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The thermal confinement phase transition in SUðNÞ Yang-Mills theory is first order for N ≥ 3, with
bounce action scaling as N2. Remarkably, lattice data for the action include a small coefficient whose
presence likely strongly alters the phase transition dynamics. We give evidence, utilizing insights from
softly broken supersymmetric Yang-Mills models, that the small coefficient originates from a deconfined
phase instability just below the critical temperature. We predict the maximum achievable supercooling in
SUðNÞ theories to be a few percent, which can be tested on the lattice. We briefly discuss the potentially
significant suppression of the associated cosmological gravitational wave signals.
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Introduction—The thermal phase transition (PT)
between the deconfined and confined phases of SUðNÞ
Yang-Mills (YM) theory is an important open problem in
theoretical physics. Consequently, much effort has gone
toward understanding this PT using lattice gauge theory,
holographic models, and other modified versions of the
theory with greater control, e.g., due to supersymmetry.
These approaches indicate that the PT is first order for
N ≥ 3, with the rate scaling as expð−N2Þ in the large-N
limit. Theoretical studies typically focus on the equilibrium
thermal state, for which the PT formally occurs at the
critical temperature, Tcr, where the deconfined and the
confined phases have equal free energies.
However, in a dynamical setting with varying temperature,

such as a cosmological PT where the Universe goes from a
deconfined to a confined phase, the PT takes place at a strictly
lower temperature. In this regime the PT is governed by the
transition from the metastable deconfined phase. It is thus
crucial to understand the physics of the metastable phase as
the Universe supercools below the critical temperature.
This issue of confining PT dynamics is particularly

pressing as gravitational waves (GWs) from first-order
cosmological PTs provide a new opportunity to investigate
physics beyond the standard model [1–6]. Gauge theories
with confinement scales around the electroweak scale are

especially compelling as candidates for new physics related
to the electroweak hierarchy problem [7–13] and to dark
matter (see [14] and references within). The confinement
transition in these theories produces GWs with a frequency
peak in the sensitivity range of upcoming experiments such
as LISA [15]. The supercooling parameter ϵ≡ 1 − T=Tcr
plays a crucial role in the phenomenology of cosmological
PTs and their associated GW signatures.
A first-order PT is a necessary condition for generating a

sizeable GW signal from the PT bubble collisions. A strong
signal, however, additionally requires both strong super-
cooling and far-from-quasi-equilibrium dynamics of the
bubble expansion. For small supercooling, the PT timescale
parameter β=H ∼ 1=ϵ3 is larger, suppressing the strength
of the GW signal. Small ϵ also suppresses the bubble
wall velocity. Overall, even if the dynamics of the PT is
qualitatively unaltered, small supercooling can suppress the
GW signal by a few orders of magnitude.
However, at small supercooling there can be much more

dramatic effects on the subsequent bubble dynamics and
the resultant GW signal. As each bubble expands, the latent
heat of the PT reheats the plasma surrounding the bubble.
The bounce action near the critical temperature scales
rapidly as ϵ−2, and the rate of bubble nucleation grows
exponentially. This can result in an efficient reheating of the
Universe to close to the critical temperature, such that the
pressure differential across the bubble wall becomes small,
and the walls expand with negligible speed [16]. In such a
case the gravitational wave production is suppressed to
insignificant levels.
In the case of confining PTs, the inherently strong

coupling complicates the detailed calculation of the PT
dynamics. Determining the exact range of supercooling
where this effect can be observed depends on the details of
plasma properties such as the heat transport coefficient and
the specific heat of the supercooled plasma [16], which
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is outside the scope of the current work. A simplified
simulation was carried out for SUð3Þ by [17,18] with a
transition around the electroweak scale and it was found
that the bubble wall velocity vw ≲ 10−6 in that case. Thus
small supercooling can completely modify the dynamics of
the PT and the associated GW signal.
In thisLetterwe argue that themetastable deconfinedphase

in SUðNÞYM theory becomes unstable just below the critical
temperature and provide an estimate for maximum super-
cooling in the confinement PT. We derive our estimate
by combining results from lattice data for SUðNÞ YM theory
and analytical results fromanN ¼ 1 supersymmetric SUðNÞ
gauge theory with softly broken supersymmetry, which has a
calculable analog of the confinement transition.
Hints from lattice studies—We review the lattice results

for confining transitions in SUðNÞ YM [19,20]. It is well-
established that the PTwith N ≥ 3 colors is first order [21],
and therefore proceeds via bubble nucleation. To estimate
the PT rate near Tcr, we can apply theOð3Þ-symmetric thin-
wall approximation and derive the Boltzmann suppression
expð−SbÞ with

