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Large-Scale Implementation of Quantum Subspace Expansion with Classical Shadows
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Quantum subspace expansion (QSE) offers promising avenues to perform spectral calculations on
quantum processors but comes with a large measurement overhead. Informationally complete measure-
ments, such as classical shadows, were recently proposed to overcome this bottleneck. Here, we report the
first large-scale implementation of QSE with informationally complete measurements. In particular, we
probe the quantum phase transition of a spin model with three-body interactions, for which we observe
accurate ground state energy recovery and mitigation of local order parameters across system sizes of up to
80 qubits. We achieve this by reformulating QSE as a constrained optimization problem, obtaining rigorous
statistical error estimates and avoiding numerical ill conditioning. With over 3 x 10* measurement basis
randomizations per circuit and the evaluation of O(10'*) Pauli traces, this represents one of the most

significant realizations of classical shadows to date.

DOI: 10.1103/2w21-qs38

Introduction—Spectral calculations are a key target for
many-body quantum simulation frameworks. Until
recently, heuristic approaches based on the variational
quantum eigensolver dominated the near-term quantum
computing literature on the topic, thanks to their relatively
low demands on quantum processor performance [1].
However, practical issues connected to trainability [2]
and large measurement overheads [3] have so far hindered
their scalability beyond small proof-of-principle demon-
strations. In response to this, alternative methods for
calculating ground and excited states are being explored.
A promising class of post-variational-quantum-eigensolver
quantum algorithms for spectral calculations is quantum
subspace expansion (QSE) [4]. Assume that, as usual, the
goal is to find the energy E, of a ground state |y,,) of a
target Hamiltonian H, and suppose that a certain “root
state,” py, close to [yy) can be prepared on a quantum
computer. QSE relies on the fact that, while p, alone may
not yield the desired accuracy, e.g., due to noise or unitary
circuit approximations, it might still represent a useful
resource. In fact, there exist several ways in which p can be
employed to inform a subsequent classical calculation.
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These include, for instance, matrix diagonalization based
on projection into a space spanned by individual samples
[5,6], the extraction of an effective representation of p,
based on classical shadows [7], and subsequent processing
of the quantum computer outputs via tensor networks [8,9]
or neural quantum states [10].

In QSE, a space of states is spanned on top of p, with
L Hermitian expansion operators o; as [11] posp(€) =
WipoW/Tt[Wip,W], with W =>"L  c;6;, parametrized
by a coefficient vector ¢ = (cy, ..., ¢z ). This can be regarded
as accessing additional states beyond the scope of the
quantum processor [12,13], and may also serve as noise-
agnostic error mitigation [11,14-16]. The expectation value
of an observable O over a state in the subspace then becomes

b cicj0y
Tr[Opose(€)] = SF———=—-
zl':j:l cic;Sij

(1)

where  Oj; = Tt[s]pyo;0] and S;; = Tr[o]pyo;]. For
ground state search, the goal is to find the minimal expect-
ation value minz Tr[Hpqgg(¢)], which corresponds to the
smallest pseudoeigenvalue A of the generalized eigenvalue
problem H¢ = AS¢, where H is the subspace-projected
Hamiltonian and & is called the overlap matrix. For
reasonable values of L, this is tractable on a classical
computer by inverting the overlap matrix and computing
the smallest eigenvalue of S™'7H.

The main measurement cost of QSE stems from the
number of measurements required to estimate all matrix
entries O;; and S;;, which depends on the dimension L and
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the complexity of the expansion operators. For approaches
that measure each observable individually (or in commut-
ing groups) this can be a significant roadblock for scaling in
practice [17,18]. To alleviate this, informationally complete
(IC) measurements, such as classical shadows [7] (CSs)
can be used to estimate all underlying observables from one
set of measurement samples [19,20]. CS measurements
have recently been realized in a series of large-scale
quantum simulations [21,22] and the use of CSs to
systematically build high-dimensional subspaces spanned
by low-weight Paulis has been proposed in Ref. [23].
However, while the latter offered a promising avenue, its
statistical analysis focused on worst-case upper bounds
rather than reliable statistical error bars for the resulting
estimators. Furthermore, no demonstration of such ideas on
quantum hardware has been achieved so far. In this Letter,
we close both gaps by formulating subspace expansion as a
constrained optimization problem. In contrast to previous
methods, this allows us to obtain accurate statistical
uncertainties and provides an external tuning knob to
control these errors, trading potential bias for variance.
With this technique, we demonstrate noise-agnostic error
mitigation via QSE in ground states of spin models for
systems with up to 80 qubits using state preparations
circuits introduced in Refs. [24,25].

