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The discrepancy between quantum distinguishability in Hilbert space and classical distinguishability in
probability space is expressed by the gap between the quantum and classical Fisher information matrices
(QFIM and CFIM, respectively). This intrinsic quantum obstruction is generally not saturable and plays a
central role in both fundamental insights and practical applications in modern quantum physics. Here, we
develop a geometrical framework for this gap by introducing the notion of the semiclassical geometric
tensor (SCGT). We relate this quantity to the quantum geometric tensor (QGT), whose real part equals the
QFIM. We prove the matrix inequality between QGT and SCGT, which sharpens the standard inequality
between QFIM and CFIM and provides novel multiparameter information bounds: the real part of the
SCGT reproduces the CFIM plus an additional nonnegative contribution capturing quantum obstruction.
This further motivates a natural extension of the Berry phase to the semiclassical setting.
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Introduction—Quantifying information in a quantum
system requires distinguishing what is operationally acces-
sible through measurements from what is intrinsic to the
quantum state itself. This distinction clarifies fundamental
limits on observables and has become central in quantum
information [1,2], geometry [3–5], and technology [6,7]. The
Fisher informationprovides a natural framework: the classical
variant captures what a given measurement can reveal, while
its quantum counterpart specifies the state’s ultimate limit,
thereby making the measurement-state gap explicit.
The classical Fisher information matrix (CFIM) quanti-

fies how much information a probability distribution
carries about m parameters θ ¼ ðθ1;…; θmÞ [8]. In quan-
tum theory, probabilities arise from the Born rule:
pωðθÞ ¼ trðϱθEωÞ, where ϱθ is a θ-dependent quantum
state and E ¼ fEωg is a positive operator-valued measure
(POVM), satisfying Eω ≥ 0 and

P
ω Eω ¼ 1. This founda-

tional postulate yields the cornerstone inequality,

FCðϱθ;EÞ ≤ FQðϱθÞ; ð1Þ

where FC and FQ denote the CFIM and the quantum
Fisher information matrix (QFIM), respectively [9]. This
inequality holds for all states and POVMs, showing that the
classical information extractable via measurements cannot
exceed a fundamental bound determined solely by the
quantum state.
In the single-parameter case (m ¼ 1), equality in Eq. (1)

can always be saturated by an appropriate measurement [4].
In contrast, for multiple parameters (m ≥ 2), saturation is
generally impossible [10–13]. The resulting gap between
FC and FQ reflects measurement incompatibility, which is
rooted in the noncommutativity of the optimal measure-
ments for different parameters [14–17]. This represents a
genuinely quantum obstruction rather than a purely opera-
tional shortcoming.
So far, measurement incompatibility in the framework of

Fisher information has primarily been explored from a
quantum metrology perspective. Estimation-theoretic
analyses typically compare the quantum Cramér-Rao
bound [8]—a sensitivity limit set by F−1

Q —with the
Holevo bound [14], a limit attainable with collective
measurements on infinitely many copies of ϱθ [18–20].
This viewpoint raises additional challenges, including the
identification of optimal POVMs that saturate the Holevo
bound and the characterization of performance gaps when
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only a finite number of measurements or copies is available
(see, e.g., Refs. [21–24]).
Distinguishability Riemannian metrics [5]—Fisher-Rao

(for probability distributions), Fubini-Study (pure states),
and Bures (mixed states)—identify FC and FQ as stat-
istical speeds under infinitesimal parameter shifts.
However, these purely real metrics neglect the param-
eter-induced phase twists that accumulate as geometric
(Berry) phases along closed loops [25,26]. In particular, the
saturation in Eq. (1) requires the absence of such twists (see
below). A complete account of measurement incompati-
bility in the multiparameter regime thus demands a frame-
work beyond real metric structures.
In this Letter, we address the fundamental discrepancy

between CFIM and QFIM from a quantum geometric
perspective. We recognize that the quantum geometric
tensor (QGT) [27–29], QðϱθÞ, possesses nontrivial real
and imaginary parts associated with the metric and the
(Berry) curvature, respectively. We generalize the QGT by
introducing the notion of semiclassical geometric tensor
(SCGT), Cðϱθ;EÞ, which is gauge invariant and measure-
ment dependent. We establish the inequality

Cðϱθ;EÞ ≤ QðϱθÞ; ð2Þ

in close analogy with Eq. (1). Taking the real parts of
Eq. (2) recovers the QFIM on the right-hand side, while the
left-hand side provides a refined geometric account of the
CFIM-QFIM gap, offering novel insights into measurement
incompatibility. In the following, after formal definitions of
the above quantities and the derivation of Eq. (2), we
discuss three implications: (i) identification of optimal
measurements for which the CFIM-QFIM gap vanishes,
(ii) derivation of tight bounds on measurement incompat-
ibility, and (iii) elucidation of the geometric phase asso-
ciated with the SCGT.
Geometric tensors—For a pure state jψθi parametrized

by θ, the QGT is defined as the Hermitian, positive-
semidefinite matrix QðjψθiÞ with elements

½QðjψθiÞ�ij ¼ 4h∂iψθjð1 − jψθihψθjÞj∂jψθi; ð3Þ

where j∂iψθi≡ ∂ijψθi and ∂i ≡ ∂=∂θi. A notable property
of the QGT is its invariance under local gauge trans-
formations:Qðjψ 0

