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AdS x S Mellin Bootstrap, Hidden 10D Symmetry and Five-Point Kaluza-Klein Functions
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We propose an AdS x S factorization formula at the level of the generating function for correlators with
arbitrary Kaluza-Klein configurations and implement it in the supergravity limit of A" = 4 supersymmetric
Yang-Mills theory. By incorporating this mechanism into Mellin space bootstrap, together with an
observed Z, symmetry under AdS < S, we manage to simultaneously work out unified formulas both for
all five-point half-BPS correlators and for all four-point correlators with one superdescendant. This AdS x

S bootstrap method is directly applicable to generic multipoint computation at tree level.

DOI: 10.1103/3qyd-n621

Introduction—Analytic bootstrap has recently boosted
the study of four-point correlators of half-BPS operators at
various Kaluza-Klein (KK) levels in A/ = 4 supersymmet-
ric Yang-Mills theory (SYM) in the strong coupling region,
dual to type IIB superstring in AdSs x S [1-20] (see recent
reviews [21,22]). This development reveals an interesting
connection between interactions among these operators and
a hidden 10D conformal symmetry [23]. Correspondingly,
a viewpoint has gradually emerged that all four-point
correlators involving arbitrary KK configurations can be
elegantly packaged into a generating function in position
space [24-26] or equivalently into an AdS x S Mellin
amplitude [19,20,24,27-30].

In order to understand whether this hidden higher-
dimensional structure is a general feature of the model, it
is natural to inspect its potential existence in multipoint
correlators. Despite the recent promising progress in a
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cousin model in AdSs x S? [28,33-36], the multipoint
computation in SYM is still restricted to relatively low KK
charges [37-39]. The main obstacles here are the fast-
growing size of the space of internal symmetry structures
and of the field contents in the operator product expansion
(OPE) due to maximal supersymmetry, which render the
original bootstrap strategy impractical. In this Letter, we
overcome these difficulties by formulating a factorization
approach in AdS x S Mellin space that simultaneously
incorporates all KK contributions. This framework is then
integrated into the bootstrap machinery, allowing one to
directly construct an ansatz for the AdS xS Mellin
amplitudes. The solution follows from this new form of
factorization, together with a newly observed Z, sym-
metry in AdS < S, as well as known constraints from the
Drukker-Plefka twist [38-40]. We demonstrate the effec-
tiveness of this strategy with an explicit five-point
computation, in which the generating function for all
KK correlators is fully determined.

Setup—The KK modes we study are the half-BPS
operators

O,(X.T) x tr{[¢(X) - T|"} + (multitrace terms), (1)

with protected dimension A = p. Here we describe the
spacetime coordinates by an SO(4,2) null vector X in
the embedding space (e.g., [41]), and the R-symmetry
indices in ¢ are contracted with an SO(6) null vector T,
realizing the rank-p symmetric traceless representation.
Through AdS/CFT correspondence, they correspond to

Published by the American Physical Society
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scalar fields in anti—de Sitter (AdS) space at KK level p
and are commonly identified as single-particle states of
supergravitons [2]. In the large N limit, all multitrace
terms in the operator are suppressed, and we adopt the
normalization from [25] such that

(0,(X1,T)0,(X5,T,)) = NO(X) No—; (2)

Here, X;; = —X;-X; and T;; = T; - T;. Under a suitable
parametrization, X;; reduces to the ordinary four-dimen-

sional distance x,zj

Instead of studying specific KK correlators

G{p,}(Xt/v ) = <Op1 (Xla Tl) T Op,, (Xn’ Tn)> (3)

individually, we can construct a master operator for half-
BPS operators by summing over the KK level [25]

~Y 0,x.17), @)

p=2

and consider their correlator

gn = <O(X17T1) O(Xn’T

Z G{m}’ (5)

which acts as a generating function for all KK correlators.
This approach offers significant advantage, enabling the
simultaneous treatment of all KK levels and revealing
previous hidden symmetries. To extract correlators with
specific KK levels, we can simply expand the generating
function in T;; and pick up terms with the correct weights.

Within the supergravity approximation, the operator
spectrum simplifies considerably. Nonprotected single-
trace operators decouple due to their large anomalous
dimensions, thereby streamlining our analysis.
Consequently, the OPE of two half-BPS operators con-
tains six types of single-trace operators, as enumerated in
Table I.

These operators are labeled by their conformal dimen-
sion A and spin J, as well as the “sphere dimension” R and
“sphere spin” S, related to the usual SU(4) Dynkin labels as
[S,R — S, S]. This terminology will become clear later. We
also define the twists 7= A —J and 6 = R+ § for later
convenience. All six operators reside in the same

TABLE I. Quantum numbers of single-trace operators contrib-
uting to the OPE of two half-BPS operators.

