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The recent success of gravitational-wave (GW) astronomy together with renewed plans for lunar
geophysical instrumentation has revived interest in using the Moon as a resonant detector for midfrequency
(mHz–Hz) GWs. In realistic observational scenarios, the GW strain amplitude is expected to be constrained
independently by networks of GW detectors, which motivates an inverse, tomographic question: to what
extent can measurements of the Moon’s seismic response to known GWs be used to infer its internal
structure? In this Letter, we develop a first-principles, perturbative framework that maps spherically
symmetric perturbations of the elastic and density structure to measurable changes in observables,
especially GW-driven modal amplitudes of the Moon. The formalism combines (i) a normal-mode
representation of the elastic response, (ii) first-order perturbation theory for eigenvalues and eigenfunc-
tions, and (iii) a linearized observation model that links frequency and amplitude observables to model
parameters (bulk and shear moduli, density, and interface locations) and their perturbations. We show that
the estimation errors of the Moon’s elastic parameters can be reduced by about an order of magnitude with
observations of calibrated GWs.
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Introduction—Monitoring normal-mode excitations of a
massive elastic body caused by gravitationalwaves (GWs) is
an idea dating back to Weber’s early proposals for a GW
antenna [1]. This concept reemerged in recent years due to
the renewed interest in the scientific utilization of theMoon.
On the one hand, renewed lunar exploration initiatives and
proposals for geophysical instrumentation on the Moon
have greatly improved the feasibility of long-duration, low-
noise seismic monitoring [2,3]. On the other hand, the
concept of a future GWobservatory on the Moon, including
the Lunar Gravitational-Wave Antenna (LGWA) [4,5],
Laser Interferometer Lunar Antenna [6,7], and related
instrument studies [8,9], envisions a lunar observatory that
exploits the Moon’s exceptionally quiet seismic environ-
ment to probe the mHz–Hz GW band [10] complementary
to both ground-based and space-based interferometers
[11–14]. These developments motivate revisiting the
Moon as a resonant GW detector and quantifying the

scientific returns possible from dedicated lunar seismometer
networks.
The lunar response to GWs has been approached with a

variety of methods. Theoretical efforts have revisited the
lunar response using plane-wave models [15,16] and
Green-tensor formalism with normal-mode summation
[17,18] and have clarified the differences and relationships
among various theories [19–21]. Complementary numeri-
cal efforts such as spectral-element models have started to
explore detailed wave excitation and propagation in real-
istic lunar models [22,23]. In parallel, instrument studies
for LGWA and mission-level feasibility assessments have
been developed to investigate the detectability of GW-
induced signals [5]. Collectively, these works provide the
foundation to connect GW strains incident on the Moon to
measurable seismic observables (modal amplitudes and
eigenfrequency shifts) under increasingly realistic elastic
models.
These forward-modeling advances naturally raise an

inverse question: what aspects of the Moon’s internal
structure can be inferred from the GW-induced seismic
response? In terrestrial geophysics, two complementary
paradigms have been developed to tackle internal-structure
inference. At long periods, the normal-mode perspective
exploits high-precision frequency measurements to con-
strain large-scale structure [24], while at shorter periods, a
propagating-wave perspective and full-waveform inversions
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target higher-resolution, three-dimensional heterogeneity
[25,26]. Historically, normal-mode-based inversions pri-
marily used eigenfrequencies and their splitting signatures
to probe internal structure (and more recently, asphericity
and lateral heterogeneity) [7,27,28].
For LGWA-like observational scenarios, however, an

important practical difference arises: the GW source
amplitude is likely to be constrained independently and
with high precision by contemporaneous GWobservatories
[29–31], e.g., networks combining the Einstein Telescope
[11], LISA [12], and LGWA. This multidetector capability
turns mode amplitude observations, traditionally consid-
ered of limited value when source strength is unknown, into
a potentially powerful, independent probe of internal
structure. In other words, knowledge of the incident GW
amplitude converts modal amplitudes into structural
observables that complement frequency measurements
and opens a new inverse problem: GW tomography of a
planetary body.
We develop a largely analytical, linearized framework

designed to enable forecasts and to guide numerical
verification for GW-driven lunar tomography. The formal-
ism combines (i) a normal-mode representation of the
elastic response, (ii) first-order perturbation theory for
eigenfrequencies and eigenfunctions under spherically
symmetric parameter perturbations, and (iii) a linearized
observation model that maps frequency and amplitude
observables to model parameters (bulk and shear moduli,
density, and interface locations) and their perturbations.
From these elements, we construct explicit Jacobian
kernels and embed them in a Fisher-matrix pipeline that
quantifies parameter-estimation prospects under realistic
noise and prior assumptions.
Theoretical framework—In this Letter, we model the