θiÞ ¼ QðjψθiÞ for jψ 0
θi ¼ eiαθ jψθi, where

the real quantity αθ depends on θ. The real part of Eq. (3)
recovers the Fubini-Study metric [5,30], while the imagi-
nary part is the Berry curvature [25]. The QGT has probed
quantum systems via fidelity susceptibility [31–34],
informed studies of quantum materials [35,36], been
experimentally measured [37–40], and set the asymptotic
conversion rate in the resource theory of asymmetry [41].
For a general state ϱθ, a generalization of the QGT is

given by [29]

½QðϱθÞ�ij ¼ trðϱθLiLjÞ: ð4Þ
The Hermitian operator Li ≡ LiðϱθÞ is called the symmet-
ric logarithmic derivative (SLD) [8], and it is defined
by the relation ∂iϱθ ¼ ðLiϱθ þ ϱθLiÞ=2. For pure
states, Eq. (4) reduces to Eq. (3), since LiðjψθiÞ ¼
2ðj∂iψθihψθj þ jψθih∂iψθjÞ. The real part, Re½QðϱθÞ�≡
FQðϱθÞ, is the QFIM with elements

½FQðϱθÞ�ij ¼
1

2
tr½ϱθðLiLj þ LjLiÞ�; ð5Þ

while the imaginary part, Im½QðϱθÞ�≡ GðϱθÞ [42], is
known as mean Uhlmann curvature [29,43,44]. Note that
for single-parameter (m ¼ 1) unitary encoding, the scalar
quantum Fisher information has been related to entangle-
ment properties in quantum systems [45–49]; see also
Refs. [50,51] for investigations in the m ≥ 2 scenario.
Interestingly, Eq. (1) is saturated under optimal meas-

urement conditions, only if the imaginary part of Eq. (4)
vanishes [12,13]: if FCðϱθ;EÞ ¼ FQðϱθÞ, then GðϱθÞ ¼ 0,
where FCðϱθ;EÞ is the CFIM with elements

½FCðϱθ;EÞ�i;j ¼
X
ω

½∂ipωðθÞ�½∂jpωðθÞ�
pωðθÞ

: ð6Þ

This condition suggests that the CFIM can coincide with
the QFIM only if the underlying Riemannian structure of
the quantum state space has zero mean Uhlmann curvature.
In other words, the parameter information encoded in the
symplectic structure (described by the imaginary part of the
QGT) cannot be accessed through the probabilities of
measurement outcomes. Then, it would be challenging to
establish a geometric tensor that encompasses nontrivial real
and imaginary parts for general POVM operators and fully
recovers the QGT within appropriate limiting scenarios.
To address this puzzling discrepancy, we introduce the

Hermitian, positive-semidefinite matrix with elements

½Cðϱθ;EÞ�ij ¼
X
ω

½χω;iðθÞ��χω;jðθÞ
pωðθÞ

; ð7Þ

where χω;iðθÞ≡ trðϱθEωLiÞ and ½χω;iðθÞ�� ¼ trðϱθLiEωÞ is
the conjugation of χω;iðθÞ. Due to the relation
Re½χω;iðθÞ� ¼ ½∂ipωðθÞ�, Eq. (7) provides a generalization
of Eq. (6) that includes a nontrivial imaginary part. In the
main text, we focus on regular POVMs such that pωðθÞ > 0
for the sake of simplicity, while null POVMs such that
pωðθÞ ¼ 0 are discussed in Appendix A.
For pure states, Eq. (7) has a structure analogous to

Eq. (3) (shown in Appendix B),

½Cðjψθi;EÞ�ij¼4h∂iψθj½Mðjψθi;EÞ−jψθihψθj�j∂jψθi; ð8Þ
where Mðjψθi;EÞ≡P

ω½1=pωðθÞ�EωjψθihψθjEω. Also,
Eq. (8) shares with the QGT the property of gauge
invariance: Cðjψ 0

θi;EÞ ¼ Cðjψθi;EÞ for jψ 0
θi ¼ eiαθ jψθi

PHYSICAL REVIEW LETTERS 136, 150801 (2026)

150801-2



(shown in Appendix C). The structural analogy with Eq. (3)
and the gauge invariance suggest calling Eq. (7) a semi-
classical geometric tensor, namely, a counterpart of the
QGT depending on the specific POVM. Finally, in
Appendix I, we show how the SCGT can be accessed
for pure states by measuring suitable Hermitian operators.
Lower bound to the QGT—Let us present and prove one

of the main results of this Letter:
Observation 1—For a general state ϱθ, consider

Hermitian and positive-semidefinite matrices QðϱθÞ in
Eq. (4) and Cðϱθ;EÞ in Eq. (7). The inequality Eq. (2)
holds for all states and POVMs, with the meaning
z†Cðϱθ;EÞz ≤ z†QðϱθÞz for any complex vector z.
Proof—For any z∈Cm, we write

z†Cðϱθ;EÞz ¼
X
ω

1

pωðθÞ
jtrðϱθEωL̃Þj2; ð9Þ

where L̃ ¼ P
i ziLi. Letting X ¼ ffiffiffiffiffiffi

Eω
p ffiffiffiffiffi

ϱθ
p

and Y ¼ffiffiffiffiffiffi
Eω

p
L̃

ffiffiffiffiffi
ϱθ

p
and applying the Cauchy-Schwarz inequality

jtrðX†YÞj2 ≤ trðXX†ÞtrðYY†Þ yields that jtrðϱθEωL̃Þj2 ≤
pωðθÞtrðEωL̃ϱθL̃†Þ. Inserting this into Eq. (9) and usingP