0, I T, A, ¢, Fp

AJ) (p.0) (p+L 1D (p+2,2) (p+2,00 (p+3, 1) (p+40
(R.S) (p.0) (p—LD (p-2,00 p-2,2) (p-3.1) (p-4,0

superconformal multiplet O,. They are related by the
action of supercharges, schematically as

p— p— T — p—
0,287,251 % XF, (6)

AP

AdS x S amplitudes—The computation of the generating
function G, is most naturally addressed in AdS x S Mellin
space [27]. In AdS x S Mellin space, we transform both X;;
and T';; into the AdS and sphere Mellin variables y;; and n;;
(see Supplemental Material [42])

T T(r;)
Gipy(Xij. Tij) IM{p, Vijs U)Hn’,.xfy;- (7)
ijr Ajj

i<j

These Mellin variables are symmetric in their two indices
and obey the constraints

A4 i:Zy,-j =1; =D, anj =0;=p;. (8)

J#i J#

In the sum-integral, we sum over any set of independent 7;;
at all integers [47] and integrate the independent y;; parallel
to the imaginary axis as follows:

ico dy..

and the prime indicates that y;; and n;; satisfy (8).

If the amplitude is analytic in p; (as we always assume in
the following), we can further eliminate the explicit p;
dependence by replacing p; with n;; using (8), and obtain
the AdS x S amplitude of the generatmg function

l]’ l] gM yl]’ lJ
i<

This expression looks very similar to the previous one, but
after the sum over p;, the Mellin variables satisfy fewer
constraints (hence, we drop the prime)

Vi) yi=> ni (11)

J# J#

nl
Tij' T(ryy)
}/l :
nij! Xif

(10)

J

These constrain y,;, and all n;; are now independent and
summed over integers.

In AdS x S space, the well-known four-point function
for arbitrary KK modes can be expressed as [27]

M, = 1A31234°M47 (12)

where §1234 o denotes the composite action of the differ-
ence operators 7;;, f;; [1,2]
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Ry = (”12”34}’14723 - ”14”23712}’34)(n12n34713724

— 3foaf1af3a) + (2 < 3) + (2 < 4), (13)

where

Pijo F(yijoni;) = viiF(yi; + 1.nyj),
;; OF(}’U, u) = nijF(Vijvnij - 1)- (14)

In position space, IA€1234 corresponds to the superconformal
invariant Rj,34 appearing in the superconformal Ward
identity [48]

R34 = (T12T34X14X03 = T14T23X12X34) (T12T34X 13X 24
~T13T04X12X34) + (2 3)+ (2 < 4). (15)

The reduced amplitude /\74 is a simple rational function
-1
(P2 =Dz = D(p1a— 1)’

which depends only on the combination p;; = y;; — n;.
This is how the hidden 10D symmetry manifests in AdS x S
space: for reduced amplitudes, we can change the variables to
pij» n;;in (10) and perform the sum over all n;;, which leads to
an integral over independent p;; [see Eq. (35) in [24] ]

T} 7 T(pij+ni)) C(p;;)
2/\4 N i Ty //\/l i) 17
(plj)gjnij' Xpu—',-n” lj i X/,j ( )

My = (16)

which depends only on the 10D distance X ij=Xij—Tjj.

Factorization in AdS x S space—In ordinary Mellin
space, factorization of amplitudes [43] is a powerful tool.
The Mellin amplitude M (y;;) is a function of AdS variables
vij» and the exchange of single-trace operators manifests as
a series of poles [49]. The corresponding residues factorize
into products of two subamplitudes [43,50]. For example,
when a scalar operator of twist 7 is exchanged, these poles
take the form

=20 (t)m! My, x Mg

M(yij) ~ (T— 1)

(18)

}/LR—T—Zm’

|
My ,, :%(}’LL)mOML(yub)’ (19)

and similarly for Mg,. Here (A)y =T(A+ B)/T(A),
YLR = ZaeL.beR Yab> ?LL = Za.beL,a<b ?ab’ L and R
denote the sets of external operators in the two subampli-
tudes, respectively, and m =0, 1, ... labels the level of
conformal descendants.

