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We study the time it takes for all states of a finite quantum system to return simultaneously to their
original configuration. In particular, we define the recurrence time for a quantum system to be the time at
which all time-evolved states are close to their initial configuration, and at least one state has deviated
significantly during this interval. Considering finite-dimensional quantum systems evolving unitarily, we
find bounds on this notion of recurrence time, for continuous time and discrete time, by using Dirichlet’s
approximation theorem. We show how the problem of finding a bound on recurrence time can be related to
approximating the difference of real numbers by rationals. We present a mathematical result on the latter,
which we then use to obtain tighter bounds on recurrence time.
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Introduction—How long does it take for a quantum
system to come back to its original state? The Poincaré
recurrence theorem proves that any classical bounded
system will eventually return arbitrarily close to its initial
state, and an analogous result applies to quantum systems
evolving via a time-independent Hamiltonian with a dis-
crete spectrum [1–3]. Interestingly, it was noted by Wallace
[4] that finite dimensional quantum systems obey a stronger
notion of recurrence, in which all states of the system return
arbitrarily close to their initial states at the same time. This
notion of recurrence is referred to as uniform recurrence.
Studying recurrence phenomenon in physical systems is

of major philosophical interest, as it is in contrast to the
irreversible nature of physical systems as predicted by the
second law of thermodynamics. More practically, recur-
rence phenomenon have applications in quantum complex-
ity [5], quantum chaos [6], quantum speed limits [7],
equilibration [8], and cosmology [9,10].
In this Letter, we bound the time for the uniform

recurrence of a quantum system, considering unitary
evolution in both continuous time and discrete time
(e.g., for a quantum walk or quantum cellular automata
[11,12]). Bounds on the recurrence time for individual
states have previously been obtained for continuous time
evolution [7,13–15]. Deriving bounds for uniform recur-
rence is a natural generalization of these results. Moreover,
as this recurrence depends only on the Hamiltonian, and not

on any particular state, it may be of use when the initial
state is unknown (e.g., when considering quantum com-
putation on or storage of unknown data). Furthermore,
uniform recurrence has the advantage that it will occur for
any nontrivial finite-dimensional Hamiltonian, whereas
some particular states (e.g., energy eigenstates or states
close to them) do not experience any meaningful
recurrences.
There have been many interesting works on different

notions of recurrence. For discrete time evolution, expected
recurrence times involving repeated measurements of the
time evolved state have also been investigated [16,17].
While we focus on approximate recurrence in this work, [6]
studies exact recurrence for Floquet systems.
Our approach incorporates both pure and mixed states,

and uses the trace distance to quantify the strength of
recurrence. To bound the recurrence time, we utilize the
simultaneous version of Dirichlet’s approximation theorem
for approximation of real numbers by rationals [[18], p. 27].
The theorem states that given any d real numbers
α1; α2;…;αd and any integer N > 1, there exists integers
q; l1; l2;…; ld such that 1 ≤ q ≤ Nd and

jαi − li=qj ≤
1

qN
for all i: ð1Þ

Moreover, we include some developments of this approach
where we only care about approximating differences
between real numbers, which may be of mathematical
interest in other situations.
Quantum recurrence time—Let us first discuss what we

mean by recurrence time for an individual state. Suppose
we have some initial state and we let it evolve for some
time. We consider some small number ϵ. Now, if for some
time tr, the time evolved state is at most ϵ distance away
from the initial state, we might want to call tr a recurrence
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time. However, it might be the case that the state never got
farther than ϵ from its initial state. Thus, we will require that
the state has to have evolved more than ϵ away from the
initial state at some time before tr in order to count as a
nontrivial recurrence.
In order to define this more formally, consider a Hilbert

spaceH, withDðHÞ the space of all valid density operators
on H. We will use the trace distance as a measure of
distance between two states, which quantifies the proba-
bility of determining which state you have via the optimal
measurement. Given some ρ; σ ∈DðHÞ, the trace distance
between them is defined as Tðρ; σÞ≡ trjρ − σj=2.
Definition 1 (State recurrence)—Suppose for some

initial state ρð0Þ∈DðHÞ, we have a family of time-evolved
states ρðtÞ∈DðHÞ, with t∈ τ, where τ ¼ Rþ (continuous
time) or τ ¼ Zþ (discrete time). We say that the state
ρð0Þ∈DðHÞ is ϵ-recurrent (with 0 ≤ ϵ < 1) at time t∈ τ if