Sb ¼
16π

3

σ3BW
Δf2Tcr

: ð1Þ

Here, σBW is the bubble wall tension between the true
(confined) and false (deconfined) vacuum, and Δf is the
temperature-dependent free energy density difference
between the deconfined and confined phases with
ΔfðTcrÞ ¼ 0. We can write Δf up to first order in ϵ as
ΔfðTÞ ¼ Qhϵ, where Qh is the latent heat of the PT.
Finally, for ϵ ≪ 1 we have

Sb ≈
16π

3

σ3BW
Q2

hTcr

1

ϵ2
: ð2Þ

From large-N counting, the expectation isSb≈Oð1ÞðN2=ϵ2Þ.
This would result in a highly suppressed nucleation rate
and thus a strongly supercooled PT. However, this estimate
is significantly mistaken (see [16] for a discussion at
N ¼ 3). The quantities Qh and σBW can be extracted from
lattice studies [19,20],

Qh ¼
�
0.7731ð12Þ − 0.959ð58Þ

N2

�
4

N2T4
cr; ð3Þ

σBW ¼
�
0.0189ð11Þ − 0.190ð19Þ

N2

�
N2T3

cr: ð4Þ

Using these results we have in large-N limit, and in the
immediate vicinity of Tcr,

Sb ≈ 8.86 × 10−4
N2

ϵ2

�
1 −

10.05
N2

�
3

: ð5Þ

This is much smaller than our initial estimate by a factor
of∼10−3, which is a result of the unexpectedly small value of

the domain wall tension in Eq. (4). This suppression in Sb is
very surprising because the theory seems to contain no small
or large parameters except N, which we have already taken
into account.
Our central point is that this suppression not only

significantly reduces the bounce action near Tcr but hints
at a much more drastic consequence: the metastable
deconfined phase exists only for temperatures T > Tmin
with ðTcr − TminÞ=Tcr ≪ 1. This explains the smallness of
the domain wall tension at T ∼ Tcr because it vanishes at
Tmin very close to Tcr (and as we will argue the functional
form of the T dependence for Tmin < T < Tcr is strongly
constrained). The small coefficient in Eq. (5) is directly
correlated with small supercooling in YM confinement
transitions.
It is interesting to compare this consequence in various

controlled examples that are analogous to the confinement
transition. In holographic setups [22–25], it is generic to
find a minimal temperature Tmin close to Tcr. The gravi-
tational dual to the gauge theory deconfined phase does
not exist below Tmin. The value of Tmin=Tcr is model-
dependent, but a common feature is that these two temper-
atures are close to each other and hence lead to small
supercooling (∼5%–10%). We will see that this expectation
is reproduced in the analog model with softly broken
N ¼ 1 supersymmetry (SUSY).
Softly broken SUSY on R3 × S1—We consider the

N ¼ 1 supersymmetric YM (SYM) theory with a gauge
group SUðNÞ on the manifold R3 × S1, with periodic
boundary conditions for the bosons and fermions in the
S1 direction. These boundary conditions preserve super-
symmetry. We break supersymmetry softly by introducing
a small gaugino mass m. The approximate supersymmetry
in this case gives us an analytical handle on the theory.
There is a phase transition analogous to confinement in

this theory as a function of L, the length of the S1 direction.
When m is much smaller than the dynamical scale of the
gauge theory, Λ (defined as the confinement scale when the
theory is placed on Minkowski spacetime), this PT occurs in
the weak coupling regime and therefore is calculable
analytically. In the limitm ≫ Λ; L−1, the gauginos decouple
before the PT, leaving us with a YM theory and the PT
becomes a thermal PT with the S1 identified as a thermal
circle with temperature T ¼ 1=L. However, in this limit, the
PT is no longer at weak coupling so analytical control is lost.
If, following Refs. [26–29], we assume that the regimes

m ≪ Λ to m ≫ Λ are smoothly connected, we can derive
interesting consequences for the thermal confinement or
deconfinement PT in YM theory from the analytically
calculable (nonthermal) PT in softly broken SUSY. Thus
we now review results related to confinement in the model
(see [26–29] for more details).