This factorization property originates from the OPE. It
can be derived by solving the Casimir equations in Mellin
space

CoM(yy;) = [A(A=4) +J(J +2)IM(yy),  (20)
where E‘z denotes the Casimir operator acting on the left-
hand side operators. Since this is a group-theoretical result,
and the R-symmetry group SO(6) is simply a Wick rotation
of the conformal group SO(4,2), there exists an SO(6)
analog of the factorization formula for the “sphere ampli-
tude.” The solutions of the spherical Casimir equations are
related to the conformal solutions through

(Aajva m’ 7/11) <_>( R S 6 r nl]) (21)

M| < M|, ., (22)

Vijﬁyijil i F1?
up to an overall normalization that can be easily deter-
mined. This explains our earlier names for R, S. For an
exchange of the sphere scalar [0, R, 0], the factorization

formula follows directly from (18) via Wick rotation

(=D
M("ub)'nLR:U—Zr = '[6 + 1] ML,r S MR,r’ (23)
| BN
My, = ] (pr) oM (ng), (24)
with [A], = Al/(A - B)\.

The Mellin and sphere factorization formulas can be
combined into the AdS x S factorization formula (see
Supplemental Material [42]). For a conformal and sphere
scalar X (say O, F)

MLmr ><-A/lRmr
) Armryr — —, 25
Mrijm m;k ) pn—@a 2k P

where 26 = 7 — o, and

1 2r@m! (=)
A(r,m|0.r) - NX (T — 1)m 0'![6 + l]r s (26)
" m /ﬁ r
ML,m,r = (yLL) ( LL) OML (yaln nab>7 (27)

m! r!

with \V y the normalization factor in the two-point function.
One important remark is that § does not depend on the KK
level. For example, all O, satisfy 26 =p—p=0.
Therefore, the entire KK family contributes to the same
poles and follows the same factorization formula (25).
Moreover, substituting 7 and ¢ back with Mellin variables

A(T,m\a,r) ' (28)

i
makes (25) completely independent of KK levels. This
allows us to perform a bootstrap analysis for the generating
function, and the factorization on infinitely many KK modes
reduces to the factorization on merely six master operators.
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AdS < S Z, symmetry—Before discussing the bootstrap
computation, we note a remarkable Z, symmetry that
interchanges variables in AdS and sphere. This symmetry
manifests in the kinematic variables in the embedding
formalism (X and 7') and the AdS x S formalism (y and n).
Moreover, it appears in the spectrum of single-trace
operators, where taking

(A,J) < (=R,S),p < —p (29)

in Table I maps each single-trace operator to itself, except
7, and A, are interchanged. This symmetry also holds at
the correlator level [51]

M4(7ij’ nij) = M4(_nijv —J/ij)- (30)

Since it exchanges p <> —p, the Z, symmetry is invisible
for a particular KK correlator, but observable only when
considering the entire family or the generating function of
the correlators [52].

More importantly, the symmetry persists for correlators
involving superdescendants X = 7,7, A,C, F. This can
be proven using the superspace method, where super-
descendants are extracted from the superoperator O, via
a differential operator

X, =DN0,|,_1. (31)

and the operator D*») turns out to be Z, symmetric (see
Supplemental Material [42]). It is worth noting that, since
both the AdS x S factorization formula and all subampli-
tudes (including those with superdescendants) respect the
Z, symmetry, for arbitrary n-point functions we expect to
have

Mn(yija nij) = (—)"Mn(—”ip —J/ij)v (32)

where (—)" comes from the normalization A .

Four-point function—We first apply the AdS x S fac-
torization formula on the four-point amplitude M, and see
what we can learn from the computation. In the s-channel,
PLr = —2p1>, and we have the following poles:

N QO(}’ijynij) n Ql(?’ij’ nij)
P12 P2+ 1

My ; (33)

where Q, and Q; can be obtained from (12). Both O and J
have 6§ = 0 and contribute to the leading residue Q,, and
we can extract the subamplitudes M; », M3 7 of corre-
lators (OOO0), (JOO) from it. For instance,

M3,0 = NNy iy, (34)

where [ labels the exchanged operator [53]. One can
recover the well-known three-point function result by

substituting M3 » back in (7). Note that M, only contains
two poles p;, = 0,—1, but the gluing of the three-point
amplitudes M3y according to (25) produces higher-
descendant poles p;, = —k for k > 2. By requiring the
residue at k =1 matches Q; and the residues for all
k>2 wvanish after summing over the contribution
from all six master operators, we extract all other super-
descendant amplitudes M;j y with X =7, A,C,F (see
Supplemental Material [42]). The delicate cancellation of
the higher-descendant poles between different superdes-
cendants can be regarded as a consequence of supersym-
metry. Moreover, the coefficient (28) introduces spurious
poles of y; g and n; p (instead of p; r) for individual master
exchanges. In principle, these spurious poles could spoil
the hidden 10D symmetry in M. However, in the end they
all cancel and result in a rational function with only p poles.
We can say, in a rough sense, that supersymmetry leads to
hidden 10D symmetry in My. In the following bootstrap of
five-point functions, we will flip the logic around, using
hidden 10D symmetry as an input to bootstrap M5, as well
as all the unknown four-point subamplitudes involving
superdescendants.