ω Eω ¼ 1, we obtain Eq. (2). Since jtrðϱθEωL̃Þj2 ≥ 0, we
directly obtain Cðϱθ;EÞ ≥ 0. ▪
Let us discuss the saturation of the inequality Eq. (2). For

pure states, Cðjψθi;EÞ ¼ QðjψθiÞ holds for every rank-one
POVM fEω ¼ jπωihπωjg, where Eω is not necessarily
projective (namely, EωEω0 ¼ δω;ω0Eω does not necessarily
hold). This can be seen by noticing that EωjψθihψθjEω ¼
pωðθÞEω for Eω ¼ jπωihπωj, and thus, Mðjψθi;EÞ in
Eq. (8) becomes the identity matrix for any jψθi. The
consequence of this saturation is elaborated in the next
section.
For general mixed states and regular POVM operators,

Cðϱθ;EÞ ¼ QðϱθÞ holds if and only if there exists a rank-
one POVM fEω ¼ jπωihπωjg such that

hπωj ⊗ hπωjðLi ⊗ 1 − 1 ⊗ LiÞjψx;θi ⊗ jψy;θi ¼ 0 ð10Þ

holds for all i, ω, x, y, where jψx;θi is the eigenstate of ϱθ. It
is straightforward to see that Eq. (10) is verified for pure
states since jψx;θi ¼ jψy;θi ¼ jψθi. The proof of Eq. (10) is
shown in Appendices D and E. The saturation condition in
null POVMs is discussed in Appendix F.
Tighter lower bound to the QFIM—Let us decompose

the SCGT into real and imaginary parts: Re½Cðϱθ;EÞ�≡
FCðϱθ;EÞ þ Iðϱθ;EÞ and Im½Cðϱθ;EÞ�≡Dðϱθ;EÞ, where
Iðϱθ;EÞ and Dðϱθ;EÞ have elements

½Iðϱθ;EÞ�ij ¼
X
ω

Im½χω;iðθÞ� Im½χω;jðθÞ�
pωðθÞ

; ð11aÞ

½Dðϱθ;EÞ�ij ¼
X
ω

ξω;ijðθÞ − ξω;jiðθÞ
pωðθÞ

; ð11bÞ

ξω;ijðθÞ≡ Re½χω;iðθÞ� Im½χω;jðθÞ�: ð11cÞ

In general, Iðϱθ;EÞ and Dðϱθ;EÞ are nonzero matrices,
while Dðϱθ;EÞ ¼ 0 holds in the single-parameter case. For
more expressions of pure states and unitary transforma-
tions, see Appendix G.
We can present our second main result:
Observation 2—We have that FCðϱθ;EÞ þ Iðϱθ;EÞ

provides a tighter lower bound to FQðϱθÞ than FCðϱθ;EÞ:
FCðϱθ;EÞ ≤ FCðϱθ;EÞ þ Iðϱθ;EÞ ≤ FQðϱθÞ: ð12Þ
Proof—Recall that the transpose of a positive-semi-

definite matrix X ≥ 0 is also positive-semidefinite X⊤ ≥ 0.
Therefore, Re½X� ≥ 0. Taking X ¼ QðϱθÞ − Cðϱθ;EÞ ≥ 0
in Eq. (2), we obtain the right-hand inequality of Eq. (12).
The left-hand inequality of Eq. (12) follows from that
FCðϱθ;EÞ ≥ 0 by definition and that Iðϱθ;EÞ ≥ 0 since
z†Iðϱθ;EÞz ¼

P
ω Im½trðϱθEωL̃Þ�2=pωðθÞ ≥ 0 for any vec-

tor z∈Cm, with L̃ ¼ P
i ziLi. ▪

We have several remarks on Observation 2. First,
Eq. (12) is the generalization of Eq. (1), originally derived
by Braunstein and Caves in the single-parameter case [4]
and later extended to multiparameter cases [12,13]. The
additional term Iðϱθ;EÞ quantifies a nontrivial gap
between the CFIM and the QFIM.
For pure states, the gap is tight: FCðjψθi;EÞ þ

Iðjψθi;EÞ ¼ FQðjψθiÞ holds for any rank-one POVM,
since Cðjψθi;EÞ ¼ QðjψθiÞ, as discussed above. Then, the
quantity Iðjψθi;EÞ precisely quantifies the difference
between the QFIM and the CFIM. The necessary and
sufficient condition for Iðjψθi;EÞ ¼ 0 is Im½χω;iðθÞ� ¼ 0

for all i and ω. This recovers the necessary and sufficient
condition for the existence of a rank-one regular POVM to
achieve FCðjψθi;EÞ ¼ FQðjψθiÞ, as introduced in
Ref. [12]; see Appendix H for more details.
For general mixed states, the necessary and sufficient

condition for FCðϱθ;EÞ þ Iðϱθ;EÞ ¼ FQðϱθÞ is given in
Eq. (10). We have that Iðϱθ;EÞ ¼ 0 if and only if
Im½χω;iðθÞ� ¼ 0 for all i and ω. This recovers the necessary
and sufficient condition for the existence of a rank-one
regular POVM to achieve FCðϱθ;EÞ ¼ FQðϱθÞ, discussed
in Refs. [13,52]; see Appendix H for more details.
In the single-parameter case (m ¼ 1), Eq. (10) becomes