TðρðtrÞ; ρð0ÞÞ ≤ ϵ; ð2Þ

and there exists some t0 < t (with t0 ∈ τ) such that

Tðρðt0Þ; ρð0ÞÞ > ϵ: ð3Þ

The second condition is important for the recurrence to be
nontrivial. (Otherwise, we consider the recurrence to be
trivial.) This definition is close to the notion of recurrence
considered in [1,14]. However, we are interested in a
stronger, state-independent notion of recurrence.
Definition 2 (System recurrence)—Suppose for some

Hilbert space H, for every initial state ρð0Þ∈DðHÞ, we
have a family of time-evolved states ρðtÞ∈DðHÞ, with
t∈ τ, where either τ ¼ Rþ (continuous time) or τ ¼ Zþ
(discrete time). We say that the system is ϵ-recurrent (with
0 ≤ ϵ < 1) at time tr ∈ τ if (i) for all ρð0Þ∈DðHÞ,

TðρðtrÞ; ρð0ÞÞ ≤ ϵ; ð4Þ

and (ii) there exists some state σð0Þ∈DðHÞ and some time
t0 ≤ tr (with t0 ∈ τ) such that

Tðσðt0Þ; σð0ÞÞ > ϵ: ð5Þ

In other words, for a system to be recurrent at some time, all
states must recur trivially or nontrivially with at least one
state recurring nontrivially [19]. This is close to the notion
of uniform recurrence in [4].
We are primarily interested in continuous time

Hamiltonian evolution and discrete-time unitary evolution.
In these cases, time-evolution preserves the purity of the
initial state. Thus, for every initial pure state jψð0Þi, we can
write the time-evolved states as jψðtÞi. Then, the following
lemma follows from the joint convexity of the trace
distance (See End Matter for proof).
Lemma 1—Suppose we have a quantum system (asso-

ciated with some Hilbert space H) where time evolution is

unitary. The quantum system is ϵ-recurrent at time tr iff
(i) for all pure states jψð0Þi∈H,

TðjψðtrÞi; jψð0ÞiÞ ≤ ϵ; ð6Þ
and (ii) there exists some pure state jφð0Þi∈H and some
time t0 < tr such that

Tðjφðt0Þi; jφð0ÞiÞ > ϵ: ð7Þ

Here, we have used Tðjψi; jϕiÞ as a shorthand
for Tðjψihψ j; jϕihϕjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhψ jϕij2

p
.

In other words, a unitary quantum system is recurrent at
some time iff all pure states recur trivially or non-trivially at
that time with at least one pure state recurring nontrivially.
Bounds on recurrence time using Dirichlet’s

approximation theorem—We first consider quantum
systems where the evolution is governed by a time-
independent Hamiltonian with continuous time. Given a
Hamiltonian H (acting on some Hilbert space H), for any
state jψð0Þi∈H, the family of time-evolved states is
given by jψðtÞi ¼ e−iHtjψð0Þi with t∈ τ ¼ Rþ. Here
and throughout the Letter, we set ℏ ¼ 1. We can obtain
a bound for recurrence times using the Dirichlet’s approxi-
mation theorem.
Theorem 1—Consider a Hamiltonian H with maximum

and minimum energy eigenvalues being Emax and Emin
respectively. Suppose that the energy spectrum is discrete
and finite with d ≥ 2 distinct energy eigenvalues. Then, the
system is ϵ-recurrent (with 0 < ϵ < 1) at time tr such that

tr ≤
2π

Emax − Emin

�
2⌈ π

ϵ
⌉
�d−2

:

The detailed proof of the theorem is presented in the End
Matter. We sketch the main idea of the proof here. Suppose
the eigenvalues of H are fEkgdk¼1 with E1 ¼ Emin

and Ed ¼ Emax.
Now, under time evolution for some time t, each

respective energy eigenstate gets a phase e−iEjt. For all
states to be close to their initial state at time t, we would
want the difference between the phases (ðEj − EkÞt) to be
close to an integer multiple of 2π. More specifically, all
possible (pure) states are trivially or nontrivially recurrent
at tr [i.e., TðjψðtrÞi; jψð0ÞiÞ ≤ ϵ for all jψð0Þi] if there
exists some integers lk such that

jðEj − EkÞtr − 2πðlj − lkÞj ≤ 2ϵ ð8Þ

for all j; k∈ f1; 2;…; dg.
We let

t0 ¼
2π

Ed − E1

¼ 2π

Emax − Emin
: ð9Þ
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Then, with N ¼ ⌈π=ϵ⌉, using the simultaneous version of
Dirichlet’s approximation theorem [Eq. (1)], there exists
some integer q satisfying 1 ≤ q ≤ ð2NÞd−2 and some
integers lk, such that

����ðEk − E1Þ
t0
2π

q − lk

���� <
1

2N
; ð10Þ

where k∈ f2;…; d − 1g. Now, note that Eq. (10) also holds
true for (i) k ¼ d with ld ¼ q and (ii) k ¼ 1 with l1 ¼ 0 for
any q.
It follows that, for any j, k,

����ðEj − EkÞ
t0
2π

q − ðlj − lkÞ
���� ≤

����ðEj − E1Þ
t0
2π

q − lj

����

þ
����ðEk − E1Þ

t0
2π

q − lk

���� <
1

N
: ð11Þ

Then, letting tr ¼ qt0, we get

t0 ≤ tr ≤ t0

�
2⌈ π

ϵ
⌉
�d−2

ð12Þ

as well as Eq. (8).
Now, all that is left to be done is to show that there exists

some state jφð0Þi that recurs nontrivially at tr. Consider the
state jφð0Þi ¼ ðj1i þ jdiÞ= ffiffiffi

2
p

. We can show that for any
ϵ > 0, there exists a time t0 < t0 ≤ tr such that Tðjφðt0Þi;
jφð0Þi > ϵ. This concludes the outline of the proof.
Discrete time unitary evolution—We shall now consider

the case when time is discrete, and the system evolves in
each time step via a unitary U. For any initial state jψð0Þi,
we can write the time-evolved states as jψðnÞi ¼ Unjψð0Þi,
where n∈ τ ¼ Zþ.
Now, similarly to the continuous time case, we can get a

bound for recurrence time when considering discrete time
unitary evolution using Dirichlet’s approximation theorem.
Before we present the bound, we define distance on a circle.
For any two points θ1; θ2 ∈ ½0; 2πÞ on a unit circle, it is
natural to define the distance between them as the smallest
angle between them,

Rðθ1; θ2Þ ≔ minðjθ1 − θ2j; 2π − jθ1 − θ2jÞ: ð13Þ
Theorem 2—Suppose we have a unitary U, having a

discrete and finite spectrum, with d ≥ 2 distinct eigenvalues
feiϕkg where 0 ≤ ϕk < 2π. Then, for any 0 < ϵ ≤ 1=2, the
quantum system is ϵ-recurrent at some timemr ∈N such that

mr ≤
π

maxjkRðϕj;ϕkÞ
�
2⌈ π

ϵ
⌉
�d−1

:

Here, maxjkRðϕj;ϕkÞ is like Emax − Emin in the continuous
time case. The scaling is roughly ð1=ϵÞd−1 in the discrete
case as opposed to ð1=ϵÞd−2 in the continuous case.

Again, we relegate the detailed proof to the End Matter.
For the discrete case, to prove that all states have at least
trivial recurrence, we need to show that there exists some
integers lk such that

jðϕj − ϕkÞmr − 2πðlj − lkÞj ≤ 2ϵ ð14Þ

for all j; k∈ f1; 2;…; dg.
Similar to the continuous time case, by using the

Dirichlet’s approximation theorem, we obtain that for
any positive integers m0 and N, there exists some integer
q satisfying 1 ≤ q ≤ ð2NÞd−1 and some integers lk such
that

