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Semiclassical Geometric Tensor in Multiparameter Quantum Information
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The discrepancy between quantum distinguishability in Hilbert space and classical distinguishability in
probability space is expressed by the gap between the quantum and classical Fisher information matrices
(QFIM and CFIM, respectively). This intrinsic quantum obstruction is generally not saturable and plays a
central role in both fundamental insights and practical applications in modern quantum physics. Here, we
develop a geometrical framework for this gap by introducing the notion of the semiclassical geometric
tensor (SCGT). We relate this quantity to the quantum geometric tensor (QGT), whose real part equals the
QFIM. We prove the matrix inequality between QGT and SCGT, which sharpens the standard inequality
between QFIM and CFIM and provides novel multiparameter information bounds: the real part of the
SCGT reproduces the CFIM plus an additional nonnegative contribution capturing quantum obstruction.
This further motivates a natural extension of the Berry phase to the semiclassical setting.
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Introduction—Quantifying information in a quantum
system requires distinguishing what is operationally acces-
sible through measurements from what is intrinsic to the
quantum state itself. This distinction clarifies fundamental
limits on observables and has become central in quantum
information [1,2], geometry [3-5], and technology [6,7]. The
Fisher information provides a natural framework: the classical
variant captures what a given measurement can reveal, while
its quantum counterpart specifies the state’s ultimate limit,
thereby making the measurement-state gap explicit.

The classical Fisher information matrix (CFIM) quanti-
fies how much information a probability distribution
carries about m parameters 6 = (6, ...,0,,) [8]. In quan-
tum theory, probabilities arise from the Born rule:
Po(0) = tr(ggE, ), where gy is a @-dependent quantum
state and E = {E, } is a positive operator-valued measure
(POVM), satisfying E,, > 0 and ) E, = 1. This founda-
tional postulate yields the cornerstone inequality,
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Fcleg, E) < Folog), (1)

where F and F, denote the CFIM and the quantum
Fisher information matrix (QFIM), respectively [9]. This
inequality holds for all states and POVMs, showing that the
classical information extractable via measurements cannot
exceed a fundamental bound determined solely by the
quantum state.

In the single-parameter case (m = 1), equality in Eq. (1)
can always be saturated by an appropriate measurement [4].
In contrast, for multiple parameters (m > 2), saturation is
generally impossible [10-13]. The resulting gap between
F ¢ and F reflects measurement incompatibility, which is
rooted in the noncommutativity of the optimal measure-
ments for different parameters [14—17]. This represents a
genuinely quantum obstruction rather than a purely opera-
tional shortcoming.

So far, measurement incompatibility in the framework of
Fisher information has primarily been explored from a
quantum metrology perspective. Estimation-theoretic
analyses typically compare the quantum Cramér-Rao
bound [8]—a sensitivity limit set by Fp'—with the
Holevo bound [14], a limit attainable with collective
measurements on infinitely many copies of gg [18-20].
This viewpoint raises additional challenges, including the
identification of optimal POVMs that saturate the Holevo
bound and the characterization of performance gaps when
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only a finite number of measurements or copies is available
(see, e.g., Refs. [21-24]).

Distinguishability Riemannian metrics [5]—Fisher-Rao
(for probability distributions), Fubini-Study (pure states),
and Bures (mixed states)—identify - and F, as stat-
istical speeds wunder infinitesimal parameter shifts.
However, these purely real metrics neglect the param-
eter-induced phase twists that accumulate as geometric
(Berry) phases along closed loops [25,26]. In particular, the
saturation in Eq. (1) requires the absence of such twists (see
below). A complete account of measurement incompati-
bility in the multiparameter regime thus demands a frame-
work beyond real metric structures.

In this Letter, we address the fundamental discrepancy
between CFIM and QFIM from a quantum geometric
perspective. We recognize that the quantum geometric
tensor (QGT) [27-29], Q(gg), possesses nontrivial real
and imaginary parts associated with the metric and the
(Berry) curvature, respectively. We generalize the QGT by
introducing the notion of semiclassical geometric tensor
(SCGT), C(gg, E), which is gauge invariant and measure-
ment dependent. We establish the inequality

C(09,E) < Q(09), (2)

in close analogy with Eq. (1). Taking the real parts of
Eq. (2) recovers the QFIM on the right-hand side, while the
left-hand side provides a refined geometric account of the
CFIM-QFIM gap, offering novel insights into measurement
incompatibility. In the following, after formal definitions of
the above quantities and the derivation of Eq. (2), we
discuss three implications: (i) identification of optimal
measurements for which the CFIM-QFIM gap vanishes,
(ii) derivation of tight bounds on measurement incompat-
ibility, and (iii) elucidation of the geometric phase asso-
ciated with the SCGT.

Geometric tensors—For a pure state |yy) parametrized
by 6, the QGT is defined as the Hermitian, positive-
semidefinite matrix Q(|wg)) with elements

[Qlwo))lij = 4wel (1 = [wo) (wol)lows),  (3)

where |0;wg) = 0;|wg) and 9; = 9/00;. A notable property
of the QGT is its invariance under local gauge trans-
formations: Q(|yy)) = Q(|wy)) for [yy) = e'®|yy), where
the real quantity ay depends on 6. The real part of Eq. (3)
recovers the Fubini-Study metric [5,30], while the imagi-
nary part is the Berry curvature [25]. The QGT has probed
quantum systems via fidelity susceptibility [31-34],
informed studies of quantum materials [35,36], been
experimentally measured [37-40], and set the asymptotic
conversion rate in the resource theory of asymmetry [41].

For a general state gy, a generalization of the QGT is
given by [29]

[Q(00)];; = tr(eoLiL;). (4)

The Hermitian operator L; = L;(gg) is called the symmet-
ric logarithmic derivative (SLD) [8], and it is defined
by the relation 0,09 = (L;09 + 0pL;)/2. For pure
states, Eq. (4) reduces to Eq. (3), since L;(Jyg)) =

2(|0y)(wol + [wo) (dwe|). The real part, Re[Q(eg)l=
Fo(0p), is the QFIM with elements

~—

Folenly = gwlea(Lil + LL). (5

while the imaginary part, Im[Q(gg)] = G(0g) [42], is
known as mean Uhlmann curvature [29,43,44]. Note that
for single-parameter (m = 1) unitary encoding, the scalar
quantum Fisher information has been related to entangle-
ment properties in quantum systems [45-49]; see also
Refs. [50,51] for investigations in the m > 2 scenario.