Moon as a spherically symmetric elastic body. Self-gravity
is omitted throughout this research but can be added back in
principle. The structural model is defined by radial profiles
of density ρðrÞ, bulk modulus κðrÞ, and shear modulus
μðrÞ, as well as the radii of internal discontinuities di. The
free oscillations are governed by the elastic eigenvalue
problem,

Vsσnlm ¼ ω2
kTs

σ
nlm; ð1Þ

where σ ∈ fS; Tg denotes spheroidal or toroidal branches,
and sσnlmðxÞ denotes the displacement eigenfunction for a
mode k ¼ ðσ; n; lÞ. ωk is the eigenfrequency with (2lþ 1)-
fold degeneracy. V and T are potential and kinetic oper-
ators, respectively [32], and are determined by the baseline
one-dimensional structure of the Moon. ωk and sσnlm are,
hence, also determined, and are usually calculated by a
standard eigensolver such as MINEOS [33].
Under the excitation of a continuous gravitational wave

with strain amplitude h0 and frequency ωg, the Moon acts
as a resonant detector. Previous works show that under

spherical symmetry, spheroidal modes with l ¼ 2 are most
strongly excited by GWs [17,34]. Based on the standard
Green-function approach, the steady-state surface displace-
ment for a specific mode n (shorthand for Sn2) and for all
modes (i.e., total surface response) are, respectively, given
by [17–19]

ξ⃗nðx;ωgÞ ¼ h0
X2

m¼−2

Infm

ω2
n − ω2

g þ iωnωg=Qn
sSn2mðxÞ;

ξ⃗ðx;ωgÞ ¼
X

n

ξ⃗nðx;ωgÞ; ð2Þ

where Qn is the quality factor, and fm is an Oð1Þ constant
pattern function depending only on the GW wave vector
and polarization [18]. The coupling strength is determined
by the overlap integral In, which depends explicitly on the
radial (Un) and horizontal (Vn) scalar components of the
eigenfunction and the shear modulus profile μðrÞ (see
Supplemental Material [35]). At the resonant peak
ωg ¼ ωn, where the surface response is the strongest, the
absolute amplitude is approximately h0InUnðRÞQn=ω2

n for
the radial response and h0InVnðRÞQn=ω2

n for the horizontal
response.
To quantify the constraints on the lunar interior param-

eters p∈ fρ; κ; μ; dg, we next define a set of observables
O indexed by the mode number n and the observation
type α∈ f1; 2; 3g: (i) α ¼ 1: eigenfrequency observables
O1;n ¼ ω2

n; (ii) α ¼ 2: radial amplitude observables at the
resonance peak ωg ¼ ωn: O2;n ¼ h0UnðRÞIn ≡ Ar

n ≃ ξrn ×
ðω2

n=QnÞ; (iii) α ¼ 3: horizontal amplitude observables
at the resonance peak O3;n ¼ h0VnðRÞIn ≡ Ah

n ≃ ξhn ×
ðω2

n=QnÞ. UnðRÞ and VnðRÞ in the definition correspond
to the radial and horizontal components of sSn2mðxÞ
[Eq. (A1) in [35] ]. We remove the ðQn=ω2

