrically
local, bounded-degree 2D layouts are subgraphs of this sche-
matic. (c) Constant-depth implementation of dense IQP sampling
via interleaved phase rotations and randomized fan-out staircases,
where measurement outcomes inform subsequent corrections.
Staircase construction and transfer-matrix feedforward are de-
tailed in the End Matter.
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strings, the constant-depth protocol effectively realizes an
IQP circuit CA;ϑ ¼ exp ðiPs

i¼1 ϑi ⊗n
j¼1 Z

Ai;jÞ and prepares
the Hamiltonian phase-state vectors jψA;ϑi ¼ CA;ϑjþi⊗n.
These are defined by a binary matrix A∈ f0; 1gs×n, here-
after termed the “architecture matrix,” which our protocol
constructs row by row from the Pauli-Z string generated by
FS blocks, generating random IQP architectures exhibiting
anticoncentration.
Proposition 1: Anticoncentration—Fully random archi-

tectures A∈Zs×n
2 achieve anticoncentration with s∈OðnÞ.

Restricting the angles leads to our first main result.
Theorem 1: Measurement-driven short IQP circuits—

Fix k ≥ 1. For angles ϑ∈ flπ=2kg2k−1l¼0 , the measurement-
driven circuit CMD implements a dense k-local IQP circuit.
Here, a “k-local” IQP circuit consists of commuting Z

interactions involving at most k qubits (i.e., weight ≤ k).
We call it dense if an n-independent constant fraction of
admissible Z strings appear with Θð1Þ angles. In particular,
the diagonal gates eiπZ=8 and eiπZZ=4 arise from the syn-
thesis with k ¼ 3 and k ¼ 2, respectively, using a constant
number of FS blocks on bounded-degree 2D layouts. To
quantitatively evaluate the statistical randomness of binary
circuit architectures, we propose the following criterion:
Criterion 1—A∈Zs×n

2 is statistically random if (i) the
eigenvalue distribution of the standardized covariance
matrix ð2A − 1Þð2A − 1Þ⊤=s matches Marchenko-Pastur
law [51]; (ii) row and column Hamming weights and
pairwise distances follow binomial distributions; and
(iii) ≥ 90% of random submatrices exhibit ranks within
2 of full rank over the Galois field of order 2.
Remark 1—Our randomness diagnostics probe typicality

only—analogous to statistical validation in boson and
random circuit sampling—and do not imply a worst-to-
average reduction [1]. Such a reduction would require
distribution-specific random self-reducibility, which we
leave open.
These conditions guarantee spectral, statistical, and

algebraic universality [51–53]. Using Criterion 1, we
numerically compare measurement-driven randomized
FS against random CX circuits without auxiliary qubits
under both 2D grid and all-to-all connectivity. In the 2D
configuration, system and auxiliary qubits alternate, with
random directed Hamiltonian paths generated according to
Algorithm 2 in the End Matter, respecting local constraints
[Fig. 2(a)]. Figure 2(b) shows eigenvalue distributions from
measurement-driven FS closely follow the Marchenko-
Pastur law, unlike random local CX circuits at comparable
depths. Numerical results [Figs. 2(c) and 2(d)] indicate that
circuits without auxiliary qubits require polynomial (2D
grid) or logarithmic (all-to-all) depths to satisfy Criterion 1.
In contrast, measurement-driven FSs meet this criterion at
constant depth, with parameters r1 ¼ r2 ¼ 1, and D ¼ 2
for all-to-all connectivity and D ¼ 4 for 2D grid connec-
tivity, even in the large-scale regime. Subsequent IQP
simulations employ the 2D grid connectivity, interleaving

single-qubit Z rotations with two FS layers (each
with D ¼ 2).
Quantum circuit cost quantifies the minimal resources

required to implement a given unitary operation by inte-
grating contributions from local gate interactions, where the
entanglement entropy generated across suitable 1D bipar-
titions provides a fundamental lower bound for this cost
[54,55]. We extend this to 2D lattices by considering
horizontal ðlxÞ and vertical ðlyÞ cuts, yielding the summed
entanglement entropy

ξðψÞ ≔ 1

η

 X
lx

Sðψ ;lxÞ þ
X
ly

Sðψ ;lyÞ
!
; ð2Þ

where η is a geometry-dependent constant. ξ provides a
lower bound for the geometrically local circuit cost
required to prepare a given state from a product in two
dimensions (see Supplemental Material [45]). We bench-
mark against ξlin, the average for output states of deep,
linear-depth random CX circuits (∼6n). Although such
constant-depth circuits on 2D lattices are not expected to
achieve genuine volume-law entropy across each cut—
particularly for larger systems—Fig. 3(a) shows that
measurement-driven IQP circuits nonetheless achieve
ξ=ξlin ≈ 1, matching the entangling power of linear-depth
CX circuits. In contrast, conventional depth-matched IQP
circuits without auxiliary systems fall significantly short.

(a) (b)

(c) (d)

FIG. 2. (a) Checkerboard layout of alternating system and
auxiliary qubits on a 2D square lattice, with a sampled Hamil-
tonian path covering all qubits. (b) Comparison of eigenvalue
distributions from randomized fan-out staircases with the theo-
retical Marchenko-Pastur law for a representative 41 × 41-qubit
system. (c),(d) Minimal circuit depths required to satisfy
Criterion 1, contrasting measurement-driven fan-out staircases
(blue squares) with circuits without auxiliary qubits (red circles),
for (c) 2D grid and (d) all-to-all connectivity.
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The collision probability, χ ≔ EC½
P