Theory—An IC measurement is described by a set of n
positive semidefinite Hermitian operators {M};c i n
with > 7, M; =1 such that any observable O can
be expressed as O = > !, w M, for some w; €R [26].
The expectation value (O) then becomes Tr[p,0] =
Yok o Tr[pgMy] = By, (@], ie., (O) can be expressed
as the mean value of the random variable w; over the
probability distribution {p; = Tr[pyM,]}. Given a sample
of S measurement outcomes {km, k<5>}, we can thus
construct an unbiased estimator of (O) as

1S
A3 S
o kW, L EOY ES; Oy - (2)

The statistical variance of this estimator is given by the
standard error on the mean Var[d] = Var[w,]/S. The
coefficients w, can be obtained from frame theory [27]
where each positive operator-valued measure (POVM)
operator M, is associated with a dual operator D, (also
known as the “classical shadow” of a state) such
that @y = Tr[ODk]

Given S POVM outcome samples {k(!), ..., k®)} mea-
sured from the base state p,, we aim to simultaneously
estimate all matrix entries of the projected Hamiltonian H,;
and the overlap matrix S;;. Following Eq. (2), a canonical
estimator for each matrix element H;; and S;; is obtained
by simply replacing p, in each expression with the
corresponding dual operator D, and then averaging over
all shots. In principle we could estimate all entries of H and

S this way and then solve the generalized eigenvalue
problem. However, in practice this direct inversion of
the overlap matrix can be numerically unstable due to ill
conditioning of the matrix under shot noise and hardware
imperfections, particularly when the expansion operators
are nonorthogonal [28]. This issue is often addressed
through regularization of the overlap matrix, e.g., by
discarding dimensions that correspond to small singular
values of S [13]. Furthermore, since with IC measurements
we do not estimate the matrix entries independently,
additional covariances between them need to be accounted
for when deriving statistical error bars.

Here, we present a different scheme to avoid ill con-
ditioning that is tailored to handle such inherent covariances.
Assume that we have an estimator H(¢) of the energy
Tr[Hpqsk(€)] of the state at subspace vector ¢ and that we

can further estimate the statistical error of H(Z) as &(¢). In
practice, we would like to compute the lowest possible
subspace energy given a maximally tolerated error €,,,,. This
is achieved through the constrained optimization problem

arg min H(Z) subject to &(¢) < €ma. (3)
ceRF

This allows us to explore only those regions of the subspace
where the statistical error is well controlled. In practice,
the solution of Eq. (3) typically saturates the constraint
€(¢) < €max» such that increasing e, enables a smooth
exploration of lower-energy subspace states at the cost of
increased statistical uncertainty. In contrast to regulari-
zation techniques, this provides a direct control of the
bias-variance trade-off inherent in the estimator; see
Fig. 1 and Supplemental Material [29].
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FIG. 1. Subspace expansion as a constrained optimization

problem. The z axis shows the estimated energy H(¢) when vary-
ing two dimensions of the subspace coefficients ¢, while color
indicates the statistical error &(¢) of the energy estimation. Naive
minimization of the energy (red arrow) may yield an energy with
high statistical error that can severely violate the variational
principle (black circle indicates the true ground state energy).
Constrained optimization with a maximum allowed error €,
avoids statistically unstable regions (blue path). Data corresponds
to the results presented in Fig. 2 for N =48 and g = —0.5.
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We now construct the estimators 4(¢) and &(¢) based on
IC samples. Let x; = > F;_ ci¢;Tr[Dyo;Ho]] and y, =

fioicie jTr[DkajalT] be the random variables of the
numerator and denominator of Eq. (1) distributed according
to py. Then the subspace expectation value Tr[Hpqgsg(¢)] =
i/, is given by the ratio of u, = Ey., [x;] and
ty = Egp, [Vi]- An asymptotically unbiased and consistent
estimator of this ratio is given by the ratio of the sample
means [36],

HE) kD, kY 2 (4)

<] =i

with X = Zle X0 /S (similarly for y). While no closed-
form expression exists for the variance €?(¢) = Var[H ()]
of this estimator, it can be well approximated [37] by a
second-order Taylor approximation around (g, #,), which
yields [36]

S ﬂ;

2(F) w1 (Vargxk] N /&Vaj[yk} _ 2p,Covlxy, yk}) )
Hy Hy

Note that for 6, = 1 and ¢ = (1,0,0, ...) this reduces to
the standard error on the mean. We obtain the estimated
error ¢(¢) by inserting the sample means X for y,, the
sample standard deviations Y5, |x,0 — X[>/(S—1) for
Var[x;] (similarly for y;), and the sample covariance
o (0 = X) (v = 3)/(S=1)  for Covlxi,y, into
Eq. (5). The covariance term captures the contributions
to the statistical error that arise from reusing the same
measurement samples to estimate all matrix entries.