nÞ structure in
the amplitude response based on the following consider-
ations: first, we assume that the quality factors Qn are
constrained independently (e.g., through spectral broad-
ening measurements [27,36,37]) and treat them as fixed
parameters; second, the measurement uncertainty of eigen-
frequency ωn is assumed to be significantly smaller than
the uncertainty of the displacement measurement, i.e.,
σf2;3g;n=Of2;3g;n ¼ σA=An ≃ σξ=ξn ≫ σω=ωn. This is easily
satisfied, as we will discuss later [before Eq. (6)]. Besides,
the relative error in h0 is also negligible in this Letter (i.e.,
σξ=ξn ≫ σh=h0), because for multiband calibration, the
signal-to-noise ratio (SNR) should be much better than the
SNR of the lunar GW detector itself [30,31]. We also omit
the Oð1Þ constant factor fm and the spherical harmonics
[Plm and Blm in Eq. (A1) of [35] ] in sSn2m.
We then employ a perturbation formalism to evaluate

the effect of structure variation. The sensitivity of the
above observables to parameter perturbations δpðrÞ
(p ¼ ρ; κ; μ; di) is derived via first-order perturbation
theory. Omitting the near-degeneracy effects (which
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can be incorporated via quasidegenerate perturbation
theory), the shift in squared eigenfrequency is given
by [32,38]

δω2
k ¼ hskmjδV − ω2

kδTjskmi: ð3Þ

The inner product used above [and in Eq. (4)] follows the
standard geophysics definition in [32], and it can be
calculated through Woodhouse perturbation kernels [see
Eq. (A5) and related discussions in [35] ]. Crucially, the
perturbation also modifies the eigenfunctions, which in
turn, alter the modes Un, Vn and the overlap integral In.
The first-order correction to the eigenfunction projected
onto an unperturbed mode k0 ≠ k is

hsk0m0 jδskmi ¼
hsk0m0 jδV − ω2

kδTjskmi
ω2
k − ω2

k0
: ð4Þ

As a result, the final eigenfunction perturbation can be
calculated as

δskm ¼
X

k0m0

hsk0m0 jδV − ω2
kδTjskmi

ω2
k − ω2

k0
sk0m0 ;

δUk ¼
X

k0m0

hsk0m0 jδV − ω2
kδTjskmi

ω2
k − ω2

k0
Uk0 ;

δVk ¼
X

k0m0

hsk0m0 jδV − ω2
kδTjskmi

ω2
k − ω2

k0
Vk0 : ð5Þ

Using Eq. (5), we can analytically derive the Jacobian
matrix elements Gðα;nÞ;p ¼ ∂Oα;n=∂p (see the details in
Supplemental Material [35]).
We assume a Gaussian noise model with uncorrelated

uncertainties σα;n. For nominal estimates, we parametrize
the relative errors as σ1;n=ωn ∼ εω and σξ=ξn ∼ εξ. While
potentially optimistic for observations on the Moon, we
adopt εω ∈ ½10−5; 10−3� based on long-duration terrestrial
seismic benchmarks [39]. For the relative error in the
displacement measurement, we estimate εξ ∈ ½10−2; 10−1�,
consistent with the proposed highly sensitive lunar GW
detector [5] where SNRs ∼ 100 are achievable. Therefore,
the condition of σf2;3g;n=Of2;3g;n ≡ εA ≃ εξ ≫ εω is well
satisfied [40]. Based on the standard procedure for a linear

model, we construct the Fisher information matrix [41]
summing over all modes and observation types,

F ij ¼
X

n

X3

α¼1

1

σ2α;n

∂Oα;n

∂pi

∂Oα;n

∂pj
þ ðC−1

p Þij; ð6Þ

with a covariance prior Cp for the model parameters. We
assume flat priors for the model parameters, i.e., vanishing
prior information matrix, C−1

p → 0. The posterior covari-
ance matrix is approximated by the inverse of the Fisher
matrix, Cpost ≈ F−1. Consequently, the expected constraint
on each model parameter pi is quantified by its marginal
posterior standard deviation, σpi

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðCpostÞii
p

.
Verification of perturbation theory—In the following

section, we present numerical evaluations of our analytical
perturbation framework on a reference lunar model to
demonstrate the resolving power of GW-induced seismic
signals, especially the amplitudes. We use a standard
normal-mode solver, MINEOS [33], to calculate the
frequency and amplitude perturbations under small pertur-
bations of the 1D model. We first introduce the baseline
lunar model chosen for the practical calculation in this
Letter, and then, show the results of linearity checks and
comparisons with MINEOS.