hπωjLjψx;θihπωjψy;θi ¼ hπωjψx;θihπωjLjψy;θi. This condi-
tion is satisfied for all x, y by choosing jπωi as an eigenstate
of the SLD operator L. Such a choice also ensures that
Im½χω;iðθÞ� ¼ 0, given that the eigenvalues of L are real.
We thus recover that FCðϱθ;EÞ ≤ FQðϱθÞ can always be
saturated [4] where both quantities are scalars.
Finally, for the trace of the QFIM, we have the additional

lower bound,

kΔðϱθ;EÞktr þ tr½FCðϱθ;EÞ þ Iðϱθ;EÞ� ≤ tr½FQðϱθÞ�;
ð13Þ
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where Δðϱθ;EÞ≡ GðϱθÞ −Dðϱθ;EÞ and kXktr ≡P
i jxij

denotes the trace norm for xi being the eigenvalues of a
matrix X. The derivation of Eq. (13) is based on the
Belavkin-Grishanin inequality [53] (see Lemma 1 in
Ref. [54]): for a positive-semidefinite matrix X ≥ 0, it
holds that tr½ReðXÞ� ≥ k ImðXÞktr. Taking X ¼ QðϱθÞ −
Cðϱθ;EÞ ≥ 0 directly yields Eq. (13). We note that Eq. (13)
provides a tighter lower bound than the one obtained by
taking the trace of FCðϱθ;EÞ þ Iðϱθ;EÞ ≤ FQðϱθÞ. The
difference between the imaginary parts GðϱθÞ andDðϱθ;EÞ,
which cannot appear in the matrix inequality (12), emerges
as an additional term in the scalar inequality [Eq. (13)].
Closeness between CFIM and QFIM—Besides the

matrix inequality, Eq. (12), we provide a scalar bound to
characterize further how close the CFIM is to the QFIM for
given POVM operators.
Observation 3—For a given Hermitian and positive-

definite matrix W with trðWÞ ¼ 1 (without loss of general-
ity), it holds that

tr
�
WF

−1
2

Q FCF
−1
2

Q

�
≤ 1 − ΓW; ð14Þ

where

ΓW ¼ tr
�
WF

−1
2

Q IF
−1
2

Q

�
þ k

ffiffiffiffiffi
W

p
F

−1
2

Q ΔF−1
2

Q

ffiffiffiffiffi
W

p
ktr ð15Þ

is a nonnegative quantity.
Proof—We take X ¼ ffiffiffiffiffi

W
p

F
−1
2

Q ðQ − CÞF−1
2

Q

ffiffiffiffiffi
W

p
≥ 0 due

to Eq. (2) and FQ ≥ 0. We obtain Eq. (14) by following the
Belavkin-Grishanin inequality (as discussed above) and

noting that tr½ReðXÞ� ¼ 1 − tr½WF
−1
2

Q ðFC þ IÞF−1
2

Q �. ▪
We notice that Eq. (14) yields a tighter bound than

trðWF
−1
2

Q FCF
−1
2

Q Þ ≤ 1, which can be obtained from
FC ≤ FQ. The upper bound of Eq. (14) is computable,
since ΓW depends on the specific POVM. In the case of
W ¼ 1=m for m being the number of parameters, Eq. (14)
reduces to

trðF−1
Q FCÞ ≤ m − Γ1=m; ð16Þ

where Γ1=m ¼ trðF−1
Q IÞ þ kF−1

2

Q ΔF−1
2

Q ktr ∈ ½0; m�.
Equation (16) is related with the inequality trðF−1

Q FCÞ ≤
d − 1, derived by Gill and Massar [55] (also see Ref. [56]),
where d is the dimension of the Hilbert space of ϱθ. Our
upper bound in Eq. (16) is tighter than the Gill-Massar
bound in the generally relevant case of large d (e.g., d ¼ 2N

for N qubits) and relatively small m.
Finally, we remark that the quantity R≡

kiF−1
Q Gk∞ ∈ ½0; 1� has been considered to characterize

measurement incompatibility in multiparameter quantum
estimation [16] (see also Refs. [17,57]), where kXk∞ is the
largest absolute eigenvalue of X (a different notion of

measurement incompatibility, as the absence of joint
measurability has also been discussed in quantum infor-
mation; see Refs. [58,59]). In multiparameter quantum
metrology, the quantity R provides an upper bound of the
ratio between the Holevo bound [14] and the Helstrom
Cramér-Rao bound [8]; see Refs. [18–20] for more details.
Based on Eq. (2), we can present

kF−1
Q C − 1k∞ ≤ R ≤ k1 − F

−1
2

Q CF
−1
2

Q k∞; ð17Þ

where k1 − F
−1
2

Q CF
−1
2

Q k∞ ≤ 1. If C ¼ Q, then both inequal-
ities become equalities.
The left-hand inequality in Eq. (17) is derived by

using C ≤ Q and Q ¼ FQ þ iG. To obtain the right-
hand inequality, we use X−1

2YX−1
2 ≥ 0, valid for positive-

semidefinite matrices X, Y: taking X ¼ FQ and

Y ¼ Q − C, we obtain −iF−1
2

Q GF
−1
2

Q ≤ 1 − F
−1
2

Q CF
−1
2

Q ≤ 1,

where k − iF
−1
2

Q GF
−1
2

Q k∞ ¼ kiF−1
Q Gk∞.

