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Double Spacelike Collinear Limits from Multi-Regge Kinematics
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We study scattering amplitudes and form factors in planar A" = 4 super Yang-Mills theory in the limit
where two pairs of gluons become collinear. We find that, when the virtualities of both collinear pairs
are spacelike, the collinear factorization of the amplitude involves a generalized splitting amplitude that
correlates the two collinear directions, confirming a recent proposal in the literature. Remarkably, we
find that our generalized splitting amplitude agrees with the Bern-Dixon-Smirnov subtracted six-point
amplitude in multi-Regge kinematics. The latter can be explicitly evaluated using integrability to all orders
in the coupling. We also present compelling evidence for the universality of the generalized splitting
amplitude by showing that the same function governs the double spacelike collinear limit of scattering
amplitudes with up to eight particles and three loops and form factors with up to six particles and two loops.
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Introduction—It is well-known that scattering amplitudes
develop singularities whenever subsets of massless partons
become collinear. From a phenomenological perspective,
these collinear singularities govern the parton evolution in the
initial and final states. In particular, the evolution of parton
distribution functions (PDFs) in deep inelastic scattering
is described by the celebrated Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi equations [1-3], which resum large loga-
rithms resulting from initial-state collinear singularities. The
same PDFs appear in perturbative calculations of differential
cross sections for the hadronic process producing a colorless
final state X [4-6],

doy pymx = Z / dxydxa fim, (X0)f i, (X2)d65-x
i.j

oftp)

where Q is the hard scale of the process and the sum runs
over all parton species. The PDF f;/,(x) is the probability
density for finding a parton i inside the hadron / carrying a
momentum fraction x. The quantity d6;;_y is the partonic
differential cross section to produce the final state X from a
collision of the parton species i and j. The latter quantity
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exhibits infrared divergences stemming from initial-state
collinear radiation, which are absorbed into the renormal-
ization of the PDFs. The factorization formula in (1) is the
basis for almost all predictions of observables at hadron
colliders, like the Large Hadron Collider (LHC) at CERN.
We stress that (1) has been strictly proven only for final
states where all cuts are summed over and sufficient phase
space integration has been carried out [4,7]. It is therefore
important to understand possible limitations of (1). Since
PDFs are closely tied to initial-state collinear singularities,
it is essential to understand how scattering amplitudes
factorize in the collinear limit, especially at higher orders in
perturbation theory.

In this Letter, we study the collinear limit of a scattering
amplitude Ay for N massless colored partons. It is well-
known that if a subset of partons with momenta p; and
helicities h;, 1 <i <m < N, become collinear to a light-
like direction P, then the amplitude factorizes as

Ay ~ ZSPE,’:)AN—mH, (2)

c,hp

where ~ indicates that we neglect terms that are power
suppressed in the limit. The right-hand side involves the hard
scattering amplitude Ay_,, |, Where the m collinear partons
have been replaced by a single parton with momentum P,

helicity hp, and color ¢ [8]. Spg:) is an operator, called a
splitting amplitude, that acts on the color space of the hard
amplitude. It only depends on the momenta py, ..., p,, from
the collinear set. Moreover, if the splitting is timelike
[meaning that (p; + -+ + p,,)*> > 0], then also the color
degrees of freedom factorize, and Spil':) only depends on the

color charges of the collinear particles (cf. [9,10] for a proof
of the factorization). For spacelike splittings, however,
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FIG. 1.

Timelike (a) versus spacelike (b) collinear factorization
where i = N — m —m’ + 2. The two heavy lines represent the
parent partons with momenta and helicities (P, ip) and (Q, hy),
respectively. Nearly parallel lines on the same side of the bubble
correspond to the timelike collinear limit, while those on opposite
sides correspond to the spacelike collinear limit.

the color degrees of freedom may not completely factorize,
and Spg:) may depend on the color charges of the parti-

cles [11-13]. Splitting amplitudes are known up to m = 4
at tree level, m = 3 up to one loop, and for m = 2 up to
three loops [12-17].