Interestingly, Eq. (1) is saturated under optimal meas-
urement conditions, only if the imaginary part of Eq. (4)
vanishes [12,13]: if F (09, E) = F(0p), then G(gg) = 0,
where F(0g. E) is the CFIM with elements

[Fclop-E)lij = Z [aipw(Z)]E(;j)Pw(G)] ‘

This condition suggests that the CFIM can coincide with
the QFIM only if the underlying Riemannian structure of
the quantum state space has zero mean Uhlmann curvature.
In other words, the parameter information encoded in the
symplectic structure (described by the imaginary part of the
QGT) cannot be accessed through the probabilities of
measurement outcomes. Then, it would be challenging to
establish a geometric tensor that encompasses nontrivial real
and imaginary parts for general POVM operators and fully
recovers the QGT within appropriate limiting scenarios.
To address this puzzling discrepancy, we introduce the
Hermitian, positive-semidefinite matrix with elements

(6)

Zb(wz )(wj( )’ (7)

w

where )(a),i(a) = tr(QHEwLi) and b(w,i( )] - tr(QHL Ew)
the conjugation of y,;(@). Due to the relation
Rely,,.i(0)] = [0;p,(0)], Eq. (7) provides a generalization
of Eq. (6) that includes a nontrivial imaginary part. In the
main text, we focus on regular POVMs such that p,,(8) > 0
for the sake of simplicity, while null POVMs such that
Po(0) = 0 are discussed in Appendix A.

For pure states, Eq. (7) has a structure analogous to
Eq. (3) (shown in Appendix B),

[C(lwo)-E)]ij=4(0wel [M(lwe).E)—lwo) (wolllowe). (8)

where M(|W0>’E) EZw[l/pw(a)]Ew|W0><W0|Ew AISO’
Eq. (8) shares with the QGT the property of gauge
invariance: C([yp), E) = C(lwg), E) for |wp) = e™[yy)

Qo’ E)
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(shown in Appendix C). The structural analogy with Eq. (3)
and the gauge invariance suggest calling Eq. (7) a semi-
classical geometric tensor, namely, a counterpart of the
QGT depending on the specific POVM. Finally, in
Appendix I, we show how the SCGT can be accessed
for pure states by measuring suitable Hermitian operators.

Lower bound to the QGT—Let us present and prove one
of the main results of this Letter:

Observation [—For a general state @g, consider
Hermitian and positive-semidefinite matrices Q(gp) in
Eq. (4) and C(gg,E) in Eq. (7). The inequality Eq. (2)
holds for all states and POVMs, with the meaning
7'C(0g, E)z < 27 Q(0p)z for any complex vector z.

Proof—For any z € C™", we write

ZCler B = Y lwl@b, LR ©)

where L =3Y",z,L;. Letting X=/E,\/0p and Y =
VE,L /g and applying the Cauchy-Schwarz inequality
ltr(XTY)|> < tr(XXT)tr(YYT) yields that |tr(ggE,L)|> <
Po(0)tr(E,LogL"). Inserting this into Eq. (9) and using
>, E, = 1, we obtain Eq. (2). Since |tr(ggE,L)[> > 0, we
directly obtain C(gg, E) > 0. m

Let us discuss the saturation of the inequality Eq. (2). For
pure states, C(|yy). E) = Q(|wy)) holds for every rank-one
POVM ({E, = |n,)(n,|}, where E, is not necessarily
projective (namely, E,E,; = J, . E, does not necessarily
hold). This can be seen by noticing that E,, |yy)(we|E, =
Pu(@)E, for E, = |n,)(n,|, and thus, M(|yy),E) in
Eq. (8) becomes the identity matrix for any |wg). The
consequence of this saturation is elaborated in the next
section.

For general mixed states and regular POVM operators,
C(0g, E) = Q(0g) holds if and only if there exists a rank-
one POVM {E, = |z,)(x,|} such that

(70| @ (T|(Li @ 1 =T ® Li)lyro) ® yy9) =0 (10)

holds for all i, w, x, y, where |y, o) is the eigenstate of gy. It
is straightforward to see that Eq. (10) is verified for pure
states since |y, g) = |y 9) = [Wp). The proof of Eq. (10) is
shown in Appendices D and E. The saturation condition in
null POVMs is discussed in Appendix F.

Tighter lower bound to the QFIM—Let us decompose
the SCGT into real and imaginary parts: Re[C(gy, E)] =
Fc(ep- E) +Z(0p, E) and Im[C(ey. E)] = D(0p. E), where
Z(0g, E) and D(gy, E) have elements

Imly,,;(0)] Imly,;(0)]

[Z(00 BNy =D @) . (1la)
[D(0p- E)]ij = Zéw‘ij(a) — fw’ﬁ<0) , (11b)

— Pu(0)

£0.ij(0) = Rely,, ;(0)] Im[y,, ;(0)]. (11c)
In general, Z(gy, E) and D(gy, E) are nonzero matrices,
while D(gg, E) = 0 holds in the single-parameter case. For
more expressions of pure states and unitary transforma-
tions, see Appendix G.

We can present our second main result:

Observation 2—We have that F (09, E) + Z (09, E)
provides a tighter lower bound to F(gg) than F (g, E):

Fcleg-E) £ Fcleg-E) +T(09.E) < Fplog). (12)

Proof—Recall that the transpose of a positive-semi-
definite matrix X > 0 is also positive-semidefinite X' > 0.
Therefore, Re[X] > 0. Taking X = Q(¢p) — C(0g,.E) >0
in Eq. (2), we obtain the right-hand inequality of Eq. (12).
The left-hand inequality of Eq. (12) follows from that
F (09, E) >0 by definition and that Z(gy, E) > 0 since
2T (09, E)z = >, Im[tr(0gE,,L))*/ p.,(0) > O for any vec-
tor z€C™, with L = >, z;L;. .

We have several remarks on Observation 2. First,
Eq. (12) is the generalization of Eq. (1), originally derived
by Braunstein and Caves in the single-parameter case [4]
and later extended to multiparameter cases [12,13]. The
additional term Z(gy,E) quantifies a nontrivial gap
between the CFIM and the QFIM.

For pure states, the gap is tight: Fc(lyy). E) +
Z(|lwg). E) = Fo(lwe)) holds for any rank-one POVM,
since C(|yy). E) = Q(|wy)), as discussed above. Then, the
quantity Z(|yg), E) precisely quantifies the difference
between the QFIM and the CFIM. The necessary and
sufficient condition for Z(|yy), E) =0 is Im[y,,;(#)] =0
for all i and w. This recovers the necessary and sufficient
condition for the existence of a rank-one regular POVM to
achieve Fc(|lyg), E) = Fo(lwe)), as introduced in
Ref. [12]; see Appendix H for more details.