TABLE I. Baseline lunar model. IC ¼ inner core, OC ¼ outer
core, M ¼ mantle, C ¼ crust, S ¼ surface.

rðkmÞ ρðg=cm3Þ vpðkm=sÞ vsðkm=sÞ Qp Qs

IC 0–352 7.76 4.3 2.3 1000 1000
OC 353–480 3.4 8.2 3.2 675 300
M 481–1709 3.4 7.9 4.5 3400 1500
C 1709.1–1725 2.762 5.5 3.3 6750 6750
S 1725.1–1737.1 2.762 3.2 1.8 6750 6750

FIG. 1. MINEOS verifications for amplitude perturbation,
δvs=vs ¼ 0.2% in the inner core. Only modes within the linear
range (25% tolerance of deviation) are included.
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We choose a simple but representative five-layer spheri-
cally symmetric model similar to the one we chose in our
previous work [19,22], including inner core (“IC,”
0–352 km), outer core (“OC,” 353–480 km), mantle
(“M,” 481–1709 km), crust (“C,” 1709.1–1725 km), and
surface (“S,” 1725.1–1737.1 km). Within each layer, all
physical parameters (vp; vs; ρ; Qp;Qs [42]) remain the
same. Between two adjacent layers, the parameters are
linearly interpolated. Original parameters of the baseline
model are recorded in Table I, while the interpolated model
can be found in “InterpolatedModel” in [43]. Radial
refinement and interpolation of the initial model are
intended solely to improve the accuracy and stability of
the eigensolvers such as MINEOS. Once the refinement
reaches a sufficient level, its finer details no longer affect
the numerical results or the conclusions of this Letter [44].
We test the perturbation results from our theoretical

formalism against those obtained with MINEOS.
Comparisons are done mainly for amplitude observables
(O2 and O3) rather than eigenfrequency observables (O1),
because the latter have been widely investigated in past
geophysics research. The result of a representative case, a
shear-wave speed perturbation of 0.2% in the inner core, is
plotted in Fig. 1. Other results are shown in Supplemental
Material [35]. From these comparisons, we find that the
theoretical formulation agrees remarkably well with the
numerical results (MINEOS) across several orders of
magnitude.

Numerical example for GW tomography—Using our
lunar baseline model, we perform a Fisher analysis for a
comprehensive set of parameters and observables. We
consider three parameter types (κ, μ, ρ) across different
piecewise radial layers (based on the preliminary model but
with increased radial resolution around 100 km for most
layers, as shown in Table A1 in [35,45]), and analyze a
large suite of observables: eigenfrequencies, radial ampli-
tudes, and horizontal amplitudes for 0 ≤ n ≤ 150
(f150 ≃ 103.8 mHz) under various combinations. The per-
turbation summations (

P
n0≠n) include all modes with n0 ≤

200 [46]. We fix εω ¼ 10−4 and parametrize the uncertainty
of the amplitude as εA ¼ αεω. We require α ≫ 1 in this
Letter.
Figure 2 shows results for α ¼ 100 and three observable

combinations: eigenfrequency only, frequency plus hori-
zontal amplitude (the LGWA case), and frequency plus all
amplitudes. We see that the relative uncertainties for the
three observational scenarios are weakly dependent on
radius, which is partly because we have only tens of layers
(Table A1 in [35]) while employing hundreds of observ-
ables. The results indicate that even when the amplitude
measurements are 2 orders of magnitude less precise
than the frequency measurements (i.e., α ¼ 100), including
the modal amplitudes in the dataset improves the model
constraints by nearly an order of magnitude for all three
parameters ρ, κ, μ. This improvement reflects a much
better sensitivity of the modal amplitudes, rather than

FIG. 2. Relative errors for ρ, κ, μ with different combinations of observables. All modes with n ≤ 150 are considered as observables,
while the perturbation summations are done for modes ≤ 200.
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eigenfrequencies, to the model parameters, which can be
mainly attributed to the ½1=ðω2

k − ω2
k0 Þ� factor in Eq. (4).