It is well-known that the one-form Zð1Þ
N global symmetry

of the Yang-Mills theory descends to a zero-form global
symmetry (referred to as the center symmetry) and a
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one-form symmetry when we compactify the theory on the
thermal circle. The Polyakov loop,

Ωðx⃗Þ ¼ 1

N
trP

�
exp

�
i
Z

L

0

dx4Aa
4ðx⃗; x4ÞTa

��
; ð6Þ

transforms under center symmetry as Ω → eð2πi=NÞΩ.
The Polyakov loop plays the role of the order parameter
in the thermal confinement or deconfinement transition. If
hΩi ≠ 0 then the center symmetry is spontaneously broken,
corresponding to the deconfined phase of the theory. In the
confined phase hΩi ¼ 0 and the symmetry is restored.
Therefore to study the PT one needs to obtain the effective
potential for the Polyakov loop. One can choose a gauge
where the only nonzero components of Aa

4 lie in the Cartan
subalgebra of SUðNÞ. We will integrate out massive
Kaluza-Klein modes and keep only zero modes of A⃗4

(the vector denotes the Cartan vector space). We will see
that the dynamics picks a vacuum close to the center-
symmetric point, so we expand A⃗4 as

A⃗4 ¼
2π

NL
ρ⃗þ g24

4πL
ϕ⃗; ð7Þ

where ρ⃗ is the Weyl vector. Then, the Polyakov loop is
(H⃗ are the Cartan generators) [27],

Ωðx⃗Þ ¼ 1

N
tr exp

�
i
2π

N
H⃗ · ρ⃗þ i

g24
4π

H⃗ · ϕ⃗ðx⃗Þ
�
: ð8Þ

In this parametrization hϕ⃗i ¼ 0 corresponds to the center-
symmetric point, hΩi ¼ 0.
In the 3D effective theory, the vev for Aa

4 breaks the
SUðNÞ gauge symmetry down to the Cartan subgroup.

Therefore, below the scale of the breaking the light degrees
of freedom are the Uð1ÞN−1 gauge bosons and their partner
fermions, in addition to the holonomies parametrized by ϕ⃗.
There are nonperturbative effects in 3D that generate a gap
in the Uð1ÞN−1 sector, and provide a potential for ϕ⃗.
The transition in this theory happens in the weak

coupling regime, so these effects are calculable. The
leading contributions to the effective potential come from
(a) N species of monopole instantons (of which N − 1
are monopole instantons corresponding to each U(1) in
the Cartan and one Kaluza-Klein monopole instanton),
(b) N species of magnetic bions, and (c) N − 1 species of
neutral bions. The latter two are bound states of monopole
instantons (for details see [27]).
We will work with a vanishing θ angle, and consider

only the leading contribution to the potential in the weak
coupling, so perturbative contributions to the potential are
neglected. In this approximation the potential is

Vðϕ⃗Þ ¼ V0

XN
i¼1

e−αi
!

·ϕ⃗

�
e−αi
!

·ϕ⃗ − e−α⃗iþ1·ϕ⃗ − κ
4π2

N2

L2
cr

L2

�
; ð9Þ

with

V0 ¼
27

8π

Λ6

v3
ln

�
v
Λ

�
; κ ¼ 4m

3Λ3L2
cr
: ð10Þ

The potential depends explicitly on L, which is interpreted
as T−1, and Lcr corresponds to the critical temperature
where the confined (ϕ⃗ ¼ 0) and the deconfined minima are
equipotential. In the expression above m is the gaugino
mass, v ¼ 2π=NL is the Higgsing scale, κ is an Oð1Þ
constant, and α⃗i are the extended simple roots of the suðNÞ
Lie algebra (with length of the root equal to

ffiffiffi
2

p
) [30].

FIG. 1. Left: potential of Eq. (9) with N ¼ 3 as a function of ϕ⃗ ¼ ðϕ1;ϕ2Þ at ϵ ¼ 0. The simplicity of this particular N ¼ 3 potential is
misleading.Although theZN structure is present forN > 3, the valleys connecting the vacua are no longer on straight paths in the field space.
Right: potential forN ¼ 3 as a function of ϕ⃗ ¼ ðϕ1; 0Þ for different values of ϵ. For ϵ > ϵsc the deconfined phase is mechanically unstable.
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We emphasize that the structure of the potential in (9) is
valid for all N ≥ 2 with only the number of holonomies ϕ⃗
and detailed numerical coefficients changing.
An important and novel feature of our analysis, which