For general mixed states, the necessary and sufficient
condition for F (09, E) + Z(0g. E) = F(0p) is given in
Eq. (10). We have that Z(gg,E) =0 if and only if
Im[y,,;(@)] = 0 for all i and w. This recovers the necessary
and sufficient condition for the existence of a rank-one
regular POVM to achieve F (09, E) = F(0p), discussed
in Refs. [13,52]; see Appendix H for more details.

In the single-parameter case (m = 1), Eq. (10) becomes
<ﬂw|L|Wx,0> <7T(u|l//y,9> = <7Zw|‘//x,9> <7Zw|L|V/y,0>' This condi-
tion is satisfied for all x, y by choosing |z,,) as an eigenstate
of the SLD operator L. Such a choice also ensures that
Im[y, ;(#)] = 0, given that the eigenvalues of L are real.
We thus recover that F(gg, E) < F(0y) can always be
saturated [4] where both quantities are scalars.

Finally, for the trace of the QFIM, we have the additional
lower bound,

1A(eg, BE) | + tr[F (09, E) + (09, E)] < tr[Fp(0p)],
(13)
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where A(g. E) = G(0g) — D(0p. E) and ||IX||, =3, |x;
denotes the trace norm for x; being the eigenvalues of a
matrix X. The derivation of Eq. (13) is based on the
Belavkin-Grishanin inequality [53] (see Lemma 1 in
Ref. [54]): for a positive-semidefinite matrix X > 0, it
holds that tr[Re(X)] > || Im(X)||,. Taking X = Q(0p) —
C(0g, E) > 0 directly yields Eq. (13). We note that Eq. (13)
provides a tighter lower bound than the one obtained by
taking the trace of F(0g, E) +Z(0. E) < Fp(0p). The
difference between the imaginary parts G(¢q) and D(gy, E),
which cannot appear in the matrix inequality (12), emerges
as an additional term in the scalar inequality [Eq. (13)].

Closeness between CFIM and QFIM—Besides the
matrix inequality, Eq. (12), we provide a scalar bound to
characterize further how close the CFIM is to the QFIM for
given POVM operators.

Observation 3—For a given Hermitian and positive-
definite matrix W with tr(W) = 1 (without loss of general-
ity), it holds that

w(WFGFcFg) <1-Ty, (14)
where
_1 _1 _1 _1
rW:u(ngzfg)+n¢Wf5Af5¢er (15)

iS a nonnegative quantity. ] ]

Proof—We take X = vVWF 3(Q - C)F VW > 0 due
to Eq. (2) and F, > 0. We obtain Eq. (14) by following the
Belavkin-Grishanin inequality (as discussed above) and

noting that trfRe(X)] =1 — tr[W}'j(}'C -s-I)}"j}_ -
We notice that Eq. (14) yields a tighter bound than

r(WF j}" cF j) <1, which can be obtained from
F¢ £ Fp. The upper bound of Eq. (14) is computable,
since I'yy depends on the specific POVM. In the case of
W = 1/m for m being the number of parameters, Eq. (14)
reduces to

tr(félfc) <m _Fﬂ/mv (16)

where Ty, = w(FZT) + [|FFAF Gl € [0, m].
Equation (16) is related with the inequality tr(F5'F¢) <
d — 1, derived by Gill and Massar [55] (also see Ref. [56]),
where d is the dimension of the Hilbert space of gg. Our
upper bound in Eq. (16) is tighter than the Gill-Massar
bound in the generally relevant case of large d (e.g., d = 2V
for N qubits) and relatively small m.

Finally, we remark that the quantity R =
[i75'Gll €10, 1] has been considered to characterize
measurement incompatibility in multiparameter quantum
estimation [16] (see also Refs. [17,57]), where || X||, is the
largest absolute eigenvalue of X (a different notion of

measurement incompatibility, as the absence of joint
measurability has also been discussed in quantum infor-
mation; see Refs. [58,59]). In multiparameter quantum
metrology, the quantity R provides an upper bound of the
ratio between the Holevo bound [14] and the Helstrom
Cramér-Rao bound [8]; see Refs. [18-20] for more details.
Based on Eq. (2), we can present

175'C= e <R LN = FgCFG e (17)

where ||1 —ij}"jHoo
ities become equalities.

The left-hand inequality in Eq. (17) is derived by
using C < Q and Q = F, +iG. To obtain the right-
hand inequality, we use X2YX™2 > 0, valid for positive-
semidefinite matrices X, Y: taking X =F, and
Y= Q-C, we obtain —iF GF, <1 —F, CFq <1,
where || = iFGgGF |l = liF5 Gl

Imaginary part of the SCGT—For pure states, the
imaginary part of the QGT is reformulated as

< 1. If C = Q, then both inequal-

G(lwe)) = —2Q(|wg)). (18)

where Q(|yg)) is the Berry curvature, with elements
Q;; =0;.A;—0;A;, and A= A(lyy)) is the Berry con-
nection with A; = i(yy|d;yg) [25,60,61]. The form
of Eq. (I8 can be checked by [G(|lyy))]; =
4Im[{0;yy|0;wy)]. The Berry curvature describes an effec-
tive gauge field strength in the parameter space, analogous
to a fictitious magnetic field experienced during adiabatic
evolution [62].

Let us write A =3 A, with [A,]; = i{yg|E,|9;ye),
where A is a real vector but 4, is not a real vector due to
[A,]5 = [Au]; — i9;p,(@). Since the imaginary part of the
SCGT s [D(ly). E)];; = 41m{(0l M(lw). E) 0],
a direct calculation leads to

o ALAL = A, AL
D(|lye). E) = _ZZZP—W)’ (19)

where *, T, and f, respectively, denote the complex
conjugation, the transposition, and the Hermitian (conju-
gate transpose). Using Eqgs. (18) and (19), and letting Q =
>0 Q, with elements [Q,];; = 0;[A,]; — 9;[A,];, we can
express the gap as A=G-D=>_ A,, where A, van-
ishes for a rank-one POVM.

The integral of Q(|yy)) over an oriented manifold S in
the parameter space is known as the Berry phase [25],

bo=5 [ Slellve)lydo; ndo (20

150801-4
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where A is the wedge (or exterior) product and df; A dO; is
an area element on S [63]. In particular, in the two-
dimensional parameter space (m = 2), the Gauss-Bonnet
theorem states that vy = ¢po/(27) is always an integer,
known as the first Chern number, which serves as a
topological invariant [64-66].