����ðϕk − ϕ1Þ
m0

2π
q − lk

���� <
1

2N
; ð15Þ

where k∈ f1; 2;…; d − 1g. Now, note that Eq. (15) also
holds true for k ¼ 1 with ld ¼ 0 and any q.
Then, with N ¼ ⌈π=ϵ⌉, Eq. (14) follows from Eq. (15)

along with

m0 ≤ mr ≤ m0

�
2⌈ π

ϵ
⌉
�d−1

: ð16Þ

Finally, we need to pick anm0, such that at least one state
is nontrivially recurrent at time mr. If we pick
m0 ¼ π=maxjkRðϕj;ϕkÞ, then we can verify that for the

state jφð0Þi ¼ ðj1i þ jdiÞ= ffiffiffi
2

p
, there exists some m0 <

m0 ≤ mr such that Tðjφðm0Þi; jφð0Þi > ϵ for any ϵ > 0.
This concludes the outline of the proof.
Approximation of difference of reals by rationals—Now,

note that the approach above concerns approximating
individual energies and phases by rational approximations
[via Eqs. (10) and (15)]. However, the recurrence behavior
really depends on energy differences given by

jðϕj − ϕkÞmr − 2πðlj − lkÞj ≤ 2ϵ: ð14Þ

Here, we show that we can obtain improved bounds by
optimizing the rational approximations of such differences
more directly.
To make the situation a bit more general, for any set of

real numbers fαigdi¼1 and any natural numberN, we want to
find integers fligdi¼1 and an integer q such that [20]

jðαi − αjÞ − ðli − ljÞ=qj < 1=Nq: ð17Þ

Furthermore, we want to find the smallest integer M
(dependent on N and d) such that 1 ≤ q ≤ M. Using the
simultaneous version of Dirichlet’s approximation theorem
and following a similar approach to that used earlier, we
can obtain the bound M ¼ ð2NÞd−1.
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How can we do better? Note that one approach to
proving the Dirichlet’s approximation theorem involves
the pigeonhole principle [21]. The approach considered
earlier, focussing on approximating each αi individually,
corresponds to dividing the parameter space ½0; 1Þd−1 into
pigeonholes which are small hypercubes ½0; 1=ð2NÞÞd−1.
However, when optimized to approximate differences
between the rational approximations, it is helpful to use
pigeonholes of different shapes, as shown in Fig. 1. These
shapes are larger than the original hypercubes while still
fulfilling certain constraints that are necessary for the proof
to work. In particular, the shapes are chosen such that for
any two points in a pigeonhole, the differences between
them for each coordinate are similar and small. It turns out
that M corresponds to the number of pigeonholes. Then,
using these larger pigeonholes, M is reduced. This leads to
improved bounds for situations in which N is sufficiently
large (corresponding to good approximation), as
given below.
Proposition 1—For any d ≥ 2 distinct real numbers

α1; α2;…; αd and any positive integer N, there exists some
integers l1; l2;…; ld and q ≥ 1 with

q ≤ ð2NÞd−1;
q ≤ Nð2N þ 1Þd−2;

q ≤
ð2N þ 2Þd−1

d
;

such that

jðαi − αjÞ − ðli − ljÞ=qj < 1=Nq

for all i, j.
The detailed proof of this proposition is presented in

Supplemental Material [22]. Finally, if we are also given
that for some given n and m, αn − αm is an integer, then we

can reduce d by one in the upper bounds for q. Then, this
modified result holds for d ≥ 3.
Better bounds for recurrence time—Now, let us go back

to the proof outline of Theorem1.Wewished to find integers
q and lk such that the following equation holds for all j, k:

jðEj − EkÞtr − 2πðlj − lkÞj ≤ 2ϵ: ð18Þ
Writing tr ¼ t0q, with αk ¼ Ekt0=ð2πÞ and N ¼ ⌈π=ϵ⌉, we
can now use the modified version of Proposition 1 to get
tighter bounds on tr.
Theorem 3—Consider a Hamiltonian H with the maxi-

mum and minimum energy eigenvalues being Emax and
Emin respectively. Suppose that the energy spectrum is
discrete and finite with number of distinct energy eigen-
values being d ≥ 3. Then, the system is ϵ-recurrent (with
0 < ϵ < 1) at some time tr such that

tr ≤
2π

Emax − Emin
⌈ π

ϵ
⌉
�
2⌈ π

ϵ
⌉þ 1

�
d−3

;

tr ≤
2π

Emax − Emin

1

d − 1

�
2⌈ π

ϵ
⌉þ 2

�
d−2

:

Note that the second bound also holds true for d ¼ 2.
Similarly, we can use Proposition 1 to get the tighter

bounds on recurrence time for discrete time evolution.
Theorem 4—Suppose we have a unitary U, having a

discrete and finite spectrum, with d ≥ 2 distinct eigenvalues
feiϕkg where 0 ≤ ϕk < 2π. Then, for any 0 < ϵ ≤ 1=2, the
quantum system is ϵ-recurrent at some timemr ∈N such that

mr ≤
π

maxjkRðϕj;ϕkÞ
⌈ π

ϵ
⌉
�
2⌈ π

ϵ
⌉þ 1

�d−2

;

mr ≤
π

maxjkRðϕj;ϕkÞ
1

d

�
2⌈ π

ϵ
⌉þ 2

�d−1

:

Again, in comparison to the continuous time case,
maxjkRðϕj;ϕkÞ corresponds to Emax − Emin, and dþ 1

replaces d.
Tightness of the bounds—By constructing explicit

Hamiltonians with long uniform recurrence times, we can
show that the bounds in the continuous time case are
relatively tight. In particular, we have the following theorem.
Theorem 5—For any given positive η, ϵ < 1, we can

always find a Hamiltonian H such that the system is
ϵ-recurrent at a time tr with

tr ≥
2π − 2 arcsinðϵÞ
Emax − Emin

�
π

arcsinðϵÞ − 1 − η

�
d−2

;

where d is the number of distinct energy eigenvalues, and
Emax and Emin are the maximum and minimum energy
eigenvalues, respectively.

(a) (b)

FIG. 1. The pigeonholes used to cover ½0; 1Þd−1 when d ¼ 3.
For the simple application of the Dirichlet approximation
theorem, the corresponding pigeonhole would be a square of
side length 1=ð2NÞ. (a) Region P. (b) Region T .
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Moreover, for d ¼ 2, the recurrence time is exactly
given by

tr ¼
2π − 2 arcsinðϵÞ
Emax − Emin

: ð19Þ

The proof of the above results is presented in
Supplemental Material [22].
Now, for ϵ ≪ 1 and η ≪ 1, we have approximately

tr ⪆
2π

Emax − Emin

�
π

ϵ

�
d−2

; ð20Þ

and for d ¼ 2, we have

tr ≈
2π

Emax − Emin
: ð21Þ

In comparison, we have the following upper bound from
Theorem 3,

tr ⪅
2π

Emax − Emin

1

d − 1

�
2π

ϵ

�
d−2

: ð22Þ

Comparing the above equations, we conclude that we have
found an approximately tight bound for d ¼ 2 and d ¼ 3.
For higher dimensions, the scaling of the two bounds is
very similar. However, our upper bound differs from the
lower bound by a factor of 2d−2=ðd − 1Þ.
Comparison with related work—The recent independent

work of Kotowski and Oszmaniec [15] has many interest-
ing results, with the main focus of the paper being on
individual state recurrence. In the Supplemental Material
(Theorem S1) [22], they obtain the following bound for
system recurrence in continuous time using a different
approach,

tr <
πϵ

Emax − Emin

�
4π

ϵ
þ 1

�
d−1

⪅ 4π2

ðEmax − EminÞ
�
4π

ϵ

�
d−2

;

ð23Þ

where d is the dimension of the quantum system. For a
nondegenerate system, the above bound gives the same
scaling (ð1=ϵÞd−2) as in Theorem 1. We also obtain tighter
prefactors in Theorems 1 and 3 with the same scaling.
Discussion—For any unitarily evolving finite dimen-

sional quantum system, we can find a time at which all
states are arbitrarily close to their initial configuration, and
at least one state has deviated significantly over this time
interval. We have obtained bounds on the recurrence time
for this notion of system recurrence, in both continuous and
discrete time. These scale approximately like ð1=ϵÞd−2 or
ð1=ϵÞd−1, respectively, where d is the number of distinct
energies for the system, and ϵ is the accuracy of recurrence.
The reason for the difference is that we consider a discrete

set of times even in the continuous case, but we select the
time interval such that the relative phase between the
highest and lowest energy states returns exactly to zero
in each interval [i.e., ðEmax − EminÞδt ¼ 2π], whereas we
do not have this freedom in the discrete case.
Our approach also introduced some mathematical tech-

niques to approximate the differences between real num-
bers via rationals, which may be of interest in other
circumstances.
Although we would not expect similar recurrences to