x pCðxÞ2�, quantifies
quantum circuit anticoncentration. For sufficiently deep
Haar-random circuits, the collision probability approaches
χHaar ¼ 2=ð2n þ 1Þ. Anticoncentration requires the ratio
χ=χHaar to remain bounded by a small constant [56], a
condition underpinning complexity arguments and bench-
marks like cross-entropy benchmarking [7,57]. Figure 3(b)
compares collision probabilities between measurement-
driven IQP circuits and standard IQP circuits without
auxiliary qubits at comparable depths. Unlike standard
IQP circuits, measurement-driven IQP circuits exhibit a
decreasing collision probability ratio with increasing sys-
tem size, indicating robust anticoncentration at constant
depth and minimal sensitivity to connectivity constraints.
Building upon (i) Proposition 1, (ii) our 2D numerics,

and (iii) Lemma 8 of Ref. [58], which establishes #P
hardness for depth-OðnÞ random circuits over feiπZ=8;
eiπZZ=4; SWAPg, we make the following observation. On
bounded-degree 2D layouts with an interleaved system-
auxiliary placement, our constant two-qubit depth protocol
implements a subclass of dense k-local diagonal layers,
including the gates eiπZ=8 and eiπZZ=4 central to that hard-
ness result (Theorem 1). Since the SWAP permutations also
required by the full construction in Ref. [58] are realizable
in our model via measurement-mediated routing without
added unitary depth, our scheme therefore realizes a subset
of instances from this known hard circuit family at constant
depth. This serves as strong motivation—not a formal
worst-to-average reduction [8,11,15]—for the more per-
missive conjecture that follows.

Conjecture 1: Average-case hardness—For a broad
class of connected bounded-degree bipartite lattices in
dimension d ≥ 2, there exists a constant two-qubit depth,
measurement-driven IQP family—realized via randomized
fan-out staircases on n qubits with at most Oðn log nÞ
auxiliaries and independent identically distributed (i.i.d.)
phases in ½0; 2πÞ—whose output distributions anticoncen-
trate and for which, on a non-negligible fraction of
instances, at least one fixed output probability is #P-hard
to approximate within a constant multiplicative factor.
Remark 2—Our numerics suggest OðnÞ auxiliaries often

suffice on 2D grids; theOðn lognÞ budget in the conjecture
is a conservative high-probability allowance to guarantee
strong pseudorandomness across a wider range of bounded-
degree layouts (e.g., by modestly widening fan-out targets
or layering additional auxiliary resources), at constant two-
qubit depth.
Implication—Assuming Conjecture 1 and noncollapse of

the polynomial hierarchy, the standard Stockmeyer route
implies that approximate sampling from this family is
classically intractable up to inverse-polynomial total varia-
tion error [1,59].
Measurement-driven IQP circuits exhibit notably enhanced

noise resilience compared to conventional IQP circuits, which
typically become classically simulable under constant gate
noise beyond certain depth thresholds [21,22]. By com-
pressing a family of polynomial-depth circuits into constant
depth, measurement-driven circuits evade these simulation
methods typically applicable to deeper noisy circuits.
To quantify this advantage, we numerically evaluate the

total variation distance δTVðp; p̃Þ ≔
P

x jpðxÞ − p̃ðxÞj=2
between the ideal output distribution pðxÞ and the noisy
distribution p̃ðxÞ for standard and measurement-driven IQP
circuits on a 6 × 6 2D grid, assuming ideal measurements.
We first analyze gate depolarizing noise at varying error
rates [Fig. 3(c)]. Measurement-driven circuits consistently
yield lower δTV compared to standard IQP circuits, pri-
marily due to efficient long-range interactions without
additional SWAP gates. Moreover, measurement-driven
circuits exhibit narrower δTV distributions, as local errors
propagate into correlated global errors through feedforward
corrections.
In a second analysis, we omit gate errors and focus

exclusively on decoherence characterized by the dephasing
coherence time T2 (assuming an infinite T1). The total
variation distance δTV is expected to saturate exponen-
tially with circuit duration Δt according to δTVðΔtÞ≈
δTV;∞ð1 − e−κΔtÞ, where δTV;∞ is the asymptotic distance
between the ideal and uniform distributions, and κ is an
effective dephasing rate. Numerical results (assuming 200 ns
per CX layer) in Fig. 3(d) show that depth compression in
measurement-driven circuits significantly reduces δTV, dem-
onstrating substantial mitigation of decoherence effects.
Measurement-based quantum reservoir—Reservoir

computing (RC) embeds inputs using a fixed dynamical

(a) (b)

(c) (d)

FIG. 3. Comparison of measurement-driven IQP sampling
(blue) with standard IQP sampling (red, gray) at matched
constant two-qubit depth on a 2D nearest-neighbor grid. (a) Rel-
ative entanglement-based circuit cost ξ=ξlin for fixed-depth
circuits L ¼ 2, D ¼ 2 versus system size. (b) Collision proba-
bility ratio χ=χHaar versus system size. (c) Total variation distance
between noisy and ideal output distributions under gate depola-
rizing errors. (d) Total variation distance under pure dephasing
noise assuming fixed gate duration.
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system while training only a simple classical readout
[60,61]. In quantum RC, the reservoir is a fixed quantum
evolution whose intrinsic dynamics generate rich features,
with measurements inducing nonlinearity and entangle-
ment enabling long-range mixing [42,43]. In our scheme,
interleaving single-qubit gates with FS and FS† forms a
constant-depth reservoir where midcircuit measurements
and Pauli-frame feedforward create input-dependent non-
linear feature maps.
We benchmark our measurement-based quantum reser-

voir to an extended bosonic Su-Schrieffer-Heeger chain,
H ¼Pμ∈ fx;y;zg γμðJ

Pn=2
i¼1 σ

μ
2i−1σ

μ
2i þ J0

Pn=2−1
i¼1 σμ2iσ

μ
2iþ1Þ,

where γμ ¼ 1þ ðδ − 1Þδμ;z. This model features three dis-
tinct phases—trivial, topological, and symmetry broken—
depending on the values of J, J0, and δ [62–64]. For each
phase, we sample 500 eigenstates uniformly from the lowest
20 levels, apply weak local perturbations, and evolve under
the candidate reservoirs. Only local spin observables hσzi i are
measured for each reservoir (8192 shots), with a simulated
symmetric per-qubit readout error of 0.5%.
We compare four reservoirs: (i) a random anisotropic