In analogy to Eq. (20), we can introduce

de=-4 DD oy oy 1)

We have that ¢ = ¢ for any rank-one POVM, but ¢ #
¢o for general POVMs. Thus, ve = ¢c/(27) cannot
always be an integer, because the Gauss-Bonnet theorem
cannot be applied due to the form of Eq. (19).
Example—Consider a single-qubit state with @ = (9, ¢)
for the intervals 9€[0,z] and @€[0,27]: |yy) =
sin(9/2)]0) + €' cos(9/2)[1), where |0) and |1) are the
eigenstates of the Pauli-z matrix with £1 eigenvalues,
respectively. Taking the non-rank-one POVM with two
outcomes E = {E,, = ¢|w)(w| + (1 —¢)1/2} forw =0, 1
and a parameter e€[0,1], we have y;9=—yr9=
esin(9)/2 and y,, = —y2, = —iesin’*(9)/2. Thus,

o 1 —isin(9) C—f 0 =
 Lisin(9) sin2(9) |’ =ferQ (22)

where f, g = e*sin’(9)/[1 — *cos*(9)]. We obtain v, = 1
and vc(e) =1—[(1/¢) — ¢]arctanh(e) € [0, 1],  where
ve(e) monotonically increases for e. This suggests that
ve may provide a lower bound to v in general.

Conclusion—We have examined the gap between QFIM
and CFIM from a geometric perspective by introducing the
SCGT and establishing an inequality between QGT and
SCGT that sharpens the known discrepancy between QFIM
and CFIM. Based on this approach, we derived multi-
parameter quantum information bounds.

Our results open several avenues for further research.
First, our findings may advance toward the characterization
of measurement incompatibility and the saturation problem
of the quantum Cramér-Rao bound in multiparameter
metrology [19,20], recognized as a relevant open problem
in quantum information [67]. Second, exploring the role of
the SCGT or its real part could provide fresh insights into
quantum information science, such as the theory of
asymmetry [41], and operational frameworks based on
the quantum Fisher information in thermodynamics [68]
and quantum resource theories [69]. Moreover, our results
may be extended beyond SLD operators and be related to
generalized quantum speeds [70,71], susceptibilities [72],
Gaussian states [73—75], and higher-order geometric quan-
tities [76]. Finally, beyond the theoretical interest of our
findings, the practical accessibility of the SCGT is dis-
cussed in Appendix L.

Acknowledgments—We thank Francesco Albarelli,
Leonardo Banchi, Hongzhen Chen, Baldzs Hetény,
Yutaka Shikano, Augusto Smerzi, Hiroyasu Tajima,
Lingna Wang, Frank Wilczek, Benjamin Yadin, and
Haidong Yuan for discussions. S. 1. acknowledges support
from Horizon Europe program HORIZON-CL4-2022-
QUANTUM-02-SGA via the Project No. 101113690
(PASQuanS2.1) and JST ASPIRE (JPMIJAP2339). J. Y.
acknowledges support from Zhejiang University start-up
grants, Zhejiang Key Laboratory of R&D and Application
of Cutting-Edge Scientific Instruments, and Wallenberg
Initiative on Networks and Quantum Information (WINQ).
L. P. acknowledges support from the QuantERA project
SQUEIS (Squeezing enhanced inertial sensing), funded by
the European Union’s Horizon Europe Program and the
Agence Nationale de la Recherche (ANR-22-QUA2-0006).
This publication has received funding under the Horizon
Europe program HORIZON-CL4-2022-QUANTUM-02-
SGA via project 101113690 (PASQuanS2.1).

Data availability—No data were created or analyzed in
this study.

[1] Mark M. Wilde, Quantum Information Theory (Cambridge
University Press, Cambridge, England, 2013).

[2] Masahito Hayashi, Quantum Information Theory (Springer,
New York, 2017).

[3] William K. Wootters, Statistical distance and Hilbert space,
Phys. Rev. D 23, 357 (1981).

[4] S.L. Braunstein and C. M. Caves, Statistical distance and
the geometry of quantum states, Phys. Rev. Lett. 72, 3439
(1994).

[5] Ingemar Bengtsson and Karol Zyczkowski, Geometry of
Quantum States: An Introduction to Quantum Entanglement
(Cambridge University Press, Cambridge, England, 2017).

[6] Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone,
Advances in quantum metrology, Nat. Photonics 5, 222
(2011).

[7] L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied, and P.
Treutlein, Quantum metrology with nonclassical states of
atomic ensembles, Rev. Mod. Phys. 90, 035005 (2018).

[8] Carl W. Helstrom, Quantum Detection and Estimation
Theory (Academic Press, New York, 1976), Vol. 123.

[9] Jing Liu, Haidong Yuan, Xiao-Ming Lu, and Xiaoguang
Wang, Quantum Fisher information matrix and multipara-
meter estimation, J. Phys. A 53, 023001 (2020).

[10] Shun-ichi Amari and Hiroshi Nagaoka, Methods of Infor-
mation Geometry (American Mathematical Society, Provi-
dence, 2000), Vol. 191.

[11] Keiji Matsumoto, A new approach to the Cramér-rao-type
bound of the pure-state model, J. Phys. A 35, 3111 (2002).

[12] L. Pezze, M. A. Ciampini, N. Spagnolo, P. C. Humphreys,
A. Datta, I. A. Walmsley, M. Barbieri, F. Sciarrino, and A.
Smerzi, Optimal measurements for simultaneous quantum
estimation of multiple phases, Phys. Rev. Lett. 119, 130504
(2017).

150801-5


https://doi.org/10.1103/PhysRevD.23.357
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/RevModPhys.90.035005
https://doi.org/10.1088/1751-8121/ab5d4d
https://doi.org/10.1088/0305-4470/35/13/307
https://doi.org/10.1103/PhysRevLett.119.130504
https://doi.org/10.1103/PhysRevLett.119.130504

PHYSICAL REVIEW LETTERS 136, 150801 (2026)

[13] J. Yang, S. Pang, Y. Zhou, and A.N. Jordan, Optimal
measurements for quantum multiparameter estimation with
general states, Phys. Rev. A 100, 032104 (2019).

[14] Alexander S. Holevo, Probabilistic and Statistical Aspects
of Quantum Theory (Springer Science & Business Media,
New York, 2011), Vol. 1.

[15] S. Ragy, M. Jarzyna, and R. Demkowicz-Dobrzanski,
Compatibility in multiparameter quantum metrology, Phys.
Rev. A 94, 052108 (2016).

[16] Angelo Carollo, Bernardo Spagnolo, Alexander A. Dubkov,
and Davide Valenti, On quantumness in multi-parameter
quantum estimation, J. Stat. Mech. (2019) 094010.

[17] Federico Belliardo and Vittorio Giovannetti, Incompatibility
in quantum parameter estimation, New J. Phys. 23, 063055
(2021).

[18] Rafat Demkowicz-Dobrzanski, Wojciech Goérecki, and
Maidalin Gutd, Multi-parameter estimation beyond quantum
Fisher information, J. Phys. A 53, 363001 (2020).