Conclusion and discussion—In conclusion, we have
presented a compact but operational framework for GW
tomography of the Moon within the 1D (spherically
symmetric) and linear approximation. The framework
explicitly links GW-driven modal amplitudes and eigen-
frequency shifts to small perturbations of interior structure
through Woodhouse kernels and first-order perturbation
theory. Taken together, the analytical formulation and the
Fisher pipeline provide a practical recipe to translate
instrument and observational assumptions into quantitative
statements about which physical parameters (bulk modu-
lus, shear modulus, density, and interface locations) are, in
principle, recoverable from GW-driven seismic data.
We summarize our major conclusions and points for

follow-up as follows. (i) Complementarity of frequency and
amplitude measurements: Eigenfrequency shifts and GW-
induced modal amplitudes respond to different combina-
tions of model perturbations. Because these two types of
observables are sensitive to different aspects of the eigen-
functions, jointly inverting frequency and amplitude mea-
surements can substantially increase the effective degrees
of freedom and reduce parameter covariances compared
with using either observable alone. The quantitative benefit
depends on the assumed observational precisions εω and εA
(εξ), the set of modes available for analysis, and the
imposed priors. Practical diagnostics should be used to
quantify these gains for any particular mission design.
(ii) Utilizing GWs to study Solar System phenomena: An
important conceptual point, perhaps the most novel impli-
cation of this Letter, is that GW-driven modal amplitudes,
when the incident GWamplitude is calibrated by a detector
network, become independent observables of the lunar
interior structure. The tighter constraints on elastic param-
eters as a function of depth will greatly enhance our
understanding of the lunar interior and might lead to
breakthroughs in our understanding of the formation
history of the Earth-Moon system [5,47]. (iii) Near degen-
eracy: Eigenmodes with similar eigenfrequencies naturally
exhibit near-degeneracy effects, leading to greater errors or
even failure of first-order perturbation theory. This problem
can be overcome by applying a generalized version of the
perturbation formalism: specifically, by using a larger
subspace and solving the eigenvalue equation for a group
of nearby eigenmodes [32,48]. (iv) Validity of the statistical
and physical framework: In this proof-of-principle study,
we employ a 1D linearized approach and the Fisher
information matrix (FIM) to project parameter uncertain-
ties. While the FIM can be a poor error predictor in regimes
with low signal-to-noise ratios or severe parameter degen-
eracies [41], its application is mathematically well justified
within our current framework. First, we adopt a relatively
high expected SNR of around 100, which is achievable in
future multiband GW observations. This ensures that the

statistical uncertainties remain small and the linearized-
signal approximation remains fundamentally valid. Second,
our simplified piecewise 1D structural model maintains a
parameter dimensionality that is vastly outnumbered by the
available observables (amplitudes at hundreds of resonance
peaks across a broad frequency band). This heavily over-
constrained setup naturally mitigates strong parameter
correlations and yields a well-conditioned Fisher matrix,
avoiding numerical instability and the severe amplification
of errors during inversion. (v) Limitations and extensions:
Nevertheless, future realistic inversions must address the
physical and statistical limitations of the current framework.
The 1D, linearized approach neglects lateral heterogeneity
and higher-order effects that may be relevant for large
perturbations or for modes strongly affected by asphericity
and topography. Extensions to 3D tomography will require
aspherical sensitivity kernels (which are already included in
Woodhouse’s formalism) and a substantial increase in
parameter dimensionality. Furthermore, in practical obser-
vational scenarios, the number of measurable modes may be
lower, and the actual SNR might not reach the ideal
thresholds assumed here, potentially invalidating the linear
approximation. To address weakly nonlinear effects and
increased parameter dimensionality, analytical Jacobians
must be substituted with iterative Gauss-Newton or full
nonlinear Bayesian inference schemes that systematically
incorporate prior errors in the baseline models. Practical
inversionswill also need to address uncertainties in damping
(mode Q values) and explore joint inversions that combine
GW-driven observables with independent lunar datasets
(traditional seismic catalogs, tidal Love numbers, and
geodetic constraints). Addressing these points will clarify
the potential and limitations ofGWtomography of theMoon
under more realistic models and enable concrete recom-
mendations for future lunar geophysical exploration.
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