occur in general for infinite dimensional systems (even
when their spectra are discrete), we would expect that
similar results could be obtained by placing a restriction on
initial states and Hamiltonians (e.g., a finite number of
energy eigenvalues in any finite energy interval, and a
bound on the ground state energy of the Hamiltonian and
the expected energy of the initial state), as in [4]. It would
also be interesting to consider the recurrence of open
quantum systems or general quantum channels (e.g.,
systems evolving via Lindblad equations or nonunitary
CPTP maps) in a similar context. While we would expect
that such evolutions would not yield recurrences for all ϵ
due to contractivity, it would be good to obtain bounds on
the recurrence behavior in such cases.
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[21] If you have nþ 1 items places in n pigeonholes, one of the
pigeonholes must contain at least two items.

[22] See Supplemental Material at http://link.aps.org/supple
mental/10.1103/392k-bgpt for further details on ra-
tional approximation for difference of reals using
tiling.

End Matter

Proof of Lemma 1—Given some arbitrary t∈ τ, it
is sufficient to show that (i) T½ρðtÞ; ρð0�Þ ≤ ϵ for all
ρð0Þ iff T½jψðtÞi; jψðtÞi� ≤ ϵ for all jψð0Þi, and
(ii) T½σðtÞ; σð0Þ� > ϵ for some σð0Þ iff T½jφðtÞi;
jφðtÞi� > ϵ for some jφð0Þi.
For (i), the “only if” direction is trivial. For the

“if” direction, consider some arbitrary density operator
ρð0Þ ¼ P

i pijψ ið0Þihψ ið0Þj. For unitary time evolu-
tion, we can write ρðtÞ ¼ P

i pijψ iðtÞihψ iðtÞj. Then,
we have

TðρðtÞ; ρð0ÞÞ ≤
X
i

piTðjψ iðtÞi; jψ ið0ÞiÞ ≤ ϵ; ðA1Þ

where the first inequality follows from joint convexity
of the trace distance and the second follows from
assumption.
For (ii), the “if” direction is trivial. For the “only if”

direction, we write σð0Þ ¼ P
i pijφið0Þihφið0Þj, and

σðtÞ ¼ P
i pijφiðtÞihφiðtÞj (unitary evolution). Then, we

have

X
i

piTðjφiðtÞi; jφið0ÞiÞ ≥ TðσðtÞ; σð0ÞÞ > ϵ; ðA2Þ

where, again, the first inequality follows from joint con-
vexity of the trace distance and the second from
assumption.
Noting that the first expression in the above equation is

an average, we can deduce that there must exist some j such
that T½jφjðtÞi; jφjð0Þi� > ϵ.

Proof of Theorem 1—Suppose we are dealing with a
Hilbert space of dimension D. Let the eigenvalues and
eigenstates of H be fEkgDk¼1 and fjkigDk¼1, respectively.

As H has d distinct eigenvalues, D ≥ d. We arrange the
eigenvalues such that (i) E1 ¼ Emin and Ed ¼ Emax, and
(ii) E1; E2;…; Ed are distinct. Thus, for the degenerate
case, for any k > d, Ek ¼ Ej for some j ≤ d.
Let

jψð0Þi ¼
XD
k¼1

ckjki ðB1Þ

be some arbitrary initial state.
We have, after time t,

jψðtÞi ¼
XD
k¼1

e−iEktckjki: ðB2Þ

Now, the trace distance, between the two states is given by

TðjψðtÞi; jψð0ÞiÞ2 ¼ 1 − jhψðtÞjψð0Þij2
¼ 1 −

X
j;k

jcjj2jckj2e−iðEj−EkÞt

¼
X
j;k

jcjj2jckj2ð1 − cos ½ðEj − EkÞt�Þ:

ðB3Þ

Now, suppose we can find a time tr such that

jðEj − EkÞtr − 2πðlj − lkÞj ≤ 2ϵ ðB4Þ

for some integers lk and j; k∈ f1; 2;…; dg. (It automati-
cally follows that the above equation holds for
j; k ¼ 1; 2;…; D.) Defining αk ¼ Ektr − 2πlk, we can
rewrite the above equation as

PHYSICAL REVIEW LETTERS 137, 140201 (2026)