[19] Francesco Albarelli, Marco Barbieri, Marco G. Genoni, and
Ilaria Gianani, A perspective on multiparameter quantum
metrology: From theoretical tools to applications in quan-
tum imaging, Phys. Lett. A 384, 126311 (2020).

[20] Luca Pezze¢ and Augusto Smerzi, Advances in multipara-
meter quantum sensing and metrology, arXiv:2502.17396.

[21] Lorcéan O. Conlon, Jun Suzuki, Ping Koy Lam, and Syed M.
Assad, Efficient computation of the Nagaoka—Hayashi
bound for multiparameter estimation with separable mea-
surements, npj Quantum Inf. 7, 110 (2021).

[22] Lorcédn O. Conlon, Jun Suzuki, Ping Koy Lam, and Syed M.
Assad, The gap persistence theorem for quantum multi-
parameter estimation, arXiv:2208.07386.

[23] J. S. Sidhu, Y. Ouyang, E. T. Campbell, and P. Kok, Tight
bounds on the simultaneous estimation of incompatible
parameters, Phys. Rev. X 11, 011028 (2021).

[24] Masahito Hayashi and Yingkai Ouyang, Tight Cramér-Rao
type bounds for multiparameter quantum metrology through
conic programming, Quantum 7, 1094 (2023).

[25] Michael Victor Berry, Quantal phase factors accompanying
adiabatic changes, Proc. R. Soc. A 392, 45 (1984).

[26] Michael V. Berry, The quantum phase, five years after,
Geom. Phases Phys. 5, 7 (1989).

[27] J. P. Provost and G. Vallee, Riemannian structure on mani-
folds of quantum states, Commun. Math. Phys. 76, 289
(1980).

[28] Alfred Shapere and Frank Wilczek, Geometric Phases in
Physics (World Scientific, Singapore, 1989), Vol. 5.

[29] Angelo Carollo, Davide Valenti, and Bernardo Spagnolo,
Geometry of quantum phase transitions, Phys. Rep. 838, 1
(2020).

[30] Shoshichi Kobayashi and Katsumi Nomizu, Foundations of
Differential Geometry, Volume 2 (John Wiley & Sons, New
York, 1996), Vol. 61.

[31] P. Zanardi, P. Giorda, and M. Cozzini, Information-theoretic
differential geometry of quantum phase transitions, Phys.
Rev. Lett. 99, 100603 (2007).

[32] L. Campos Venuti and P. Zanardi, Quantum critical scaling
of the geometric tensors, Phys. Rev. Lett. 99, 095701
(2007).

[33] Shi-Jian Gu, Fidelity approach to quantum phase transi-
tions, Int. J. Mod. Phys. B 24, 4371 (2010).

[34] Michael Kolodrubetz, Dries Sels, Pankaj Mehta, and
Anatoli Polkovnikov, Geometry and non-adiabatic response
in quantum and classical systems, Phys. Rep. 697, 1 (2017).

[35] Jiabin Yu, B. Andrei Bernevig, Raquel Queiroz, Enrico
Rossi, Pdivi Torméd, and Bohm-Jung Yang, Quantum
geometry in quantum materials, npj Quantum Mater. 10,
101 (2025).

[36] Yiyang Jiang, Tobias Holder, and Binghai Yan, Revealing
quantum geometry in nonlinear quantum materials, Rep.
Prog. Phys. 88, 076502 (2025).

[37] Xinsheng Tan, Dan-Wei Zhang, Zhen Yang, Ji Chu, Yan-
Qing Zhu, Danyu Li, Xiaopei Yang, Shuqing Song, Zhikun
Han, Zhiyuan Li et al., Experimental measurement of the
quantum metric tensor and related topological phase tran-
sition with a superconducting qubit, Phys. Rev. Lett. 122,
210401 (2019).

[38] A. Gianfrate, O. Bleu, L. Dominici, V. Ardizzone, M. De
Giorgi, D. Ballarini, G. Lerario, K. W. West, L. N. Pfeiffer,
D.D. Solnyshkov et al., Measurement of the quantum
geometric tensor and of the anomalous Hall drift, Nature
(London) 578, 381 (2020).

[39] Min Yu, Pengcheng Yang, Musang Gong, Qingyun Cao,
Qiuyu Lu, Haibin Liu, Shaoliang Zhang, Martin B. Plenio,
Fedor Jelezko, Tomoki Ozawa et al., Experimental meas-
urement of the quantum geometric tensor using coupled
qubits in diamond, Natl. Sci. Rev. 7, 254 (2020).

[40] Mingu Kang, Sunje Kim, Yuting Qian, Paul M. Neves, Linda
Ye, Junseo Jung, Denny Puntel, Federico Mazzola, Shiang
Fang, Chris Jozwiak et al., Measurements of the quantum
geometric tensor in solids, Nat. Phys. 21, 110 (2024).

[41] Koji Yamaguchi, Yosuke Mitsuhashi, and Hiroyasu Tajima,
Quantum geometric tensor determines the iid conversion
rate in the resource theory of asymmetry for any compact
Lie group, arXiv:2411.04766.

[42] For a matrix X, we denote Re[X]=(X+XT")/2 and
Im[X] = (X — XT)/(2i) for XT being its transposition.

[43] Armin Uhlmann, Parallel transport and “quantum holonomy”
along density operators, Rep. Math. Phys. 24, 229 (1986).

[44] Angelo Carollo, Bernardo Spagnolo, and Davide Valenti,
Uhlmann curvature in dissipative phase transitions, Sci.
Rep. 8, 9852 (2018).

[45] Luca Pezze and Augusto Smerzi, Entanglement, nonlinear
dynamics, and the Heisenberg limit, Phys. Rev. Lett. 102,
100401 (2009).

[46] Philipp Hyllus, Wiestaw Laskowski, Roland Krischek,
Christian  Schwemmer, Witlef Wieczorek, Harald
Weinfurter, Luca Pezze, and Augusto Smerzi, Fisher in-
formation and multiparticle entanglement, Phys. Rev. A 85,
022321 (2012).

[47] Géza Toéth, Multipartite entanglement and high-precision
metrology, Phys. Rev. A 85, 022322 (2012).

[48] Luca Pezze, Yan Li, Weidong Li, and Augusto Smerzi,
Witnessing entanglement without entanglement witness
operators, Proc. Natl. Acad. Sci. U.S.A. 113, 11459 (2016).

[49] Satoya Imai, Augusto Smerzi, and Luca Pezze, Metrological
usefulness of entanglement and nonlinear Hamiltonians,
Phys. Rev. A 111, L020402 (2025).

[50] M. Gessner, L. Pezze, and A. Smerzi, Sensitivity bounds for
multiparameter quantum metrology, Phys. Rev. Lett. 121,
130503 (2018).