Heisenberg reservoir, HH ¼Phi;ji
P

μ J
μ
i;jσ

μ
i σ

μ
j , where

μ∈ fx; y; zg labels spin components; (ii) a random
transverse-field Ising reservoir, HTFI ¼

P
hi;ji Ji;jσ

z
iσ

z
j þP

i hiσ
x
i ; (iii) a random transverse-field XY reservoir

HXY ¼Phi;jiðJxi;jσxi σxj þ Jyi;jσ
y
i σ

y
jÞ þ

P
i hiσ

x
i ; and (iv) a

measurement-based multibody XY reservoir HA ¼P
s
i¼1ðcxi

Q
j∈Ai

σxj þ cyi
Q

j∈Ai
σyjÞ, with all coupling coef-

ficients Jx;y;zi;j , hi, and cx;y;zi drawn i.i.d. from N ð0; 1=2Þ,
s ¼ 16, and A encodes the measurement-enabled archi-
tecture. All reservoirs use 16 system qubits on 2D-square
and hexagonal lattices and undergo ten identical Floquet
cycles generated by their Hamiltonian terms. The classi-
fication of phases is performed using a support vector
machine with a radial basis function kernel [65,66].
The classification accuracy versus Floquet cycle for the

reservoirs is shown in Fig. 4, with each violin distribution
obtained from 50 independent random realizations of A
and coupling strengths. In contrast to local reservoirs
(i)–(iii), the measurement-driven multibody reservoir rap-
idly reaches high accuracy at short times. However,
removing the feedforward adaptivity leads to a marked
drop in performance. From an expressivity standpoint,
local-Hamiltonian reservoirs with constant Floquet cycles
cannot approximate certain measurement-based feature
maps even within inverse-polynomial error, a distinction
formalized in Theorem 2 (proof and additional benchmarks
in Supplemental Material [45]).
Theorem 2: Expressivity separation for local Hamilto-

nian reservoirs—Let G be a connected bounded-degree
graph with n qubits and fix a Floquet period T. There exist
encoded input state vectors jψ0i; jψ1i, a two-outcome
observable O, and a measurement-driven Floquet reservoir

RðTÞ
MD such that

���Tr�ORðTÞ
MDðjψ0iÞ

�
− Tr

�
ORðTÞ

MDðjψ1iÞ
���� ¼ Ωð1Þ; ð3Þ

while any nearest-neighbor Hamiltonian-based Floquet
evolution on the same graph G, with the same total
evolution time, achieves a separation at most exponentially
small in n.
Discussion and outlook—Our measurement-driven

framework incorporates extensive interactions between
system and auxiliary qubits to broaden the scope of
dynamic quantum circuits. In contrast to depth-heavy
random-unitary experiments [7], our dynamic-circuit
scheme achieves anticoncentration at constant two-qubit
depth via midcircuit measurements with modest auxiliary
overhead. Beyond sampling, its associated Hamiltonian
phase-state preparations can enhance cryptographic proto-
cols [67]. An extension to fermion sampling is also
promising, as midcircuit measurements can introduce the
non-Gaussian effects crucial for computational hardness
[14]. Furthermore, our measurement-based feature maps
can advance quantum machine-learning applications by
enabling constant-depth global operations that capture data
structures inaccessible to local unitary kernels [68–70].
The primitives our protocol requires—midcircuit mea-

surements, active reset, and low-latency feedforward—have
been demonstrated on leading platforms. Superconducting
processors enable real-time conditional logic via parity
measurements and fast (sub-μs–few-μs) resets [71–75].
Trapped-ion systems, benefiting from long coherence
times, support conditional operations in modular quantum
CCD architectures and through networked feedforward
[29,76–78], while neutral-atom arrays have achieved site-
selective conditional branching [79,80]. These milestones
confirm the availability of the necessary NISQþ primitives.
Our classical postprocessing, a sparse Pauli-frame parity
update, adds negligible latency overhead compared to typical
gate times and coherence windows.

FIG. 4. Phase-classification accuracy versus Floquet cycle for
different reservoirs. Each violin distribution is obtained from 50
random realizations of architectures and coupling strengths. The
measurement-driven multibody XY reservoir achieves high ac-
curacy at short times, outperforming local reservoirs (i)–(iii),
while removing feedforward (FF) adaptivity significantly reduces
performance. QR denotes quantum reservoir; MD-QR denotes
measurement-driven quantum reservoir.
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Nevertheless, midcircuit measurement errors (below 1%
in leading systems) and reset infidelity, measurement-
induced crosstalk, and latency-induced idle dephasing
remain practical constraints; these effects have been
directly characterized across platforms [81–83]. In our
constant-depth realization, each hyperlayer executes a
global Pauli-frame parity update, so performance is set
by the effective midcircuit error rate and the feedback delay
rather than additional quantum depth. Consistent with
Figs. 3 and 4, we expect a graceful degradation under
realistic error levels. With sub-μs feedback and percent-
level readout now available, near-term demonstrations on
moderate-size dynamic-circuit hardware appear feasible,
while scalability will hinge on continued improvements in
measurement fidelity and latency.
Regarding quantum error correction, our shallow-circuit

techniques offer a promising route to enhance quantum
coding protocols based on low-depth random circuits [84].
Our approach generalizes dynamic-circuit methods for
preparing toric code ground states with long-range topo-
logical order [29,85] and may enable efficient realization of
broader classes of quantum low-density parity-check codes
[86], thereby providing a viable blueprint for scalable and
fault-tolerant quantum-information processing.
Conclusion—We introduced an explicit, measurement-

based scheme achieving dense IQP sampling at constant
depth via randomly generated fan-out staircases, bypassing
conventional light-cone constraints to enable global entan-
glement, robust anticoncentration, and high noise resilience.
Additionally, we demonstrated that measurement-based
circuits effectively serve as quantum reservoirs, efficiently
distinguishing topological phases from random eigenstates.
Overall, our results highlight that midcircuit measurements
and feedforward can significantly enhance quantum algo-
rithm performance at shallow depth—alleviating connec-
tivity constraints and opening pathways for NISQþ
quantum advantages as next steps to be taken toward
achieving fault-tolerant application-scale [17] quantum
computers.