Bootstrapping five-point function—Now we bootstrap
the five-point AdS x S amplitude M5, together with all
four-point superdescendant amplitudes M, y (the ampli-
tude of (XOOO0), X =J,7T,A,C,F), in one bootstrap
computation. The strategy is as follows: (1) Hidden 10D
symmetry: We first write down an ansatz satisfying (a
weaker version of) hidden 10D symmetry, in the sense that
there are only truncated p poles in the amplitudes [54]

PR (y ;)

+ Z —P(kz)(ni’ nij)

M p—
: kl.gz::() (/)12 + kl)(/’45 + kQ) =0 P12 + k3
+ P(n;;) + (perms), (35)
o1 %‘U(y.. n;)

where P and Q’s are polynomials of y;; and n;;. When X
has nonzero spin, M, » will have spinning components,
but we suppress their labels above. These components are
not independent and satisfy a “gauge invariance” condition
(see Supplemental Material [42]3.

In the ansatz, P%1%2) and ng“ depend quadratically on
v, while P(*3) and Q y are linear in y and P independent of .
This power counting comes from the flat space limit
of conventional Mellin amplitudes [38]. For the total power
of y and n, the amplitudes should scale like My~ A’
and My~ 236689 for X =7,7,AC,F when
y,n~A— oco. The power counting for Ms is based
on the factorization of O in  MsD M;px
Myo/prr ~ 2371, and those for Mgy are to ensure
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0: possible position of residues
®: non-zero residues

ks

FIG. 1. The position of nonzero residues in the five-point
amplitude ansatz.

all these subamplitudes give rise to A’ in Ms using the
factorization formula.

The truncation of p poles in M, y follows also from
considerations of the factorization on . When gluing
M; 0 and M,  in the channel (12)-(345), poles in My o
give rise to double poles in M [see Eq. (39)], located at the
spots in Fig. 1, inside the region under the dashed line
k, = ky + 1. The truncation of poles in M, » ensures that
double poles due to the exchange of X are also located
inside the same region. We do not truncate poles in the
ansatz of M by hand [55], but they turn out to be truncated
automatically after the bootstrap computation.

In principle, one can write down a larger ansatz with
higher-degree polynomials and more poles. The bootstrap
computation justifies our minimal ansatz above, which
already yields a consistent solution that passes various
checks. (2) Crossing symmetry: The ansatz should satisfy
crossing symmetry. This means that M5 should be invari-
ant under Ss, and M, y should be invariant under the S;
symmetry among the three superprimaries . This is
largely accounted by the “+ (perms)” term in the ansatz
but still imposes some additional constraints on the poly-
nomials when it maps the poles into the same channel. For
example, (1,2) <> (4,5) leaves the channel pj;p45
unchanged, and requires that

P(kl‘kZ)(Yij’nij) = P(kz'k1>(7’ij’”ij>|(|,2)<->(4,5)- (37)

There are similar constraints on other P and Q’s, but we
refrain from writing them down explicitly. (3) Z, sym-
metry: In addition, we impose the AdS <> S symmetry on
My x. It takes the following form on the scalar operator F:

M4,.7-'(7ij’ ”ij) = M4..7-'(_nij’ _7/ij)’ (38)

and those with spinning operators are presented in
Supplemental Material [42]. This Z, symmetry halves
the unknown coefficients in the ansatz of My 7/c/r, and
reduces the ansatz of M, 4 to that of M, 7 completely.
(4) AdS x S factorization: Using the AdS x S factorization
formula, we can relate the polynomials in M5 and M, y by

plhik) — ZFacx,kl (M X @X’Q)]’ (39)
X

pls) — ZF&C;CJc3 [M3,X X QX] (40)
X

where Facy ; stands for the factorization formula for the
residue of X exchange at pole p;, = —k. X runs over all six
master operators, and Q = Ol(123.4)-(1345) is the relabel-
ing of points in the subamplitudes. Since P’s are poly-
nomials, these two equations implicitly require that there
are no spurious poles on the rhs after applying the
factorization formula. The absence of spurious poles turns
out to be a very strong constraint, which solves a large part
of unknowns at this stage.