So far the discussion was restricted to the case of a subset
of partons becoming collinear to the same direction P. In the
case of multiple timelike collinear directions, the factoriza-
tion involves a product of splitting amplitudes [cf. Fig. 1(a)],
one for each collinear direction. It was recently proposed
that, in the case of two spacelike collinear directions P and
Q, collinear factorization involves a generalized splitting
amplitude that depends on the combined set of quantum
numbers from both collinear sets [18] [cf. Fig. 1(b)],

Ay ~ Z Sp<ml'mz)AN—ml—m2+2s (3)

/ hp.hg
¢,hp.c’hg

(my.my)

where Sp iphg is the generalized splitting amplitude from

[18]. Equation (3) implies that the two spacelike collinear
clusters do not completely factorize from each other, but
there are correlations involving both color and kinematics
between the two collinear sets. In particular, (3) may lead to
a breakdown of (1) for some observables, because (1) does
not account for collinear singularities that correlate the two
incoming beams.

Up to now there has been no study of generalized
splitting amplitudes. It is easy to see that correlations
between two spacelike collinear sets require loop ampli-
tudes with many legs. In a general gauge theory, we do
currently not have access to results for amplitudes with
more than five legs and two loops. The situation is very
different in the planar limit of the maximally supersym-
metric N' =4 super Yang-Mills (SYM) theory, where
analytic results for amplitudes with many loops and legs
are available (cf., e.g., [19-25]). In the remainder of this
Letter we study scattering amplitudes in planar N =4
SYM in the limit where two spacelike pairs of massless
particles become collinear. This will allow us to test for the
very first time the proposal of [18]. Moreover, we will show

that in this case there is a duality between the double
spacelike (DSL) collinear limit and another kinematic limit,
namely the so-called multi-Regge limit of the six-point
amplitude. Remarkably, the latter can be described to all
order from integrability [26], and the duality between the
two limits implies that we can compute our generalized
splitting amplitude to all orders in the coupling.

Amplitudes in planar N =4 SYM—Amplitudes in
planar N' =4 SYM are well studied (see Ref. [27] for a
review). Many analytic results for multileg multiloop
amplitudes are available, due to the large number of
symmetries of the theory. Besides the usual superconformal
symmetry, the S matrix of planar A’ = 4 SYM is invariant
under a dual superconformal symmetry [28], which closes
with the ordinary superconformal symmetry into a Yangian
algebra [29]. It is convenient to consider superamplitudes,
where each external state is characterized by a lightlike
momentum p;, an adjoint color index a;, and a GraBmann
variable #; transforming in the fundamental representation
of the R-symmetry group SU(4) [30,31]. In the planar limit
only single-trace color structures contribute, so that the
superamplitude reads

Ay=Y_ Tr(T% - -T'W)Ay(A,,..... ;). (4)

cESN/Zy

where T are the generators of the gauge group SU(N,.), Ay
are the partial amplitudes that depend on the cyclic ordering
of the particles, and A; = (p;,n;), but are independent of
the color. As a consequence of dual (super-) conformal
symmetry, the partial amplitude can be cast in the form [32]

Av(Ay) = Afiiy (Aw)ARPS Ry (A ), (5)
where Ay = (A}, ..., Ay), AYqy is the maximally helicity

violating (MHV) tree superamplitude, and ABPS is the
Bern-Dixon-Smirnov (BDS) amplitude, defined as the
exponential of the one-loop MHV amplitude (divided by
the tree level) weighted by the cusp and collinear anoma-
lous dimensions [33]. The BDS amplitude captures infrared
singularities to all orders in perturbation theory, so that the
BDS-subtracted amplitude Ry is finite and dual confor-
mally invariant [32,34]. In particular, its kinematic depend-
ence can only be through dual conformally invariant cross
ratios,
x%x%