Imaginary part of the SCGT—For pure states, the
imaginary part of the QGT is reformulated as

GðjψθiÞ ¼ −2ΩðjψθiÞ; ð18Þ

where ΩðjψθiÞ is the Berry curvature, with elements
Ωij ¼ ∂iAj − ∂jAi, and A≡AðjψθiÞ is the Berry con-
nection with Aj ≡ ihψθj∂jψθi [25,60,61]. The form
of Eq. (18) can be checked by ½GðjψθiÞ�ij ¼
4 Im½h∂iψθj∂jψθi�. The Berry curvature describes an effec-
tive gauge field strength in the parameter space, analogous
to a fictitious magnetic field experienced during adiabatic
evolution [62].
Let us write A ¼ P

ωAω with ½Aω�j ≡ ihψθjEωj∂jψθi,
where A is a real vector but Aω is not a real vector due to
½Aω��j ¼ ½Aω�j − i∂jpωðθÞ. Since the imaginary part of the
SCGT is ½Dðjψθi;EÞ�ij ¼ 4 Im½h∂iψθjMðjψθi;EÞj∂jψθi�,
a direct calculation leads to

Dðjψθi;EÞ ¼ −2i
X
ω

A�
ωA⊤

ω −AωA
†
ω

pωðθÞ
; ð19Þ

where �, ⊤, and †, respectively, denote the complex
conjugation, the transposition, and the Hermitian (conju-
gate transpose). Using Eqs. (18) and (19), and letting Ω ¼P

ωΩω with elements ½Ωω�ij ≡ ∂i½Aω�j − ∂j½Aω�i, we can
express the gap as Δ≡ G −D ¼ P

ω Δω, where Δω van-
ishes for a rank-one POVM.
The integral of ΩðjψθiÞ over an oriented manifold S in

the parameter space is known as the Berry phase [25],

ϕQ ≡ 1

2

Z
S

X
i;j

½ΩðjψθiÞ�ijdθi ∧ dθj; ð20Þ
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where ∧ is the wedge (or exterior) product and dθi ∧ dθj is
an area element on S [63]. In particular, in the two-
dimensional parameter space (m ¼ 2), the Gauss-Bonnet
theorem states that νQ ¼ ϕQ=ð2πÞ is always an integer,
known as the first Chern number, which serves as a
topological invariant [64–66].
In analogy to Eq. (20), we can introduce

ϕC ≡ −
1

4

Z
S

X
i;j

½Dðjψθi;EÞ�ijdθi ∧ dθj: ð21Þ

We have that ϕC ¼ ϕQ for any rank-one POVM, but ϕC ≠
ϕQ for general POVMs. Thus, νC ≡ ϕC=ð2πÞ cannot
always be an integer, because the Gauss-Bonnet theorem
cannot be applied due to the form of Eq. (19).
Example—Consider a single-qubit state with θ ¼ ðϑ;φÞ

for the intervals ϑ∈ ½0; π� and φ∈ ½0; 2π�: jψθi ¼
sinðϑ=2Þj0i þ eiφ cosðϑ=2Þj1i, where j0i and j1i are the
eigenstates of the Pauli-z matrix with �1 eigenvalues,
respectively. Taking the non-rank-one POVM with two
outcomes E ¼ fEω ¼ εjωihωj þ ð1 − εÞ1=2g for ω ¼ 0, 1
and a parameter ε∈ ½0; 1�, we have χ1;ϑ ¼ −χ2;ϑ ¼
ε sinðϑÞ=2 and χ1;φ ¼ −χ2;φ ¼ −iε sin2ðϑÞ=2. Thus,

Q¼
�

1 −i sinðϑÞ
i sinðϑÞ sin2ðϑÞ

�
; C¼ fε;ϑQ; ð22Þ

where fε;ϑ ¼ ε2sin2ðϑÞ=½1 − ε2cos2ðϑÞ�. We obtain νQ ¼ 1

and νCðεÞ ¼ 1 − ½ð1=εÞ − ε�arctanhðεÞ∈ ½0; 1�, where
νCðεÞ monotonically increases for ε. This suggests that
νC may provide a lower bound to νQ in general.
Conclusion—We have examined the gap between QFIM

and CFIM from a geometric perspective by introducing the
SCGT and establishing an inequality between QGT and
SCGT that sharpens the known discrepancy between QFIM
and CFIM. Based on this approach, we derived multi-
parameter quantum information bounds.
Our results open several avenues for further research.

First, our findings may advance toward the characterization
of measurement incompatibility and the saturation problem
of the quantum Cramér-Rao bound in multiparameter
metrology [19,20], recognized as a relevant open problem
in quantum information [67]. Second, exploring the role of
the SCGT or its real part could provide fresh insights into
quantum information science, such as the theory of
asymmetry [41], and operational frameworks based on
the quantum Fisher information in thermodynamics [68]
and quantum resource theories [69]. Moreover, our results
may be extended beyond SLD operators and be related to
generalized quantum speeds [70,71], susceptibilities [72],
Gaussian states [73–75], and higher-order geometric quan-
tities [76]. Finally, beyond the theoretical interest of our
findings, the practical accessibility of the SCGT is dis-
cussed in Appendix I.

Acknowledgments—We thank Francesco Albarelli,
Leonardo Banchi, Hongzhen Chen, Balázs Hetény,
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[48] Luca Pezzè, Yan Li, Weidong Li, and Augusto Smerzi,
Witnessing entanglement without entanglement witness
operators, Proc. Natl. Acad. Sci. U.S.A. 113, 11459 (2016).