Acknowledgments—We thank Antonio Anna Mele,
Marcel Hinsche, Elies Gil-Fuster, Zhenhuan Liu, Julio
Carlos Magdalena De La Fuente, and Xiaoyu He for
insightful discussions and valuable feedback. This work
has been supported by the BMFTR (DAQC, MuniQC-
Atoms, QuSol, Hybrid++), Clusters of Excellence (ML4Q,
MATH+), the Munich Quantum Valley, Berlin Quantum,
the Quantum Flagship (MILLENION, PASQUANS2), the
DFG (CRC 183, SPP 2541), the European Research
Council (DebuQC), and the Alexander von Humboldt
Foundation.

Data availability—The data are not publicly available.
The data are available from the authors upon reasonable
request.

[1] D. Hangleiter and J. Eisert, Computational advantage of
quantum random sampling, Rev. Mod. Phys. 95, 035001
(2023).

[2] S. Aaronson and A. Arkhipov, The computational complex-
ity of linear optics, in Proceedings of the Forty-Third
Annual ACM Symposium on Theory of Computing,
STOC ’11 (Association for Computing Machinery,
New York, USA, 2011), p. 333–342.

[3] M. Tillmann, B. Dakić, R. Heilmann, S. Nolte, A. Szameit,
and P. Walther, Experimental boson sampling, Nat. Pho-
tonics 7, 540 (2013).

[4] C. S. Hamilton, R. Kruse, L. Sansoni, S. Barkhofen, C.
Silberhorn, and I. Jex, Gaussian boson sampling, Phys. Rev.
Lett. 119, 170501 (2017).

[5] A. P. Lund, M. J. Bremner, and T. C. Ralph, Quantum
sampling problems, bosonsampling and quantum
supremacy, npj Quantum Inf. 3, 15 (2017).

[6] A. Deshpande, A. Mehta, T. Vincent, N. Quesada, M.
Hinsche, M. Ioannou, L. Madsen, J. Lavoie, H. Qi, J.
Eisert, D. Hangleiter, B. Fefferman, and I. Dhand, Quantum
computational advantage via high-dimensional Gaussian
boson sampling, Sci. Adv. 8, eabi7894 (2022).

[7] F. Arute et al., Quantum supremacy using a programmable
superconducting processor, Nature (London) 574, 505
(2019).

[8] A. Bouland, B. Fefferman, C. Nirkhe, and U. Vazirani, On
the complexity and verification of quantum random circuit
sampling, Nat. Phys. 15, 159 (2019).

[9] D. Shepherd and M. J. Bremner, Temporally unstructured
quantum computation, Proc. R. Soc. A 465, 1413 (2009).

[10] M. J. Bremner, R. Jozsa, and D. J. Shepherd, Classical
simulation of commuting quantum computations implies
collapse of the polynomial hierarchy, Proc. R. Soc. A 467,
459 (2011).

[11] M. J. Bremner, A. Montanaro, and D. J. Shepherd, Average-
case complexity versus approximate simulation of commut-
ing quantum computations, Phys. Rev. Lett. 117, 080501
(2016).

[12] M. J. Bremner, A. Montanaro, and D. J. Shepherd, Achiev-
ing quantum supremacy with sparse and noisy commuting
quantum computations, Quantum 1, 8 (2017).

[13] D. Bluvstein et al., Logical quantum processor based on
reconfigurable atom arrays, Nature (London) 626, 58
(2024).

[14] M. Oszmaniec, N. Dangniam, M. E. Morales, and Z.
Zimborás, Fermion sampling: A robust quantum computa-
tional advantage scheme using fermionic linear optics and
magic input states, PRX Quantum 3, 020328 (2022).

[15] J. Haferkamp, D. Hangleiter, A. Bouland, B. Fefferman, J.
Eisert, and J. Bermejo-Vega, Closing gaps of a quantum
advantage with short-time Hamiltonian dynamics, Phys.
Rev. Lett. 125, 250501 (2020).

[16] M. Ringbauer, M. Hinsche, T. Feldker, P. K. Faehrmann, J.
Bermejo-Vega, C. L. Edmunds, L. Postler, R. Stricker, C. D.
Marciniak, M. Meth, I. Pogorelov, R. Blatt, P. Schindler, J.
Eisert, T. Monz, and D. Hangleiter, Verifiable measurement-
based quantum random sampling with trapped ions, Nat.
Commun. 16, 106 (2025).

[17] J. Eisert and J. Preskill, Mind the gaps: The fraught road to
quantum advantage, arXiv:2510.19928.