It is worth noting that, after imposing the factorization
formula, all the superdescendant amplitudes M, , are
completely fixed, without even using supersymmetry.
Also, the poles in M5 turn out to be truncated at k <2
(we checked the result up to k = 5). The nonzero residues
are marked red in Fig. 1. (5) Drukker-Plefka twist: There
remains a regular term P(n;;) to be determined in M. This
term is not probed by the factorization, and we fix it by the
Drukker-Plefka (DP) twist [40] (note that this twist also
respects Z, symmetry)

G{pi}(Xij, Tij)lT[/'_’X[j = const. (41)

We can impose this condition in AdS x S space. Note that
M;s(p;j + n;j.ny;) is a polynomial with respect to n;;. We
can always rewrite any single-variable polynomial of n;;
with a different basis (the factorial powers)

[nijle = nij(ng; = 1) -+ (ny; — c + 1), (42)
which leads to the following decomposition with some
integer c¢;; i

M(pij + njj nij) = ZMk(pij)H[nij]cij.k' (43)
X

i<j

The Drukker-Plefka twist requires the amplitude to vanish
upon replacing

a;a; Cijk
mijle, = <1 - aJAa ) (ii)ey (44)

L)

with a; some auxiliary variables (see Supplemental
Material [42]). Imposing the AdS x S DP twist completely
determines M.

Result—The full expression for Ms is too lengthy to
include in the main text. We therefore present selected
components in Supplemental Material [42] and provide the
complete result as an auxiliary file. Our results pass several
nontrivial consistency checks: M5 reduces to the known
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result M, >, in [38], and the amplitudes My, y for
X =J,7T,A agree with results independently derived
using the superspace method (see Supplemental
Material [42]).

Furthermore, we confirm that M5 can be recast in a
factorized form that generalizes (12) to five points

M;s(yij,nij) = Zﬂk) OAN/lgk) (pij) + (perms),  (45)
%

where /A\;l(sk) are simple rational functions with five distinct
poles

I — o

Mék) (Pij) = 1
(number of poles)=5 Pij ~

and R are (the bosonic component of) some super-
conformal invariants constructed by superspace method
(see Supplemental Material [42]), manifesting supersym-
metry in M. Notably, we did not impose supersymmetry
as a bootstrap constraint (except for the DP twist), but it
emerges as a result from hidden 10D symmetry. However,
the representation (45) we found is not unique. The
ambiguities arise from certain superconformal invariants
that sum up to O in (45). Note that, some of these zero
functions in Mellin space are actually nonzero in position
space due to the contour pinching issue [2], and the
corresponding ambiguities can be fixed in position space.
We leave it for future work.

Outlook—The obvious next target is computing com-
plete six- and higher-point amplitudes for half-BPS oper-
ators, where our method directly applies and gives all KK
correlators at given points once and for all. In principle, this
method can be applied recursively: we expect that boot-
strapping M,, would generate M,,_; y as byproducts, and
these M,_; v can then be fed into the factorization
constraints of M,

Mg » Y Max X My~ Y Maxx Myx (47)
¥ ¥

to bootstrap M, | itself as well as M, y. Another exciting
direction is to further incorporate supersymmetry in this
formalism and combine the six master operators into a
super master operator O, as was studied in [26] at weak
coupling. This operator would be the only object we need
to consider in the factorization of tree-level functions and
may help to reveal the relation between supersymmetry and
hidden 10D symmetry in A" = 4 SYM at strong coupling.

Multitrace operators naturally appear when we consider
the OPE in higher-point correlators. However, very little is
known about the spectrum and correlators of these multi-
trace operators (see Refs. [56-62] for some recent
progress). By analyzing the OPE data in our five-point
function, we can extract the triple-trace anomalous

dimensions for arbitrary KK modes, which would be
crucial to the study of multiparticle bound states in AdS
and might reveal how hidden 10D symmetry encodes in
multitrace spectrum.

So far, the vast majority of results for more than four
points have been limited to the supergravity approximation;
thus, it would be interesting to study stringy and loop
corrections to our result [63], and also investigate at the
weak coupling region [64,65]. This could give us hints of
different representations for the amplitude.

A key ingredient in establishing the double-copy struc-
ture of four-point amplitudes in AdS [66] was the identi-
fication of a universal supersymmetric prefactor. In this
Letter, we proposed an extension of this prefactor to five-
point functions. It would be interesting to explore whether a
similar double-copy structure exists at five points, both in
the half-BPS sector studied here and for gluon correlators in
models such as AdSs x S? [28].
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