150801-6


https://doi.org/10.1103/PhysRevA.100.032104
https://doi.org/10.1103/PhysRevA.94.052108
https://doi.org/10.1103/PhysRevA.94.052108
https://doi.org/10.1088/1742-5468/ab3ccb
https://doi.org/10.1088/1367-2630/ac04ca
https://doi.org/10.1088/1367-2630/ac04ca
https://doi.org/10.1088/1751-8121/ab8ef3
https://doi.org/10.1016/j.physleta.2020.126311
https://arXiv.org/abs/2502.17396
https://doi.org/10.1038/s41534-021-00414-1
https://arXiv.org/abs/2208.07386
https://doi.org/10.1103/PhysRevX.11.011028
https://doi.org/10.22331/q-2023-08-29-1094
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1142/0613
https://doi.org/10.1007/BF02193559
https://doi.org/10.1007/BF02193559
https://doi.org/10.1016/j.physrep.2019.11.002
https://doi.org/10.1016/j.physrep.2019.11.002
https://doi.org/10.1103/PhysRevLett.99.100603
https://doi.org/10.1103/PhysRevLett.99.100603
https://doi.org/10.1103/PhysRevLett.99.095701
https://doi.org/10.1103/PhysRevLett.99.095701
https://doi.org/10.1142/S0217979210056335
https://doi.org/10.1016/j.physrep.2017.07.001
https://doi.org/10.1038/s41535-025-00801-3
https://doi.org/10.1038/s41535-025-00801-3
https://doi.org/10.1088/1361-6633/ade454
https://doi.org/10.1088/1361-6633/ade454
https://doi.org/10.1103/PhysRevLett.122.210401
https://doi.org/10.1103/PhysRevLett.122.210401
https://doi.org/10.1038/s41586-020-1989-2
https://doi.org/10.1038/s41586-020-1989-2
https://doi.org/10.1093/nsr/nwz193
https://doi.org/10.1038/s41567-024-02678-8
https://arXiv.org/abs/2411.04766
https://doi.org/10.1016/0034-4877(86)90055-8
https://doi.org/10.1038/s41598-018-27362-9
https://doi.org/10.1038/s41598-018-27362-9
https://doi.org/10.1103/PhysRevLett.102.100401
https://doi.org/10.1103/PhysRevLett.102.100401
https://doi.org/10.1103/PhysRevA.85.022321
https://doi.org/10.1103/PhysRevA.85.022321
https://doi.org/10.1103/PhysRevA.85.022322
https://doi.org/10.1073/pnas.1603346113
https://doi.org/10.1103/PhysRevA.111.L020402
https://doi.org/10.1103/PhysRevLett.121.130503
https://doi.org/10.1103/PhysRevLett.121.130503

PHYSICAL REVIEW LETTERS 136, 150801 (2026)

[51] Shaowei Du, Shuheng Liu, Matteo Fadel, Giuseppe
Vitagliano, and Qiongyi He, Quantifying entanglement
dimensionality from the quantum Fisher information matrix,
Phys. Rev. Lett. 136, 110806 (2026).

[52] Jing Yang, Satoya Imai, and Luca Pezze, A geometric
criterion for optimal measurements in multiparameter quan-
tum metrology, arXiv:2601.21801.

[53] Vyacheslav P. Belavkin and Boris Andreevich Grishanin,
Optimum estimation in quantum channels by the general-
ized heisenberg inequality method, Prob. Peredachi Inf. 9,
44 (1973).

[54] Mankei Tsang, Francesco Albarelli, and Animesh Datta,
Quantum semiparametric estimation, Phys. Rev. X 10,
031023 (2020).

[55] R.D. Gill and S. Massar, State estimation for large ensem-
bles, Phys. Rev. A 61, 042312 (2000).

[56] Lingna Wang, Hongzhen Chen, and Haidong Yuan, Tight
tradeoff relation and optimal measurement for multi-param-
eter quantum estimation, arXiv:2504.09490.

[57] Sholeh Razavian, Matteo G. A. Paris, and Marco G. Genoni,
On the quantumness of multiparameter estimation problems
for qubit systems, Entropy 22, 1197 (2020).

[58] Teiko Heinosaari, Takayuki Miyadera, and Mdrio Ziman,
An invitation to quantum incompatibility, J. Phys. A 49,
123001 (2016).

[59] Otfried Giihne, Erkka Haapasalo, Tristan Kraft, Juha-Pekka
Pellonpdd, and Roope Uola, Colloquium: Incompatible
measurements in quantum information science, Rev.
Mod. Phys. 95, 011003 (2023).

[60] Barry Simon, Holonomy, the quantum adiabatic theorem,
and Berry’s phase, Phys. Rev. Lett. 51, 2167 (1983).

[61] Y. Aharonov and J. Anandan, Phase change during a cyclic
quantum evolution, Phys. Rev. Lett. 58, 1593 (1987).

[62] Jun John Sakurai and Jim Napolitano, Modern Quantum
Mechanics (Cambridge University Press, Cambridge, En-
gland, 2020).

[63] Mikio Nakahara, Geometry, Topology and Physics (CRC
Press, Boca Raton, 2018).

[64] D. Xiao, M.-C. Chang, and Q. Niu, Berry phase effects on
electronic properties, Rev. Mod. Phys. 82, 1959 (2010).

[65] Xiao-Liang Qi and Shou-Cheng Zhang, Topological insula-
tors and superconductors, Rev. Mod. Phys. 83, 1057 (2011).

[66] B. Andrei Bernevig, Topological insulators and topological
superconductors, in Topological Insulators and Topological
Superconductors (Princeton University Press, Princeton,
NJ, 2013).

[67] P. Horodecki, t.. Rudnicki, and K. Zyczkowski, Five open
problems in quantum information theory, PRX Quantum 3,
010101 (2022).

[68] Iman Marvian, Operational interpretation of quantum Fisher
information in quantum thermodynamics, Phys. Rev. Lett.
129, 190502 (2022).

[69] K.C. Tan, V. Narasimhachar, and B. Regula, Fisher in-
formation universally identifies quantum resources, Phys.
Rev. Lett. 127, 200402 (2021).

[70] Dénes Petz, Covariance and Fisher information in quan-
tummechanics, J. Phys. A 35, 929 (2002).

[71] Dénes Petz and Catalin Ghinea, Introduction to quantum
Fisher information, in Quantum Probability and Related
Topics (World Scientific, Singapore, 2011), pp. 261-281.

[72] Philipp Hauke, Markus Heyl, Luca Tagliacozzo, and Peter
Zoller, Measuring multipartite entanglement through dy-
namic susceptibilities, Nat. Phys. 12, 778 (2016).