PHYSICAL REVIEW LETTERS 136, 080601 (2026)

080601-6

https://doi.org/10.1103/RevModPhys.95.035001
https://doi.org/10.1103/RevModPhys.95.035001
https://doi.org/10.1038/nphoton.2013.102
https://doi.org/10.1038/nphoton.2013.102
https://doi.org/10.1103/PhysRevLett.119.170501
https://doi.org/10.1103/PhysRevLett.119.170501
https://doi.org/10.1038/s41534-017-0018-2
https://doi.org/10.1126/sciadv.abi7894
https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1038/s41567-018-0318-2
https://doi.org/10.1098/rspa.2008.0443
https://doi.org/10.1098/rspa.2010.0301
https://doi.org/10.1098/rspa.2010.0301
https://doi.org/10.1103/PhysRevLett.117.080501
https://doi.org/10.1103/PhysRevLett.117.080501
https://doi.org/10.22331/q-2017-04-25-8
https://doi.org/10.1038/s41586-023-06927-3
https://doi.org/10.1038/s41586-023-06927-3
https://doi.org/10.1103/PRXQuantum.3.020328
https://doi.org/10.1103/PhysRevLett.125.250501
https://doi.org/10.1103/PhysRevLett.125.250501
https://doi.org/10.1038/s41467-024-55342-3
https://doi.org/10.1038/s41467-024-55342-3
https://arXiv.org/abs/2510.19928


[18] L. Paletta, A. Leverrier, A. Sarlette, M. Mirrahimi, and C.
Vuillot, Robust sparse IQP sampling in constant depth,
Quantum 8, 1337 (2024).

[19] R. Jozsa, S. Ghosh, and S. Strelchuk, IQP computations
with intermediate measurements, arXiv:2408.10093.

[20] D. Maslov, S. Bravyi, F. Tripier, A. Maksymov, and J.
Latone, Fast classical simulation of Harvard/QuEra IQP
circuits, arXiv:2402.03211.

[21] J. Nelson, J. Rajakumar, D. Hangleiter, and M. J. Gullans,
Polynomial-time classical simulation of noisy circuits with
naturally fault-tolerant gates, arXiv:2411.02535.

[22] J. Rajakumar, J. D. Watson, and Y.-K. Liu, Polynomial-time
classical simulation of noisy IQP circuits with constant
depth, in Proceedings of the 2025 Annual ACM-SIAM Sym-
posium on Discrete Algorithms (SODA) (SIAM, Philadel-
phia, PA), pp. 1037–1056.

[23] Y. Quek, The term NISQþ has presumably first been used at
the “seeking quantum advantage” workshop 2024 (private
communication).

[24] B. Skinner, J. Ruhman, and A. Nahum, Measurement-
induced phase transitions in the dynamics of entanglement,
Phys. Rev. X 9, 031009 (2019).

[25] L. Piroli, G. Styliaris, and J. I. Cirac, Quantum circuits
assisted by local operations and classical communication:
Transformations and phases of matter, Phys. Rev. Lett. 127,
220503 (2021).

[26] T.-C. Lu, L. A. Lessa, I. H. Kim, and T. H. Hsieh, Meas-
urement as a shortcut to long-range entangled quantum
matter, PRX Quantum 3, 040337 (2022).

[27] A. Deshpande, M. Hinsche, S. Najafi, K. Sharma, R. Sweke,
and C. Zoufal, Dynamic parameterized quantum circuits:
Expressive and barren-plateau free, arXiv:2411.05760.

[28] M. DeCross, E. Chertkov, M. Kohagen, and M. Foss-Feig,
Qubit-reuse compilation with mid-circuit measurement and
reset, Phys. Rev. X 13, 041057 (2023).

[29] M. Foss-Feig, A. Tikku, T.-C. Lu, K. Mayer, M. Iqbal, T. M.
Gatterman, J. A. Gerber, K. Gilmore, D. Gresh, A. Hankin,
N. Hewitt, C. V. Horst, M. Matheny, T. Mengle, B.
Neyenhuis, H. Dreyer, D. Hayes, T. H. Hsieh, and I. H.
Kim, Experimental demonstration of the advantage of
adaptive quantum circuits, arXiv:2302.03029.

[30] H. Buhrman, M. Folkertsma, B. Loff, and N. M. P.
Neumann, State preparation by shallow circuits using feed
forward, Quantum 8, 1552 (2024).

[31] M. Iqbal, N. Tantivasadakarn, T. M. Gatterman, J. A. Gerber,
K. Gilmore, D. Gresh, A. Hankin, N. Hewitt, C. V. Horst,
M. Matheny, T. Mengle, B. Neyenhuis, A. Vishwanath, M.
Foss-Feig, R. Verresen, and H. Dreyer, Topological order
from measurements and feed-forward on a trapped ion
quantum computer, Commun. Phys. 7, 205 (2024).

[32] W. Zi, J. Nie, and X. Sun, Constant-depth quantum circuits
for arbitrary quantum state preparation via measurement and
feedback, arXiv:2503.16208.

[33] A. Bene Watts, D. Gosset, Y. Liu, and M. Soleimanifar,
Quantum advantage from measurement-induced entangle-
ment in random shallow circuits, PRX Quantum 6, 010356
(2025).

[34] M.McGinley,W.W. Ho, and D.Malz, Measurement-induced
entanglement and complexity in random constant-depth 2d
quantum circuits, Phys. Rev. X 15, 021059 (2025).

[35] Y. Yan, M. Ma, Y. Zhou, and X. Ma, Variational LOCC-
assisted quantum circuits for long-range entangled states,
Phys. Rev. Lett. 134, 170601 (2025).

[36] E. Bäumer, D. Sutter, and S. Woerner, Approximate
quantum Fourier transform in logarithmic depth on a line,
arXiv:2504.20832.

[37] E. Bäumer, V. Tripathi, D. S. Wang, P. Rall, E. H. Chen, S.
Majumder, A. Seif, and Z. K. Minev, Efficient long-range
entanglement using dynamic circuits, PRX Quantum 5,
030339 (2024).

[38] E. Bäumer and S. Woerner, Measurement-based long-range
entangling gates in constant depth, Phys. Rev. Res. 7,
023120 (2025).

[39] E. H. Lieb and D.W. Robinson, The finite group velocity of
quantum spin systems, Commun. Math. Phys. 28, 251 (1972).