[49] Satoya Imai, Augusto Smerzi, and Luca Pezzè, Metrological
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Appendix A: Extension of Eq. (7) to the general
POVM case—Let us write Cðϱθ;EÞ ¼

P
ω CωðϱθÞ, where

CωðϱθÞ has elements

½CωðϱθÞ�ij ¼

8><
>:

½χω;iðθÞ��χω;jðθÞ
pωðθÞ for Regular

lim
θ̃→θ

½χω;iðθ̃Þ��χω;jðθ̃Þ
pωðθ̃Þ for Null

: ðA1Þ

Here, Regular means the case of regular POVM
operators such that pωðθÞ > 0, while Null means the
case of null POVM operators such that pωðθÞ ¼ 0,
where χω;iðθ̃Þ≡ tr½ϱθ̃EωLiðθ̃Þ�. In comparison, usingP

ω Eω ¼ 1, we can write QðϱθÞ ¼
P

ωQωðϱθÞ,
where ½QωðϱθÞ�ij ¼ trðϱθLiEωLjÞ.
Appendix B: Derivation of Eq. (8)—Since the

SLD is given by Li ¼ 2ðj∂iψθihψθj þ jψθih∂iψθjÞ, we

write χω;iðθÞ ¼ 2hψθjEωj∂iψθi þ 2pωðθÞh∂iψθjψθi. Then,
½χω;iðθÞ��χω;jðθÞ ¼ 4h∂iψθjJ ωj∂jψθi, where

J ω ≡ EωjψθihψθjEω þ ½pωðθÞ�2jψθihψθj
−pωðθÞðEωjψθihψθj þ jψθihψθjEωÞ: ðB1Þ

Here, we use h∂iψθjψθi ¼ −hψθj∂iψθi and hψθjψθi ¼ 1.
Inserting this into Eq. (7) and using

P
ω Eω ¼ 1, we obtain

Eq. (8). Similarly, the null-POVM case can be shown.

Appendix C: The gauge invariance of the SCGT—For
jψ 0

θi ¼ eiαθ jψθi, we have j∂iψ 0
θi ¼ ði∂iαθÞjψ 0

θi þ
eiαθ j∂iψθi and Mðjψθi;EÞ ¼ Mðjψ 0

θi;EÞ. This yields
h∂iψ 0

θjMðjψ 0
θi;EÞj∂jψ 0

θi¼ h∂iψθjMðjψθi;EÞj∂jψθiþdij,
where dij ≡ ð∂iαθÞð∂jαθÞ − ði∂iαθÞhψθj∂jψθi þ ði∂jαθÞ×
h∂iψθjψθi. Here, we used hψθjMðjψθi;EÞj∂jψθi ¼
hψθj∂jψθi and hψθjMðjψθi;EÞjψθi ¼ 1. Also, we have
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h∂iψ 0
θj∂jψ 0

θi ¼ h∂iψθj∂jψθi þ dij. Inserting these into
Eq. (8), we find that Cðjψ 0

θi;EÞ ¼ Cðjψθi;EÞ. Similarly,
the null-POVM case can be shown.

Appendix D: Extension of Eq. (2) to each
measurement outcome—Here, we show that

CωðϱθÞ ≤ QωðϱθÞ; ∀ ω ðD1Þ

holds, where both terms were considered in
Appendix A. Notice that Eq. (2) is recovered when
summing over POVM operators in Eq. (D1). According
to Eq. (D1), the saturation condition for the inequality in
Eq. (2) is reduced to that for every outcome, meaning
that Cðϱθ;EÞ ¼ QðϱθÞ if and only if CωðϱθÞ ¼ QωðϱθÞ
for all ω.
For the regular-POVM case, Eq. (D1) is obtained by

using the same Cauchy-Schwarz inequality as in the proof
of Observation 1, i.e., jtrðX†YÞj2 ≤ trðXX†ÞtrðYY†Þ with
X ¼ ffiffiffiffiffiffi

Eω
p ffiffiffiffiffi

ϱθ
p

and Y ¼ ffiffiffiffiffiffi
Eω

p
L̃

ffiffiffiffiffi
ϱθ

p
and L̃ ¼ P

i ziLi. The
necessary and sufficient condition for CωðϱθÞ ¼ QωðϱθÞ is
the saturation of the Cauchy-Schwarz inequality for all
possible choices of z, i.e., the existence of complex
coefficients μω;i such that

Eωϱθ ¼ μω;iEωLiϱθ; ∀ i: ðD2Þ

For the null-POVM case, one first observes that all the
eigenvectors of ϱθ lie in the kernel of Eω, i.e.,
Eωϱθ ¼ ϱθEω ¼ 0. Using the observation and the definition
of the SLD, a similar manipulation to Ref. [13]
shows that ∂ipωðθÞ ¼ Re½trðLiϱθEωÞ� ¼ 0, ∂i∂jpωðθÞ ¼
f½QωðϱθÞ�ij þ ½QωðϱθÞ�jig=4, and ∂iχω;jðθÞ ¼ ð1=2Þ×
½QωðϱθÞ�ij. Inserting these for the Taylor expansions