[73] Zhang Jiang, Quantum Fisher information for states in
exponential form, Phys. Rev. A 89, 032128 (2014).

[74] Rosanna Nichols, Pietro Liuzzo-Scorpo, Paul A. Knott, and
Gerardo Adesso, Multiparameter Gaussian quantum met-
rology, Phys. Rev. A 98, 012114 (2018).

[75] C. Oh, C. Lee, L. Banchi, S.-Y. Lee, C. Rockstuhl, and H.
Jeong, Optimal measurements for quantum fidelity between
Gaussian states and its relevance to quantum metrology,
Phys. Rev. A 100, 012323 (2019).

[76] Balazs Hetényi and Péter Lévay, Fluctuations, uncertainty
relations, and the geometry of quantum state manifolds,
Phys. Rev. A 108, 032218 (2023).

End Matter

Appendix A: Extension of Eq. (7) to the general
POVM case—Let us write C(gy,E) =", C,(0g), where
C,(0p) has elements

bm.&ﬁ)](*g;)‘j(é’) for Regular
[Ca(e0)lij = O 1 (0 (A1)
D) tim e @ g Ny
0—0 Po(0)
Here, Regular means the case of regular POVM

operators such that p, (@) > 0, while Null means the

case of null POVM operators such that p,(@) =0,
where y,,;(0) = trlozE,L;(0)]. In comparison, using
> wEs=1, we can writt Q(0p) = >, 2u(0s)

where [Qw(ga)]ij = tr(QHLiEij)'

Appendix B: Derivation of Egq. (8)—Since the
SLD is given by L; =2(|9iwe)(wsl + [we)(divel), we

write y,,;(0) = 2(wg|E,|9iwo) + 2P, (0)(0yolwe). Then,
b(w,i(o)]*)(w,jw) = 4<ail//0|~7w|ajl//0>’ where

jw = Ew|l//0><l//0|Ew + [pw(e)]2|l//0> <l//0|

_pw(a)(Ewll//0><l//0| + |W0><W0|Ew)' (Bl)

Here, we use (0iyplwo) = —(yoldiwe) and (wylwy) = 1.
Inserting this into Eq. (7) and using >, E,, = 1, we obtain

Eq. (8). Similarly, the null-POVM case can be shown.

Appendix C: The gauge invariance of the SCGT—For
wo) = e lyp), we have  [orp) = (id;ap)lw) +
e'|0yg) and M(|yy), E) = M(|yp).E). This yields
(91| M(lwp). E)|0;wp) = (91| M(lyg) . E)|0;9) + dijy
where  d;; = (0;a9)(0;9) — (i0;09) (wo|0;w) + (i0;09) %
(0wolwg). Here, we used (wo|M(|ywo). E)lojpg) =
(Wolojwe) and (wo|M(lyp). E)lwe) = 1. Also, we have
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(Owplowy) = (0iwg|0;wg) + d;;. Inserting these into
Eq. (8), we find that C(|yp), E) = C(|we), E). Similarly,
the null-POVM case can be shown.

Appendix D: Extension of Eq. (2) to each
measurement outcome—Here, we show that
Col(0p) < Qul0p), Yo (D1)

holds, where both terms were considered in
Appendix A. Notice that Eq. (2) is recovered when
summing over POVM operators in Eq. (D1). According
to Eq. (D1), the saturation condition for the inequality in
Eq. (2) is reduced to that for every outcome, meaning
that C(g.E) = Q(p) if and only if C,(es) = Q. (0s)
for all w.

For the regular-POVM case, Eq. (D1) is obtained by
using the same Cauchy-Schwarz inequality as in the proof
of Observation 1, i.e., |[tr(X'Y)|* < tr(XX")tr(YYT) with
X=VE,\Jogand Y = VE,L \Joggand L =", z;L;. The
necessary and sufficient condition for C,(0g) = Q,,(0g) is
the saturation of the Cauchy-Schwarz inequality for all
possible choices of z, i.e., the existence of complex
coefficients y,,; such that

E, 09 = /’lm,iEwLiQBv Vi (Dz)

For the null-POVM case, one first observes that all the
eigenvectors of gy lie in the kernel of E,, ie,
E 00 = 09E, = 0. Using the observation and the definition
of the SLD, a similar manipulation to Ref. [13]
shows that 9,p, (@) = Re[tr(L;09E,)] = 0, 0;0,p,(0) =
{[Qm(QB)]ij + [Qm(gﬂ)]ji}/47 and ai)(w,j(a) = (1/2)X
[Q.(00)];;- Inserting these for the Taylor expansions
of p,(@) and g, ;@) in Eq. (Al) yilds p,(0) =
50TQw(Qe)59 and )(w,j(a) = Zij[gw(gt?)]ijégis where
50 = 0 — 0. Then,

_ |Z% Qw(@9)50|2

= 5070, (00)0 (D3)

zTcm (Q0 )Z

We apply the Cauchy-Schwarz inequality |tr(XTY)[> <
tr(XX")tr(YY") for the numerator in Eq. (D3). Taking X =
VE,L \/og and Y = \/E, L \/gs with L =3",50,L; and
L =Y",2zL;, we obtain

12" Q. (0)00)* < [z Q,,(e0)z] - [60" Q. (09)30].  (D4)
This directly yields C,(0g) < Q,,(0g)- The necessary and
sufficient condition for C,,(¢g) = Q,,(0g) is the saturation of

the Cauchy-Schwarz inequality for all choices of z, i.e., the
existence of complex coefficients y,,;; such that

E,Lijog = ﬂw,ijEijQ07 Vi, j. (DS)

Appendix E: Saturation of Eq. (2) in the regular-
POVM  case—Let E, =) ,€,qlT0a)(7ps be the
spectral decomposition of a general POVM element,
with e,,>0 and the eigenstates |z,,) being not
necessarily orthogonal for different w. Considering the
spectral decomposition g = > A glw,e)(Wrgl, With
Acg 2 0, we can thus rewrite Eq. (D2) as

zlxﬂew,a <ﬂw,a|ﬂ - ”w,iLi|l//x,0> |ﬂ(u,a> <l//x,0| =0. (El)

x,a

Due to the linear independence among the set of
operators {|7,,,)(Wyg|}.q Eq. (E1) can be fulfilled if
and only if each term in the bracket is equal to zero. This
can be seen more explicitly by projecting on the right and
left side of Eq. (E1) over a complete basis. In other words,
the condition Eq. (E1) is equivalent to asking the corre-
sponding matrix to be null for any possible choice of basis,
which is possible only if the bracket term vanishes.