Wijr =272

XX

Xij =X —x;=pi+-+pi, (6)

where the x; are the dual coordinates; therefore, Ry
is nontrivial only for N > 6. Explicit analytic results for
BDS-subtracted amplitudes are available both for MHV
and next-to-MHV (NMHV) for N = 6 up to seven and six
loops [19], for N =7 up to four loops [20,21], and
for N = 8 up to three and two loops [23,25], respectively.
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The symbols of all master integrals for all two-loop
amplitudes in ' = 4 SYM have been computed in [22,35].
Let us briefly comment on the behavior of Ay in the limit
where a pair of particles i and j become collinear. First of
all, it is easy to see that the leading power contribution only
occurs when two collinear particles are adjacent in the color
ordering. Moreover, since Ry is unity or an R invariant [36]
for N <5, it follows that the two-particle splitting ampli-
tude is entirely determined by the BDS ansatz [33,37]. For
example, in the collinear limit p,|| p,, an MHV component
amplitude factorizes as
AV (P pie )~ SpP (. P AP ). (7)
where the subscript on Sp now denotes its MHV degree
(which can be =+, requiring 4 + h, —hp = £1), and £ is
the fraction of the parent momentum P carried by py, i.e.,
p1 = &P in the strict collinear limit. Since the splitting
amplitude is completely determined by N = 5, the BDS-
subtracted amplitude Ry must tend to its tree value in all
two-particle collinear limits. Using the fact that amplitudes
in this theory are dual to Wilson loops [38], it is possible to
compute a systematic expansion of the BDS-subtracted
amplitudes around collinear limits. The quantities that
control this near-collinear expansion can be computed to
all orders using tools from integrability [39].

Generalized splitting amplitude—We now discuss
the main result of this Letter, namely the generalized
splitting amplitude for two adjacent spacelike collinear
pairs, say pi||p, and ps||ps, in planar N' =4 SYM to all
orders in the 't Hooft coupling constant a. Note that the
generalized splitting amplitudes, which require P - Q :=
(p1+ pa2) - (p3 + pa) # 0, appear starting from N = 6.

Before presenting the result, we first clarify what is meant
by “spacelike.” Amplitudes in planar N'=4 SYM are
typically computed in the Euclidean region where all in-
variants x%j are negative and the amplitude is real. We refer to
the region where all invariants are timelike, i.e., positive, as
the timelike Euclidean region. It is identical to the Euclidean
region up an overall phase (and the BDS-subtracted ampli-
tude is independent of this phase). In the following, the term
“spacelike” refers to analytic continuation in some two-
particle invariants x7,, , from the timelike Euclidean region
to the region where these invariants are negative.

We are now in a position to state our claim about the
generalized splitting amplitude, which consists of two
points: (i) The splitting amplitudes factorize in all but
two distinct double spacelike collinear regions, which, in
addition to satisfying s;, = x}; <0 and s34 = x35 <0,
require

(I):P'Q>O,S23:X%4>0,§1>1,£2>1, (8)

(II):P'Q<O,S23:)C%4<O,§1>1,(§2>1, (9)

respectively, and &, and &, are the momentum fractions of
p; and p4 in the collinear limit. (ii) Although the (compo-
nent) amplitudes in these two regions do not factorize, they
are compensated by universal corrections,

Ay~ ZSPS,Z)(—Plv P&+ ie)Spﬁ(ipa Fpa:és +ie)
hl

X A (1. 2)Ay_a (P, QM0 ), (10)

where two choices of signs correspond to two regions,
with the + or — sign of the momentum indicating that it is

outgoing or incoming, respectively. Here, Spglz) is the two-

particle splitting amplitude defined in Eq. (7), which is
determined by the BDS amplitude. The new ingredient
Ai’/ﬁ/ receives contributions from the BDS-subtracted

amplitudes and is completely determined by the multi-
Regge limit of the six-point BDS-subtracted amplitude Ry,
as we will demonstrate below.

Six-point case: To analyze the amplitudes in the collinear
regions (8) and (9), we need to first analytically continue
the amplitudes to the kinematic regions defined in [40,41]
(where they are called Mandelstam regions) containing
these collinear regions, and then take x7; and x35 to 0 at the
same rate (see Supplemental Material [42]). For simplicity,
we present only the analysis for region (8) here, as other
regions follow similarly.