of pωðθ̃Þ and χω;jðθ̃Þ in Eq. (A1) yields pωðθ̃Þ ¼
δθTQωðϱθÞδθ and χω;jðθ̃Þ ¼

P
ij½QωðϱθÞ�ijδθi, where

δθ ¼ θ̃ − θ. Then,

z†CωðϱθÞz ¼
jz†QωðϱθÞδθj2
δθTQωðϱθÞδθ

: ðD3Þ

We apply the Cauchy-Schwarz inequality jtrðX†YÞj2 ≤
trðXX†ÞtrðYY†Þ for the numerator in Eq. (D3). Taking X ¼ffiffiffiffiffiffi
Eω

p
L̂

ffiffiffiffiffi
ϱθ

p
and Y ¼ ffiffiffiffiffiffi

Eω
p

L̃
ffiffiffiffiffi
ϱθ

p
with L̂ ¼ P

i δθiLi and
L̃ ¼ P

i ziLi, we obtain

jz†QωðϱθÞδθj2 ≤ ½z†QωðϱθÞz� · ½δθTQωðϱθÞδθ�: ðD4Þ

This directly yields CωðϱθÞ ≤ QωðϱθÞ. The necessary and
sufficient condition for CωðϱθÞ ¼ QωðϱθÞ is the saturation of
the Cauchy-Schwarz inequality for all choices of z, i.e., the
existence of complex coefficients μω;ij such that

EωLiϱθ ¼ μω;ijEωLjϱθ; ∀ i; j: ðD5Þ

Appendix E: Saturation of Eq. (2) in the regular-
POVM case—Let Eω ¼ P

α eω;αjπω;αihπω;αj be the
spectral decomposition of a general POVM element,
with eω;α ≥ 0 and the eigenstates jπω;αi being not
necessarily orthogonal for different ω. Considering the
spectral decomposition ϱθ ¼

P
x λx;θjψx;θihψx;θj, with

λx;θ ≥ 0, we can thus rewrite Eq. (D2) as

X
x;α

λx;θeω;αhπω;αj1 − μω;iLijψx;θijπω;αihψx;θj ¼ 0: ðE1Þ

Due to the linear independence among the set of
operators fjπω;αihψx;θjgx;α, Eq. (E1) can be fulfilled if
and only if each term in the bracket is equal to zero. This
can be seen more explicitly by projecting on the right and
left side of Eq. (E1) over a complete basis. In other words,
the condition Eq. (E1) is equivalent to asking the corre-
sponding matrix to be null for any possible choice of basis,
which is possible only if the bracket term vanishes.
Without loss of generality, we can restrict to rank-one

POVM operator Eω ¼ jπωihπωj. The necessary and suffi-
cient condition is, therefore, the existence of a coefficient
μω;i such that hπωjψx;θi ¼ μω;ihπωjLijψx;θi, for all i and x.
This condition is equal to hπωjLijψx;θi=hπωjψx;θi ¼
hπωjLijψy;θi=hπωjψy;θi for all i and x, y, which leads to
Eq. (10) using trðAÞtrðBÞ ¼ trðA ⊗ BÞ.
Appendix F: Saturation of Eq. (2) in the null-POVM

case—Following Appendix E, we consider the spectral
decomposition of Eω and ϱθ. It then suffices to consider
rank-one null POVM operators such that Eq. (D5)
becomes equivalent to hπωjLijψx;θi ¼ μω;ijhπωjLjjψx;θi
for all i, j and x. This can be also rewritten as
hπωjLijψx;θi=hπωjLjjψx;θi ¼ hπωjLijψy;θi=hπωjLjjψy;θi
for all i, j and x, y. It immediately leads to the
necessary and sufficient condition

hπωj⊗ hπωjðLi⊗Lj−Lj⊗LiÞjψx;θi⊗ jψy;θi¼0; ðF1Þ

for all i, j, ω, x, y.

Appendix G: Expressions for pure states and unitary
transformations—Here, we present the explicit
expressions for the key quantities discussed in this
Letter, considering the simple case of a pure state
jψθi ¼ Uθjψi, where Uθ is a unitary parameter-encoding
transformation. By recalling that Q ¼ FQ þ iG and
C ¼ FC þ I þ iD, a direct calculation yields

½Q�ij ¼ 4½hHiHji − hHiihHji�; ðG1aÞ

½FQ�ij ¼ 2hHiHj þHjHii − 4hHiihHji; ðG1bÞ
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½G�ij ¼ −2ihHiHj −HjHii; ðG1cÞ

½C�ij ¼ 4½hHiNHji − hHiihHji�; ðG1dÞ

½FCþI �ij¼2hHiNHjþHjNHii−4hHiihHji; ðG1eÞ

½D�ij ¼ −2ihHiNHj −HjNHii; ðG1fÞ

½FC�ij ¼ hHiNHj þHjNHii − ηij; ðG1gÞ

½I �ij ¼ hHiNHj þHjNHii − 4hHiihHji þ ηij; ðG1hÞ

where the dependencies on θ, the state, and the POVM
are omitted here and below. In the above expressions,
we denote that hXi≡ hψ jXjψi for an operator X and
Hi ≡ −ið∂iU†

θÞUθ. Here, N ≡N ðjψθi;EÞ and ηij ≡
ηijðjψθi;EÞ ¼ hψ ;ψ jOijjψ ;ψi with

N ¼U†
θMðjψθi;EÞUθ¼

X
ω

1

pωðθÞ
Eωjψihψ jEω; ðG2aÞ

Oij¼
X
ω

1

pωðθÞ
ðEωHi⊗EωHjþHiEω⊗HjEωÞ; ðG2bÞ

where jψ ;ψi ¼ jψ ⊗ ψi, Eω ¼ U†
θEωUθ, and

Mðjψθi;EÞ is defined in Eq. (8). For a rank-one POVM
E ¼ fjπωihπωjg, we have Mðjψθi;EÞ ¼ 1 and,
thus, N ¼ 1.