Without loss of generality, we can restrict to rank-one
POVM operator E,, = |z,)(x,|. The necessary and suffi-
cient condition is, therefore, the existence of a coefficient
o sSuch that (7, |y, g) = pe i(7e|Li|y, ), for all i and x.
This condition is equal to (7,|L;|lw.9)/(7ulp.9) =
(mo|Lilyy o)/ (7y|wy ) for all i and x, y, which leads to
Eq. (10) using tr(A)tr(B) = tr(A ® B).

Appendix F: Saturation of Eq. (2) in the null-POVM
case—Following Appendix E, we consider the spectral
decomposition of E, and gy. It then suffices to consider
rank-one null POVM operators such that Eq. (D5)
becomes equivalent to (7, |L;|w,g) = peij{70|L;lwye)
for all i, j and x. This can be also rewritten as
<7[w|Li|1//x,0>/<”w|Lj|Wx,0> = <”w‘Li‘l//y,0>/<”w|l‘j|l//y,0>
for all i, j and x, y. It immediately leads to the
necessary and sufficient condition

(7| @ (7, |(Li®L;—L; ®L;)|yyg) ®wy9) =0,  (F1)

for all i, j, w, x, y.

Appendix G: Expressions for pure states and unitary
transformations—Here, =~ we  present the  explicit
expressions for the key quantities discussed in this
Letter, considering the simple case of a pure state
lwe) = Ugly), where Uy is a unitary parameter-encoding
transformation. By recalling that Q = F, +iG and
C=Fc+7T+iD, a direct calculation yields

[QL‘J‘ = 4[<HiHj> - <Hi><Hj>]v (Gla)

[j:Q]ij = 2(H;H; +H;H;) —4(H;)(H;), (G1b)
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G, = —2i(H;H,; — H;H,), (Glc)

[Clij = 4[(HNH,) = (M) (). (Gld)
[Fe+T),;=2(HNH;+HNH,) —4(H)(H;), (Gle)
[D],; = —2i(HNH; = H;NH,),  (GIf)

[Fely; = (HNH; + HNH) —ni;, (Gl

[Z],; = (HNH; + HNH) = 4(H)(H) + iy, (GIh)

where the dependencies on @, the state, and the POVM
are omitted here and below. In the above expressions,
we denote that (X)= (w|X|w) for an operator X and
H; = —i(0,U;)Uy. Here, N =N(lyp),E) and n;;=
1i(lve). E) = (v, w|O;;ly,y) with

. 1

N =UsMUw)-E)Uo=3_——gsbulw)wlEs (G20)
1

Oi.f = Z ) (0) (8(»7_[1' ® Sij + Higm ® ngm) s (GZb)

where  |y.y) =y ®y). &, =USE, Uy  and

M(|we), E) is defined in Eq. (8). For a rank-one POVM
E={|z,)(n,]}, we have M(lyy),E)=1 and,
thus, N/ = 1.

Appendix H: Necessary and sufficient condition for
Z (09, E) = 0—Similarly to Appendix A, let us write
Z(09,.E) =>_,Z,(0p), where Z,(0p) has elements

Im b(m.i(o)] Im b(w,j (0)]

) for Regular
[I(u(QG)]i‘ = mly, :(0)Imly, (0
J limI brm.,t)];é)bnn._,(ﬁ)] for Null
6—0 @

The necessary and sufficient condition for Z(gg,E) =0
is given by Z,(0p) =0 for all w, since Z,(gg) are
positive-semidefinite matrices.

For a rank-one regular POVM E, = |z,)(x,|, the
condition Im[y,, ;(@)] = 0 for all i is equivalent to
(mo|Licg — eoLilm,) =0, Vi, (H1)

For pure states, using L; = 2(|0iwg) (wa| + [wo) (9wal), we
can, thus, rewrite Eq. (H1) as Im[(d;yg|7,) {7, |pe)] =
|(wolm,)|* Im[(0pg|ye)], Which is equivalent to the neces-
sary and sufficient condition for F¢(|yyg), E) = Fo(|we))
presented in Eq. (8) of Ref. [12]. For mixed states, Eq. (HI)
becomes equivalent to the existence of real coefficients y,, ;
such that (7, |w,g) = Hy.i(7y|Lilw,g). This recovers the

necessary and sufficient condition for F¢(gp,E) =
Fo(0g) presented in Eq. (39) of Ref. [13].

For a rank-one null POVM E,, = |x,,)(x,,|, the condition
Im[y,,;(@)] = 0 for all i is equivalent to
Yi,j,

(my|LiooL; — L;0gL;|7,) =0, (H2)

where we use that z,, ;(0) = 119w (09)];;00; given in
Appendix D with [Q,(0g)];; = tr(egLE,L;). For
pure states, we can, thus, rewrite Eq. (H2) as
Im[(0;yg|7,,)(7,|0;we)] =0, which is equivalent to
Eq. (7) of Ref. [12]. For mixed states, Eq. (H2) becomes
equivalent to the existence of real coefficients y,,;; such
that (7, |L;[w.9) = tyij(me|L;lwye). This recovers the
previous condition presented in Eq. (44) of Ref. [13].

Appendix 1: Practical accessibility of the SCGT—
Here, we discuss the practical accessibility of the SCGT
for a pure state |yg) = Ugly). First, according to
Appendix G, we have

(HiNH; + HNH;) = (wwlKilw.w),  (Ha)

(=) (HNH; = HNH;) = (. wl K

w.p),  (Ilb)
where K = 37, [1/po(0)](HE, ® E,H; + H;E, ®
ngi)’ and ’C; = Zw[l/pw(o)](_l) (nga) ® Eij_
H;E, ® E,H;). Note that Kf; = Ki5(|wg), E) and its
state dependency arises through p,,(0).

Therefore, given two copies of any unknown state |y)
and a known unitary Uy, the SCGT associated with any
POVM can be experimentally accessed by measuring
the following quantities: p, (@), (w|H;ly), and
(y. w|K5|w.w). Now, K5 are non-Hermitian operators,
while their expectation values in the two-copy system can
be measured via Hermitian operators as follows. For non-
Hermitian operators A, B, and X, =A® B+ B' @ A"
and X_ = (—i)(A ® B— B" ® AT), it holds that

A, ®B,—A_®B_
<1//,WIX+IW,W>=<W»WI — Iw,w>,
(I2a)
A, ®B_+A_Q®B
<w,w|X-|w,w>=<w,w| - 5 - w,w>,
(I2b)

where the Hermitian elements of X =A, B are X, =
(1/2)(X + X") and X_ = (1/2i)(X — X"). Hence, taking
X, = ICiij, and provided that a two-copy state is available,
one can, in principle, construct the Hermitian observables
such as the right-hand side in Eqs. (I2a) and (I2b) to obtain

Egs. (Ila) and (I1b).
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