[40] J. Eisert and T. J. Osborne, General entanglement scaling
laws from time evolution, Phys. Rev. Lett. 97, 150404 (2006).

[41] S. Bravyi, M. B. Hastings, and F. Verstraete, Lieb-Robinson
bounds and the generation of correlations and topological
quantum order, Phys. Rev. Lett. 97, 050401 (2006).

[42] K. Fujii and K. Nakajima, Harnessing disordered-ensemble
quantum dynamics for machine learning, Phys. Rev. Appl.
8, 024030 (2017).

[43] K. Nakajima, K. Fujii, M. Negoro, K. Mitarai, and M.
Kitagawa, Boosting computational power through spatial
multiplexing in quantum reservoir computing, Phys. Rev.
Appl. 11, 034021 (2019).

[44] S. Sang, Y. Li, T. Zhou, X. Chen, T. H. Hsieh, and M. P.
Fisher, Entanglement negativity at measurement-induced
criticality, PRX Quantum 2, 030313 (2021).

[45] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/4b99-xmqn for additional protocol
details, proofs, and numerical benchmarks, which includes
Refs. [46–50].

[46] D. Gross, K. Audenaert, and J. Eisert, Evenly distributed
unitaries: On the structure of unitary designs, J. Math. Phys.
(N.Y.) 48, 052104 (2007).

[47] Y. Nakata and M. Murao, Diagonal-unitary 2-design and
their implementations by quantum circuits, Int. J. Quantum.
Inform. 11, 1350062 (2013).

[48] Y. Nakata, M. Koashi, and M. Murao, Generating a state
t-design by diagonal quantum circuits, New J. Phys. 16,
053043 (2014).

[49] D. Shepherd, Binary matroids and quantum probability
distributions, arXiv:1005.1744.

[50] V. F. Kolchin, Random Graphs (Cambridge University
Press, Cambridge, England, 1999).

[51] V. A. Marchenko and L. A. Pastur, Distribution of eigen-
values for some sets of random matrices, Math. USSR Sb.
(NS) 72, 4 (1967).

[52] A. Edelman and N. R. Rao, Random matrix theory, Acta
Numer. 14, 233 (2005).

[53] T. Tao, Topics in Random Matrix Theory (American
Mathematical Society, Providence, 2012), Vol. 132.

[54] M. Mariën, K. M. R. Audenaert, K. Van Acoleyen, and F.
Verstraete, Entanglement rates and the stability of the area
law for the entanglement entropy, Commun. Math. Phys.
346, 35 (2016).

[55] J. Eisert, Entangling power and quantum circuit complexity,
Phys. Rev. Lett. 127, 020501 (2021).

PHYSICAL REVIEW LETTERS 136, 080601 (2026)

080601-7

https://doi.org/10.22331/q-2024-05-06-1337
https://arXiv.org/abs/2408.10093
https://arXiv.org/abs/2402.03211
https://arXiv.org/abs/2411.02535
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevLett.127.220503
https://doi.org/10.1103/PhysRevLett.127.220503
https://doi.org/10.1103/PRXQuantum.3.040337
https://arXiv.org/abs/2411.05760
https://doi.org/10.1103/PhysRevX.13.041057
https://arXiv.org/abs/2302.03029
https://doi.org/10.22331/q-2024-12-09-1552
https://doi.org/10.1038/s42005-024-01698-3
https://arXiv.org/abs/2503.16208
https://doi.org/10.1103/PRXQuantum.6.010356
https://doi.org/10.1103/PRXQuantum.6.010356
https://doi.org/10.1103/PhysRevX.15.021059
https://doi.org/10.1103/PhysRevLett.134.170601
https://arXiv.org/abs/2504.20832
https://doi.org/10.1103/PRXQuantum.5.030339
https://doi.org/10.1103/PRXQuantum.5.030339
https://doi.org/10.1103/PhysRevResearch.7.023120
https://doi.org/10.1103/PhysRevResearch.7.023120
https://doi.org/10.1007/BF01645779
https://doi.org/10.1103/PhysRevLett.97.150404
https://doi.org/10.1103/PhysRevLett.97.050401
https://doi.org/10.1103/PhysRevApplied.8.024030
https://doi.org/10.1103/PhysRevApplied.8.024030
https://doi.org/10.1103/PhysRevApplied.11.034021
https://doi.org/10.1103/PhysRevApplied.11.034021
https://doi.org/10.1103/PRXQuantum.2.030313
http://link.aps.org/supplemental/10.1103/4b99-xmqn
http://link.aps.org/supplemental/10.1103/4b99-xmqn
http://link.aps.org/supplemental/10.1103/4b99-xmqn
http://link.aps.org/supplemental/10.1103/4b99-xmqn
http://link.aps.org/supplemental/10.1103/4b99-xmqn
https://doi.org/10.1063/1.2716992
https://doi.org/10.1063/1.2716992
https://doi.org/10.1142/S0219749913500627
https://doi.org/10.1142/S0219749913500627
https://doi.org/10.1088/1367-2630/16/5/053043
https://doi.org/10.1088/1367-2630/16/5/053043
https://arXiv.org/abs/1005.1744
https://doi.org/10.1070/SM1967v001n04ABEH001994 
https://doi.org/10.1070/SM1967v001n04ABEH001994 
https://doi.org/10.1017/S0962492904000236
https://doi.org/10.1017/S0962492904000236
https://doi.org/10.1007/s00220-016-2709-5
https://doi.org/10.1007/s00220-016-2709-5
https://doi.org/10.1103/PhysRevLett.127.020501


[56] A. M. Dalzell, N. Hunter-Jones, and F. G. S. L. Brandão,
Random quantum circuits anticoncentrate in log depth, PRX
Quantum 3, 010333 (2022).