works with a controlled setup, is that the degrees of
freedom determining the phase transition and bounce
dynamics is not just a single Polyakov loop field variable
Ωðx⃗Þ, as has been assumed in previous studies [31–34].
Instead, our analysis shows that the true variables that
determine the transition dynamics are the N − 1 gauge
holonomies ϕ⃗ðxÞ. For the special case of N ¼ 3, this turns
out not to make a significant difference, however, for
N > 3, the bounce trajectory (that will be commented on
later and also discussed with an example in Supplemental
Material [35]) is highly nontrivial in the ϕ space becoming
more so as N increases.
As noted in [27], for N ≥ 3, there are some key features

of the potential in (9). There are two local minima for a
range of temperatures ϵsh < ϵ < ϵsc: (1) for ϵsc < ϵ, the
only minimum is at ϕ⃗ ¼ 0 corresponding to the center-
symmetric confined minimum. (2) For 0 < ϵ < ϵsc the
confined minimum is the global minimum while there
exist a set of N local minima related by ZN symmetry
where ϕ⃗ ≠ 0. They represent the deconfined minima where
the center symmetry is spontaneously broken (Fig. 1).
(3) For ϵsh < ϵ < 0 the confined minimum is a local
minimum and the N deconfined minima are the global
minima. (4) For ϵ < ϵsh there is no minimum at ϕ⃗ ¼ 0 and
the only minima that exist are the deconfined minima.
We call ϵsc and ϵsh as the points of maximum possible

supercooling and superheating, respectively. The above
described behavior can be seen in Fig. 1 explicitly for
SUð3Þ. (Note that while we argue that the existence
and approximate values of ϵsc;sh can be reliably estab-
lished, the actual PT dynamics at and close to ϵ ¼ ϵsc;sh
requires renormalization group resummation due to
the existence of IR divergencies arising from thermal
fluctuations [36].)
Importantly, the values of ϵsc and ϵsh for different N can

be calculated from the potential in Eq. (9), with values
plotted in Fig. 2. It can be seen that both of these quantities
have a well-defined large-N limit, although the super-
cooling parameter converges somewhat more slowly. We
can extract further valuable information from this system
by numerically calculating the bounce action between the
confined and deconfined phases as a function of ϵ. Casting
it into an appropriate form amenable to translation to the
YM case, we then get some striking predictions for the YM
confinement transition.
Calculation of the bounce action—The action for the

transition between the two minima takes the form

Sb ¼
Z

d3x

�
1

2
f2ϕð∂ϕ⃗Þ2 þ Vðϕ⃗Þ

�
; ð11Þ

where the constant f2ϕ in front of the kinetic term can be
expressed as

f2ϕ ¼ g24
8π2L

¼ 1

6π

v
lnðvΛÞ

: ð12Þ

The second equality comes from the two-loop definition of
the dynamical scale Λ. One can factor out the V0 from the
integral (11) and further rescale the R3 coordinates to scale
out all dimensionful quantities, which gives

Sb ¼
ðv=ΛÞ3

27πlog2ðv=ΛÞ
Z

d3y

�
1

2
ð∂yϕ⃗Þ2 þ Ṽðϕ⃗Þ

�
; ð13Þ

where Ṽðϕ⃗Þ ¼ Vðϕ⃗Þ=V0. We can express the prefactor
in (13) in terms of the length of the compact direction L and
the string tension σstr of the flux tubes generated between
the two well-separated Polyakov loops to facilitate trans-
lation to YM. Following the calculations of [29],

σstr ¼
9

2
LΛ3 log

�
v
Λ

�
: ð14Þ

Note that σstr is the far IR value of the string tension in the
confined phase (or equivalently c ¼ 0 in [29]). Hence, we
can write the bounce action as

Sb ¼
N2Λ3

σ2strL
S̃b;

S̃b ¼
6π2

N5

Z
d3y

�
1

2
ð∂yϕ⃗Þ2 þ Ṽðϕ⃗Þ

�
: ð15Þ

We study S̃b as a function of temperature, or equivalently ϵ.
Near ϵ ¼ 0, the bounce can be calculated in the thin-wall
limit, taking the form given in Eq. (2), which has a double
pole at ϵ ¼ 0. Further, we have shown that the action has
zeroes at ϵsc and ϵsh where the barrier between the false and

FIG. 2. Maximum possible supercooling ϵsc and superheating
ϵsh, in the softly broken N ¼ 1 SYM on R3 × S1, fitted as a
function of N up to order 1=N2.
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the true vacua vanishes (e.g., Fig. 1). The large-N scaling
of the action also suggests that S̃b should be independent of
N in the large-N limit. This motivates the following
parametrization for S̃b:

S̃bðϵÞ ¼ −hðϵ; NÞ ½ϵ − ϵshðNÞ�½ϵ − ϵscðNÞ�
ϵ2

; ð16Þ

where hðϵ; NÞ is expected to be a generic function with a
value of order of one with a weak dependence on N.
We study the bounce action for SUðNÞ with N ranging

from 3 to 15 using the FindBounce package [37]. The results
are plotted in Fig. 3. Further, in Supplemental Material, we
also show an example of the bounce profile and trajectories
for N ¼ 10, highlighting its nontrivial nature in the field
space. We see from the figures that our expectation
describes the PT in the softly broken SUSY case very
well. We can use the form above at ϵ → 0 to compare the
action derived near Tcr from the lattice data as given in (5),

ϵ2Sb
			
ϵ→0

¼ −
Λ3N2

σ2strLcr
hð0; NÞϵshϵsc: ð17Þ

The values of hð0; NÞ for different N are given in Fig. 4,
agreeing with our expectation that hð0; NÞ ∼Oð1Þ. Taking
these lessons on the PT between center-symmetric vs
center-broken phases in the softly broken N ¼ 1 SYM
on R3 × S1, we can make an estimate of the supercooling
bound in thermal YM theory.
Supercooling in thermal YM—It has been argued that the

PT in the SYM theory can be continuously connected to
the thermal confinement-deconfinement transition in YM
theory [26–29]. Our expression in (17) can be directly
translated to thermal YM with σstr identified as the string
tension of the fundamental string in YM,

ϵ2SYMb

			
ϵ→0

∼ −
N2T4

cr

σ2str
ϵYMsh ϵYMsc : ð18Þ

Note that we use “∼” instead of “¼,” as we cannot fix the
value of the order of one number analogous to hð0; NÞ in
the SYM case studied above. We also make the replace-
ment Λ → Tcr, which is shown to be correct for any N [38]
on the lattice up to an order one number. This shows
that the smallness of the lattice results in (5) is connected to
the smallness of the product ϵshϵsc. More precisely, using
T2
cr ¼ 0.36σstr [19,39] gives

ϵYMsh ϵYMsc ∼ −6.8 × 10−3: ð19Þ

To estimate the supercooling in the case of thermal YM, we
note that in the softly broken SYM considered above, the
magnitude of the ϵ for the superheating instability is larger
than that for supercooling and only becomes comparable to
it for a large value of N. Hence, a conservative approach
would be to take jϵYMsh j ∼ ϵYMsc , in which case,

ϵYMsc ∼ 0.08: ð20Þ

As mentioned above, this number is estimated up to Oð1Þ
factor, and hence pinning down the exact value using
only analytical tools would be a challenging exercise.
Fortunately, this prediction should be testable in lattice
simulations and if true can have dramatic effects on the
gravitational wave signatures from the phase transition.
Discussion—In this Letter, we have proposed that the

anomalously large confining-PT rate of SUðNÞ Yang-Mills
theory is due to a close-by instability of the metastable
(de)confined phases. Based on hints from lattice data and
calculable analog models of confinement we have esti-
mated the maximal supercooling achievable for the meta-
stable deconfined phase for all N ≥ 3. Our estimate shows
that maximal supercooling is a few percent, hence we
expect strong suppression of GW signals from such
confinement PTs. In addition, two striking features of
our prediction for the PT are the fast fall of ϵ2Sb near
ϵsh and the near-linear behavior on the ϵsc side as seen in
Fig. 3. It will be interesting if this behavior can be tested on
the lattice following on from the results of [40]. From a
cosmological perspective, our work is just an early step
toward a full understanding of the confining PT dynamics,

FIG. 3. The rescaled bounce action ϵ2S̃b as a function of ϵ for
SUðNÞ with N ¼ f3; 4;…; 15g. S̃b has two zeros, one at ϵsc
and the other at ϵsh, and a double pole at ϵ ¼ 0 as expected. The
results are seen to converge at large N. Numerical values are
calculated using the FindBounce package [37].

FIG. 4. hð0; NÞ as a function of N.
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and thus of potential GW signals. Important open questions
include a better understanding of the thermodynamic and
kinetic properties of the strongly coupled plasma that can
have a significant effect on the dynamics, especially the
specific heat of the metastable phases, thermal transport
coefficients, and scattering rates on the bubble wall.
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