140201-6

https://arXiv.org/abs/2605.30405
https://doi.org/10.1103/PhysRevD.49.6920
https://doi.org/10.1103/PhysRevD.49.6920
https://doi.org/10.22331/q-2020-11-30-368
https://doi.org/10.22331/q-2020-11-30-368
https://doi.org/10.1063/1.450251
https://doi.org/10.1088/1751-8121/aa67fe
https://doi.org/10.1088/1751-8121/aa67fe
https://arXiv.org/abs/2601.10409
https://doi.org/10.1007/s00220-012-1645-2
https://doi.org/10.1103/PhysRevA.91.042108
http://link.aps.org/supplemental/10.1103/392k-bgpt
http://link.aps.org/supplemental/10.1103/392k-bgpt
http://link.aps.org/supplemental/10.1103/392k-bgpt
http://link.aps.org/supplemental/10.1103/392k-bgpt
http://link.aps.org/supplemental/10.1103/392k-bgpt


jðEj − EkÞtr − 2πðlj − lkÞj ¼ jðαj − αkÞj ≤ 2ϵ: ðB5Þ

Then, it follows from Eq. (B3) that

TðjψðtrÞi; jψð0ÞiÞ2 ¼
X
j;k

jcjj2jckj2ð1− cos ½ðαj−αkÞt�Þ

≤
1

2

X
j

X
k

jcjj2jckj2ðαj−αkÞ2; ðB6Þ

where we have used the periodicity of cosine in the first line
and the inequality 1 − cosðxÞ ≤ x2=2 in the second line.
If we let A be a random variable with outcomes αj and

the respective probabilities being pj ¼ jcjj2, we get

1

2

X
j;k

pjpkðαj − αkÞ2 ¼
1

2

X
j;k

pjpkðα2j þ α2k − 2αjαkÞ

¼ hA2i − hAi2 ¼ VarðAÞ: ðB7Þ

Thus, we have

TðjψðtrÞi; jψð0ÞiÞ2 ≤ VarðAÞ: ðB8Þ

Then, using Popoviciu’s inequality on variances, we have

VarðAÞ ≤ ðmaxkαk −minkαkÞ2
4

≤
ð2ϵÞ2
4

¼ ϵ2: ðB9Þ

Finally, we have T½jψðtrÞi; jψð0Þi� ≤ ϵ. Now, we have
reduced the problem to proving Eq. (B4) with tr following
the appropriate bounds.
We can rewrite Eq. (B4) as

����ðEj − EkÞ
t0
2π

q − ðlj − lkÞ
���� ≤

ϵ

π
; ðB10Þ

where

t0 ¼
2π

Ed − E1

¼ 2π

Emax − Emin
ðB11Þ

and we let tr ¼ qt0.
With N ¼ ⌈π=ϵ⌉, using the simultaneous version of

Dirichlet’s approximation theorem [Eq. (1)], there exists
some integer q satisfying 1 ≤ q ≤ ð2NÞd−2 and some
integers lk, such that

����ðEk − E1Þ
t0
2π

q − lk

���� <
1

2N
; ðB12Þ

where k∈ f2;…; d − 1g. Now, note that Eq. (B12) also
holds true for (i) k ¼ d with ld ¼ q and (ii) k ¼ 1 with
l1 ¼ 0 for any q. Thus, we can say that there exists some

integers lk and q with 1 ≤ q ≤ ð2NÞd−2 such that Eq. (B12)
holds for all k.
Now, for any j, k, consider

����ðEj − EkÞ
t0
2π

q − ðlj − lkÞ
���� ≤

����ðEj − E1Þ
t0
2π

q − lj

����

þ
����ðEk − E1Þ

t0
2π

q − lk

���� <
1

N
: ðB13Þ

Thus, we have obtained Eq. (B10).
Also, noting that tr ¼ qt0, we get

t0 ≤ tr ≤ t0

�
2⌈ π

ϵ
⌉
�d−2

: ðB14Þ

Now, we need to show that there exists at least one state that
has nontrivial recurrence. Consider the state

jφð0Þi ¼ 1ffiffiffi
2

p ðj1i þ jdiÞ: ðB15Þ

Then, we have, for any time t,

TðjφðtÞi; jφð0ÞiÞ2 ¼ sin2ððEd − E1Þt=2Þ: ðB16Þ
Now, we can always find a t0 with 0 ≤ t0ðEd − E1Þ=2 < π
such that sin2ððEd − E1Þt0=2Þ > ϵ2 (for any ϵ < 1). Thus,
we have

Tðjφðt0Þi; jφð0ÞiÞ ¼ jsinððEd − E1Þt0=2Þj > ϵ: ðB17Þ

Note that t0 < t0 ≤ tr. This concludes our proof.