[57] S. Boixo, S. V. Isakov, V. N. Smelyanskiy, R. Babbush, N.
Ding, Z. Jiang, M. J. Bremner, J. M. Martinis, and H. Neven,
Characterizing quantum supremacy in near-term devices,
Nat. Phys. 14, 595 (2018).

[58] D. Hangleiter, J. Bermejo-Vega, M. Schwarz, and J. Eisert,
Anticoncentration theorems for schemes showing a quan-
tum speedup, Quantum 2, 65 (2018).

[59] L. Stockmeyer, The complexity of approximate counting, in
Proceedings of the Fifteenth Annual ACM Symposium on
Theory of Computing, STOC ’83 (Association for Comput-
ing Machinery, New York, USA, 1983), pp. 118–126.

[60] H. Jaeger, The “Echo State” Approach to Analysing and
Training Recurrent Neural Networks-With an Erratum Note
(German National Research Center for Information Tech-
nology, Bonn, Germany, 2001), Vol. 148, p. 13, 10.24406/
publica-fhg-291111.

[61] W. Maass, T. Natschläger, and H. Markram, Real-time
computing without stable states: A new framework for
neural computation based on perturbations, Neural Comput.
14, 2531 (2002).

[62] W. P. Su, J. R. Schrieffer, and A. J. Heeger, Solitons in
polyacetylene, Phys. Rev. Lett. 42, 1698 (1979).
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Protocol details: Measurement-driven fan-out
staircases—Throughout, we arrange system and auxiliary
qubits in an alternating pattern and build randomized fan-
out staircase blocks by interleaving short entangling
patterns with midcircuit measurements; the detailed scheme
is given in Algorithm 1. Theoretically, an FS block maps
a single-qubit Z phase into a many-body Z rotation

via conjugation, FSieiϑjZjFS†
i ¼ expðiϑj ⊗n

l¼1 Z
Ai;l
l Þ. For

state preparation from jþi⊗n, this simplifies: FS†
i acts

trivially. In each FS ladder (forward-backward along a
chosen path) we apply nearest-neighbor CXs between
systems and auxiliaries, measure all auxiliaries in the X
basis, and absorb the induced Pauli-Z string on the
systems via Pauli-frame feedforward using the binary
transfer matrix T . We denote the forward-backward

ladder at round j by FLð↑=↓Þj [optionally, FLð↑Þj ≔Q
n−1
i¼1 fan-outðQðjÞ

li
→ Tðj;↑Þ

li
Þ] and a staircase with 2D

measurement rounds by FS ≔
QD−1

j¼0 ðFLð↓ÞD−jFL
ð↑Þ
D−jÞ. A

staircase with 2D measurement rounds thus has constant
two-qubit depth 4D (independent of n), while the total

two-qubit gate count is OðDnÞ. In this Letter, we
focus on the minimal-auxiliary setting with (n − 1)
auxiliaries; however, adding auxiliary-auxiliary couplings
extends the scheme to richer interaction patterns without
changing the constant-depth scheduling. This dynamic
construction circumvents Lieb-Robinson light-cone limits
and rapidly generates long-range entanglement on
bounded-degree layouts.
Proposition 2: Measurement-driven fan-out staircases—

Implementing the randomized fan-out staircase circuits
described above without auxiliary qubits necessitates a
circuit depth of at least Ωðlog nÞ under all-to-all connec-
tivity. A matching logarithmic depth can be achieved in the
simplest scenario, where each fan-out targets a fixed
contiguous set of qubits (via Ref. [87]).
Proof—Implementing randomized fan-out staircases with-

out auxiliary qubits demands each input qubit’s information
to influence OðnÞ qubits to achieve global entanglement.
Local two-qubit gates impose constraints on information
propagation, allowing at most an exponential growth in the
range of influence per layer. Thus, after d layers, an input
qubit can influence at most Oð2dÞ qubits. To ensure global
entanglement [influencing OðnÞ qubits], the following

2d ≥ OðnÞ ⇒ d ¼ Ωðlog nÞ ðA1Þ

must hold. Hence, the logarithmic depth lower bound is
fundamental and unavoidable.
In the special scenario where each fan-out gate in the fan-

out ladder targets a fixed, contiguous set of qubits—
specifically, for each control qubit Qli , the target set is
Tli ¼ fQliþ1

; Qliþ2
;…; Qliþk

g for a finite integer k—the
corresponding CX circuit can be represented as a matrix
M∈GLðn; 2Þ [general linear group (GL)] with entries
equal to 1 only on the diagonal and within a band of
width k around the diagonal. Under these conditions, the
originalOðnÞ-depth fan-out ladder circuit can be efficiently
compiled into an equivalent OðlognÞ-depth circuit without
auxiliary qubits, as follows:
Initially, apply sequential CX gates between neigh-

boring qubits: explicitly, for i ¼ 1; 2;…; n − 1, apply
CXðQli ; Qliþ1

Þ. Subsequently, apply CX gates between
qubits separated by distance k in reverse order: specifically,
for i ¼ n − k; n − k − 1;…; 1, apply CXðQli ; Qliþk

Þ. This
procedure yields an equivalent circuit to the original
contiguous fan-out ladder. This compiled circuit consists
of (kþ 1) sequential CX ladders, each compilable into
Oðlog nÞ depth without auxiliary qubits, as demonstrated in
Ref. [87]. Consequently, the complete fan-out ladder can be
realized as a CX circuit of depth Oðk log nÞ. ▪
Reference [30] shows that other FSs realized by constant-

depth dynamic circuits also compile to the logarithmic depth

Algorithm 1. Measurement-based randomized fan-out staircases.

1: Input: System qubits fQigni¼1, auxiliary qubits fQ̃jgn−1j¼1,
constants r1, r2, and number of paths D.