Appendix H: Necessary and sufficient condition for
Iðϱθ;EÞ ¼ 0—Similarly to Appendix A, let us write
Iðϱθ;EÞ ¼

P
ω IωðϱθÞ, where IωðϱθÞ has elements

½IωðϱθÞ�ij ¼

8><
>:

Im½χω;iðθÞ� Im½χω;jðθÞ�
pωðθÞ for Regular

lim
θ̃→θ

Im½χω;iðθ̃Þ� Im½χω;jðθ̃Þ�
pωðθ̃Þ for Null

:

The necessary and sufficient condition for Iðϱθ;EÞ ¼ 0
is given by IωðϱθÞ ¼ 0 for all ω, since IωðϱθÞ are
positive-semidefinite matrices.
For a rank-one regular POVM Eω ¼ jπωihπωj, the

condition Im½χω;iðθÞ� ¼ 0 for all i is equivalent to

hπωjLiϱθ − ϱθLijπωi ¼ 0; ∀ i: ðH1Þ

For pure states, using Li ¼ 2ðj∂iψθihψθj þ jψθih∂iψθjÞ, we
can, thus, rewrite Eq. (H1) as Im½h∂iψθjπωihπωjψθi� ¼
jhψθjπωij2 Im½h∂iψθjψθi�, which is equivalent to the neces-
sary and sufficient condition for FCðjψθi;EÞ ¼ FQðjψθiÞ
presented in Eq. (8) of Ref. [12]. For mixed states, Eq. (H1)
becomes equivalent to the existence of real coefficients μω;i
such that hπωjψx;θi ¼ μω;ihπωjLijψx;θi. This recovers the

necessary and sufficient condition for FCðϱθ;EÞ ¼
FQðϱθÞ presented in Eq. (39) of Ref. [13].
For a rank-one null POVM Eω ¼ jπωihπωj, the condition

Im½χω;iðθ̃Þ� ¼ 0 for all i is equivalent to

hπωjLiϱθLj − LjϱθLijπωi ¼ 0; ∀ i; j; ðH2Þ

where we use that χω;jðθ̃Þ ¼
P

ij½QωðϱθÞ�ijδθi given in
Appendix D with ½QωðϱθÞ�ij ¼ trðϱθLiEωLjÞ. For
pure states, we can, thus, rewrite Eq. (H2) as
Im½h∂iψθjπωihπωj∂jψθi� ¼ 0, which is equivalent to
Eq. (7) of Ref. [12]. For mixed states, Eq. (H2) becomes
equivalent to the existence of real coefficients μω;ij such
that hπωjLijψx;θi ¼ μω;ijhπωjLjjψx;θi. This recovers the
previous condition presented in Eq. (44) of Ref. [13].

Appendix I: Practical accessibility of the SCGT—
Here, we discuss the practical accessibility of the SCGT
for a pure state jψθi ¼ Uθjψi. First, according to
Appendix G, we have

hHiNHj þHjNHii ¼ hψ ;ψ jKþ
ijjψ ;ψi; ðI1aÞ

ð−iÞhHiNHj −HjNHii ¼ hψ ;ψ jK−
ijjψ ;ψi; ðI1bÞ

where Kþ
ij ¼ P

ω½1=pωðθÞ�ðHiEω ⊗ EωHj þ HjEω ⊗
EωHiÞ, and K−

ij ¼
P

ω½1=pωðθÞ�ð−iÞðHiEω ⊗ EωHj−
HjEω ⊗ EωHiÞ. Note that K�

ij ¼ K�
ijðjψθi;EÞ and its

state dependency arises through pωðθÞ.
Therefore, given two copies of any unknown state jψi

and a known unitary Uθ, the SCGT associated with any
POVM can be experimentally accessed by measuring
the following quantities: pωðθÞ, hψ jHijψi, and
hψ ;ψ jK�

ijjψ ;ψi. Now, K�
ij are non-Hermitian operators,

while their expectation values in the two-copy system can
be measured via Hermitian operators as follows. For non-
Hermitian operators A, B, and Xþ ¼ A ⊗ Bþ B† ⊗ A†

and X− ¼ ð−iÞðA ⊗ B − B† ⊗ A†Þ, it holds that

hψ ;ψ jXþjψ ;ψi¼
D
ψ ;ψ jAþ⊗Bþ−A−⊗B−

2
jψ ;ψ

E
;

ðI2aÞ

hψ ;ψ jX−jψ ;ψi ¼
D
ψ ;ψ jAþ ⊗ B− þ A− ⊗ Bþ

2
jψ ;ψ

E
;

ðI2bÞ

where the Hermitian elements of X ¼ A, B are Xþ ¼
ð1=2ÞðX þ X†Þ and X− ¼ ð1=2iÞðX − X†Þ. Hence, taking
X� ¼ K�

ij, and provided that a two-copy state is available,
one can, in principle, construct the Hermitian observables
such as the right-hand side in Eqs. (I2a) and (I2b) to obtain
Eqs. (I1a) and (I1b).
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