Proof of Theorem 2—Suppose that the dimension of
the system is D. Then, suppose U has eigenvalues
feiϕkgDk¼1 and eigenstates fjkigDk¼1, with ϕk ∈ ½0; 2πÞ. As
U has d distinct eigenvalues, we have D ≥ d. Moreover,
we can arrange the eigenvalues such that ϕ1;ϕ2;…;ϕd
are all distinct.
Suppose we have an arbitrary initial state jψð0Þi ¼P
k ckjki. Then, we have jψðmÞi ¼ P

k cke
iϕkmjki for

any m∈Zþ. Now, similar to the proof of Theorem 1,
we have

Tðjψð0Þi; jψðmÞiÞ ¼
X
j;k

jcjj2jckj2ð1− cos ½ðϕj −ϕkÞm�Þ

ðC1Þ

for any time m.
Suppose we can find a time mr such that

jðϕj − ϕkÞmr − 2πðlj − lkÞj ≤ 2ϵ ðC2Þ

for all j, k and where lj are some integers. Then, following
similar steps as before, we get
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Tðjψð0Þi; jψðmrÞiÞ ≤ ϵ: ðC3Þ

Let m0 be an arbitrary positive integer. With N ¼ ⌈π=ϵ⌉,
using Dirichlet’s approximation theorem [Eq. (1)], there
exists some integer q satisfying 1 ≤ q ≤ ð2NÞd−1 and some
integers lk such that

����ðϕk − ϕ1Þ
m0

2π
q − lk

���� <
1

2N
; ðC4Þ

where k∈ f1; 2;…; d − 1g. Now, note that Eq. (C4) also
holds true for k ¼ 1 with ld ¼ 0 and any q, we have

����ðϕj − ϕkÞ
m0

2π
q − ðlj − lkÞ

���� ≤
����ðϕj − ϕ1Þ

m0

2π
q − lj

����

þ
����ðϕk − ϕ1Þ

m0

2π
q − lk

���� <
1

N
: ðC5Þ

Thus, we have obtained Eq. (C2) with mr ¼ m0q.
To summarize, we have shown that for any positive

integer m0, we can find an mr such that

m0 ≤ mr ≤ m0

�
2⌈ π

ϵ
⌉
�d−1

ðC6Þ

and all states are (trivially or nontrivially) recurrent at mr.
We now need to pick anm0 such that we have at least one

state having nontrivial recurrence. Consider the state

jφð0Þi ¼ 1ffiffiffi
2

p ðj1i þ j2iÞ; ðC7Þ

where j1i and j2i are any arbitrary eigenstates of U with
distinct eigenvalues. For some time m∈Z, we have

TðjφðmÞi; jφð0ÞiÞ2 ¼ sin2ððϕ2 − ϕ1Þm=2Þ
¼ sin2ðRðϕ1;ϕ2Þm=2Þ: ðC8Þ

Now, note that there always exists an integer m0 such that
m0Rðϕ1;ϕ2Þ∈ ðπ=3; π� for all 0 < Rðϕ1;ϕ2Þ ≤ π. Thus, for
such an m0, we have

Tðjφðm0Þi; jφð0ÞiÞ2 ¼ sin2ðRðϕ1;ϕ2Þm0=2Þ
> sin2ðπ=6Þ ¼ 1=4 ≥ ϵ2; ðC9Þ

and

m0 <
π

Rðϕ1;ϕ2Þ
: ðC10Þ

Now, we pick ϕ1 and ϕ2 such that
Rðϕ1;ϕ2Þ ¼ maxjkRðϕj;ϕkÞ. Thus, we have

m0 <
π

maxjkRðϕj;ϕkÞ
: ðC11Þ

Finally, picking m0 ¼ π=maxjkRðϕj;ϕkÞ and substituting
in Eq. (C6), we obtain the bound given in the theorem.
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