2: for d ¼ 1;…;D do ▹ Iterate over D directed paths
3: Select a random directed qubit path fQligni¼1, fQ̃lj

gn−1j¼1.
4: for r ¼ 1;…; r1 do
5: Apply CXðQli ; Q̃li

Þ and CXðQ̃li ; Qliþ1
Þ sequentially

along the path.
6: end for
7: for r ¼ 1;…; r2 do
8: for each system qubit Qli do
9: Randomly select an auxiliary qubit Q̃lj ,

0 ≤ j − i < n=r2, without replacement;
apply CXðQli

; Q̃ljÞ.
10: end for
11: for each auxiliary qubit Q̃lj acted on do
12: Randomly select system qubit Qlk

,
r1 < k − j < n=r2, without replacement;
apply CXðQ̃lj

; QlkÞ.
13: end for
14: end for ▹ Forward fan-out ladder
15: Measure auxiliary qubits in X basis; store outcomes.
16: Reverse indexing order: Qli → Qlnþ1−i

; Q̃lj → Q̃ln−j .
17: Repeat steps 4–15 using reversed indices.
18: end for ▹ Backward fan-out ladder
19: Feedforward: Compute transfer matrices fT ðiÞg2Di¼1 and

apply corresponding Pauli-Z corrections to system qubits.
20: Output: A 2D-layer fan-out staircase circuit comprising

OðDnÞ fan-out gates, each targeting Oðr1 þ 4r2Þ qubits.
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bound on all-to-all hardware, albeit with more complex
constructions.
Each of the 2D fan-out ladders involves midcircuit

measurements yielding binary outcomes fmjgn−1j¼1. A meas-
urement outcome mj ¼ 1 is equivalent to the scenario
of applying a Pauli-Z operator to the Q̃j before its
Hadamard measurement, effectively converting the out-
come to 0. Using propagation relations CXðQi;QjÞZj ¼
ZiZjCXðQi;QjÞ, these hypothetical Z operations translate
into feedforward corrections exclusively on system qubits.
The necessary corrections after measurements can be
succinctly expressed using an n × ðn − 1Þ binary transfer
matrix T as

⊗
i
ZðT mÞi ; with ðT mÞi ≔

X
j

T i;jmj mod 2: ðA2Þ

Computing T across all 2D rounds has complexity
O½Dðr1 þ r2Þn2�. Rather than immediate corrections, we
propagate all corrections to circuit end using relations

fan-outðQi → TiÞZQj

¼
(
ZQi

ZQj
fan-outðQi → TiÞ; Qj ∈Ti;

ZQj
fan-outðQi → TiÞ; Qj ∉ Ti;

ðA3Þ

to propagate all corrections to the end of the staircase
circuit. An illustrative example follows, with further details
and examples provided in Supplemental Material [45].
Example 1: Transfer matrix for a CX ladder [38]—

Consider n system qubits fQig and n − 1 auxiliary qubits
fQ̃ig arranged linearly. Apply two nearest-neighbor layers:
first CXðQi; Q̃iÞ for i ¼ 1;…; n − 1, then CXðQ̃i; Qiþ1Þ
for i ¼ 1;…; n − 1. Measure all Q̃i in the X basis with
outcomes mi ∈ f0; 1g. Using CXðc; tÞZt ¼ ZcZtCXðc; tÞ
and Zj0i ¼ j0i, a putative ZQ̃i

backpropagates to
ZQ1

ZQ2
� � �ZQi

, so the system-side Pauli-frame bits are

zj ¼ ⨁
n−1

k¼j
mk; for j ¼ 1;…; n − 1 ðA4Þ

and zn ¼ 0. Equivalently, z ¼ T mðmod 2Þ with
T ∈ f0; 1gn×ðn−1Þ being the upper-triangular matrix (suffix
parity). For n ¼ 4,

T ¼

0
BBB@

1 1 1

0 1 1

0 0 1

0 0 0

1
CCCA: ðA5Þ

On a 2D grid, the exponential number of Hamiltonian
paths allows us to generate a distinct, effectively deep,
constant-depth IQP circuit for each sampling round. We
generate these paths as detailed in Algorithm 2 (e.g.,
Fig. 5), using 2000 rerouting iterations in our simulations.

Algorithm 2. Random directed Hamiltonian path on a 2D grid.

1: Input: Grid dimensions ðwidth;heightÞ, start qubit ðx0; y0Þ,
and number of rerouting iterations count.

2: Initialization:
(i) For each qubit ðx; yÞ, assign an initial zigzag direction:

(a) If y is even, set dirðx; yÞ ← WEST, except for x ¼ 0,
set dirð0; yÞ ← NORTH.

(b) If y is odd, set dirðx; yÞ ← EAST, except for
x ¼ width − 1, set dirðx; yÞ ← NORTH.

(ii) Set dirðx0; y0Þ ← NOWHERE, ensuring the start qubit
has no incoming edge.

3: for i ¼ 1;…; count do ▹ Iterative reconfiguration
4: Split: Select a 2 × 2 subsquare whose two diagonals carry
opposite directions. Let one diagonal be ðp; qÞ; follow stored
directions from p until q is reached, marking the square as a
loop. If this fails, switch to the other diagonal ðp0; q0Þ and retry.

5: Modify1: Flip ðp; qÞ from vertical
(fNORTH;SOUTHg) to horizontal (fEAST;WESTg), or
vice versa.

6: Mend: Choose a diagonal pair ðu; vÞwith exactly one end
point inside the loop; if none exists, set ðu; vÞ ← ðp; qÞ.

7: Modify2: Apply the same flip to ðu; vÞ to merge the loop
into the global path.

8: end for
9: Extract path:

(i) Compute the in-degree of each qubit.
(ii) Select any qubit with in-degree 0 and follow its edges to

obtain a single chain covering all qubits.
10: Output: A directed Hamiltonian path that visits each qubit

exactly once.

FIG. 5. An example of the split-and-mend procedure for
constructing a random directed Hamiltonian path on a 2D grid.
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