For general N, there may be multiple regions containing
the collinear region of interest. However, there is only one
physical region containing region (8) for N = 6, corre-
sponding to the scattering pps — p2pP3PsPs:

X3, >0, xj5>0, andallother x}; <0. (11)
There are three independent conformally invariant cross
ratios for N = 6:

Up = U346, Up = Unqsis uy = uzser.  (12)
The DSL collinear limit then corresponds to analytically
continuing u, — uye?* and then taking the limit
(uy,uy,u3) - (0,1,0), with the following ratios held
fixed:

u; 7z U3 1

T -9 -2)’ T (-9 -2)
(13)

Remarkably, at the level of the cross ratios, the DSL
collinear limit is identical to the multi-Regge limit for
the six-point BDS-subtracted amplitude, where the pro-
duced particles are strongly ordered in rapidity. It was first
observed in [40] that the BDS-subtracted amplitude Rg
in the Euclidean region becomes trivial in multi-Regge

1—M2 1—M2
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kinematics (MRK), but the result is nontrivial if continued
to the Riemann sheet defined by (11) due to the presence of
a Regge cut. Since both the analytic continuation and the
limit agree for the DSL collinear limit and MRK at the level
of cross ratios, we can immediately identify the generalized
splitting amplitude A{"h/ (7= \/ujus,z) in Eq. (10) with
various six-point BDS-subtracted amplitudes in MRK.

More precisely, we find that A{™ = A7~ can be obtained
from the MHV BDS-subtracted amplitude RY™Y in MRK
[40,41,43-45], and A/~ = A;{"|,; from the NMHV
BDS-subtracted amplitude RYMHY in MRK [46,47] (for
more details, see Supplemental Material [42]). For exam-
ple, from an MHV configuration in 2 — 4 kinematics, we
have (cf. [48])

AT (z,2) = e M(RMHY) = cos zmay,

. “+00

ia 7\ "/?
+ = (=" (:>

2 n=-—oo0 <

too |Z|2i”CI),r,i,gdl/
X P Bl P y-om, (14
| TR e ()

where P represents the principal value integral, and M (R)
indicates that the function R is evaluated in MRK. Here
wu = 7k (a)log|z]* is the Regge pole contribution, and
ykx(a) is the cusp anomalous dimension. The remaining
contribution takes the form of a Fourier-Mellin transform
and involves the Balitsky-Fadin-Kuraev-Lipatov (BFKL)
eigenvalue ®,, and the (regularized) impact factor ®j;r.
Similarly, Ay(z,z) for the region (9) is determined by
e~ % M(RMHV) in 3 — 3 kinematics [26,43,49], which has
an expression similar to Eq. (14).

Our analysis reveals a duality between the DSL collinear
limit and MRK in planar A” =4 SYM. The fact that the
BDS-subtracted amplitude vanishes in Euclidean MRK
corresponds to the fact that the amplitude factorizes into
two-particle splitting amplitudes in the double timelike
collinear limit. Correspondingly, the nonfactorizing con-
tributions in the DSL collinear limit can be attributed to
the same Glauber gluon exchange [6,50] described by the
Fourier-Mellin integral in Eq. (14). We note that both
kinematic regimes explore aspects of forward scattering.
Nevertheless, the two regimes are distinct, as no rapidity
ordering is imposed in the collinear limit, making the
duality between the collinear limit and MRK nontrivial.

As a consequence of the conformal equivalence of the
two limits, we can directly use knowledge about Ry in
MRK and apply it to the DSL collinear limit. In particular,
we see that Apy is completely determined by the cusp
anomalous dimension yg, the BFKL eigenvalue w,,, and
the impact factor @, where the latter two quantities have
been extracted to high orders from fixed-order computa-
tions [43,44,51,52]. More importantly, since all three quan-
tities are known to all orders from integrability [26,53]

(at least conjecturally), we conclude that also Ay is fixed
to all orders in the 't Hooft coupling. It is known how to
systematically evaluate the Fourier-Mellin transform in
Eq. (14) order by order in terms of Brown’s single-valued
harmonic polylogarithms [54—-56], and so we conclude that
the same statement must hold for Ay y.

Universality of generalized splitting amplitudes: At this
point, we would like to check that Ay is universal. It is
independent of the hard scattering and is the same function
for all higher-point amplitudes and form factors. We now
give compelling evidence that it is.

For the higher-point amplitudes, the main difference to the
six-point case is that there may be several physical regions
compatible with either DSL collinear region (8) or (9).
For instance, physical regions compatible with both colli-
near regions can have either x2, > 0 or x2, < 0 for N = 7.
Through analytic continuation to various compatible regions
(cf. [57]), we have performed explicit computations of the
DSL collinear limits for the symbols of seven- and eight-
point MHV and NMHV amplitudes up to three loops
[20,25,38,58]. Remarkably, we find that all these amplitudes
exhibit the same pattern as in (10), where 7 and z are defined
as in the six-point case with pg replaced by py.

The four-point MHV Tr¢? form factor is the first to
exhibit nontrivial DSL collinear limits. This form factor has
been computed through three-loop order [59,60], while the
five- and six-point MHV form factors have been computed
through two-loop order [61]. We have verified that all these
form factors exhibit the same DSL collinear limit behavior
[with the obvious identification x3; = s, = (p; + p,)?,
X3, = $p3, etc.] as the amplitudes. In particular, the four-
point form factor fails to factorize not only in regions I and
1I described in (8) and (9), but also in regions I' and I,
which are related to regions I and II via &; — 1 —&;, due
to an additional symmetry. Nevertheless, the form factor
exhibits the same pattern as in Eq. (10) in all aforemen-
tioned regions with the correct identification of z and z.

Based on our explicit computations, we conjecture that
the generalized splitting amplitude is universal, and that the
function Ay, governs the behavior of any quantity in
planar ' = 4 SYM in the limit where two spacelike pairs
of particles become collinear.

Conclusions—In this Letter we have obtained for the first
time results for high-loop scattering amplitudes in the
collinear limit where two spacelike pairs of massless
particles become simultaneously collinear, and we have
obtained an analytic expression for a generalized splitting
amplitude, first introduced in [18].

We have focused our Letter on the planar N = 4 SYM
theory. We have uncovered a duality between the DSL
collinear limit and MRK for the six-point BDS-subtracted
amplitude. MRK amplitudes in planar N' = 4 SYM have
been studied extensively, both for N = 6 [26,40,41,43—
46,49,51,52,62—65] and beyond [48,57,66—80]. Our duality
allows us to immediately apply known results for the
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six-point BDS-subtracted amplitude in MRK to obtain the
generalized splitting amplitude A;/y. The universality of
the DSL collinear limit can be used to turn the MRK results
for Rg into constraints for the a future bootstrap program
for higher-point amplitudes and form factors. It would be
interesting to understand if there are also kinematic regimes
for N > 6 that are dual to the BDS-subtracted amplitudes
Ry in MRK, or if the DSL collinear limit considered here
is connected to the self-crossing limits for polygonal
Wilson loops considered in [8§1-83], which have an overlap
with MRK.

Our findings confirm the expectations of [18] about the
structure of the DSL collinear limit. Unlike other sources
of collinear factorization breaking considered in the liter-
ature [11,12], this correlation between different spacelike
collinear directions contributes already at leading color.
While our analysis was restricted to the planar N' = 4 SYM
theory, this is sufficient to establish the existence of
correlations between multiple spacelike collinear directions
at leading color.

It is interesting to ask what possible phenomenological
implications of our findings could be, in particular for
the factorization of observables in hadronic collisions into
PDFs multiplied by partonic cross sections. Since the
factorization breaking enters through the imaginary part
at one loop, it can contribute to cross-section calculations
for the first time at N*LO through the square of the one-
loop amplitude with two initial-state jets collinear to the
beam directions. It would be interesting to see if this
nonfactorizable contribution leaves an imprint in some
(differential) observables after phase integration.
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