The above statistical error propagation holds when the
POVM samples are independent and identically distributed
(i.i.d.). In practice, for POVMs from randomized measure-
ments (such as CS), it is often practically convenient to take
multiple measurement shots for each randomized readout
basis, which violates the i.i.d. assumption. In this case, we
can redefine the random variables x; and y, as their
averaged value over all repeated shots taken in the same
measurement basis. In this way, the obtained values for x;
and y; remain i.i.d., and Egs. (4), (5) remain valid for
solving the constrained optimization problem from Eq. (3).

Besides substantial efficiency gains from evaluating the
matrix entries of the subspace expansion in parallel rather
than sequentially [20], our approach based on IC measure-
ments offers two additional advantages over traditional
methods. Firstly, the expansion operators {c, ...,0;, } can
be chosen a posteriori after measurements have been taken,
as also pointed out by Ref. [23]. Thus, the same measure-
ments can be reused to iteratively optimize the chosen
expansion operators to minimize the energy while the
constrained optimization guarantees that the variational
principle is respected up to the chosen statistical precision
€max- Secondly, the framework offers the flexibility of

estimating additional observables O for the obtained
energy-optimized state without additional measurements
by constructing the estimator O(Eopt) equivalently to
Eq. (4) (replacing all occurrences of H with O), where
Copt is the solution to Eq. (3).

Hardware demonstration—We demonstrate our method
by addressing the task of recovering the ground state
energy of a Hamiltonian with known approximate ground
state preparation circuits. We consider a one-dimensional
spin chain originally studied in Ref. [38] described by the
Hamiltonian (with periodic boundary conditions),

N
H = Z (=9::ZiZivy — 9:Xi + 9. ZiXi1 Ziya), (6)
i=1

where the parameter trajectory (for ge[—1,+1))
(9:2(9). 9:(9). 9 (9)) = (2(1 = &), (1 + 9)*. (9 = 1)?)
traverses a quantum phase transition with a critical point at
g =0 between a symmetry-protected topological (SPT)
phase where the ZXZ terms dominate, and a trivial phase
where the X terms dominate. Along this trajectory, the
ground state of the model corresponds to a translation-
invariant normal matrix product state (MPS) [39] with an
energy density E,/N = —2(¢g° +1). We implement the
latter as a quantum circuit leveraging a recently introduced
algorithm based on the renormalization-group transforma-
tion that approximately prepares the MPS with an error 6 in
depth O(log(N/§)) [24]. The approximation is determined
by a “blocking number” ¢, which navigates a trade-off
between circuit depth and the fidelity of the prepared state.
Here, we opt for a blocking number of ¢ = 4, which has
been shown to be a reasonable choice for current noisy
quantum hardware [25].

We implement the MPS ansatz circuits with system sizes
increasing from N = 16 with 108 entangling cz gates to
N =80 with 540 cz gates on the IBM quantum super-
conducting qubit device ibm_fez of the Heron R2 gener-
ation; see Supplemental Material [29] for details. We
measure an IC POVM that consists of uniformly random-
ized single-qubit X, Y, and Z measurements (standard local
classical shadows with canonical duals [27]; see also
Supplemental Material [29]). For each studied system size
N and parameter value g, we perform measurements in
32768 bases with eight shots per basis. This POVM can
efficiently estimate observables of low Pauli weight w with
statistical errors increasing exponentially with w [7]. Hence,
in principle, we could now choose any set of sufficiently
local observables as expansion operators o; of the subspace.
We first select ; = 1 to ensure that the original state p, is
part of the subspace. In this way, the subspace-optimized
energy can never be worse than the measured one.

For ground state search, the powers of the Hamiltonian
H? are popular expansion operators as the overlap of
the states H”p,HP" with the true ground state increases
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exponentially with p, provided p, has nonzero overlap with
|ys)- This corresponds to the well-known Krylov subspace
diagonalization method [16,40-42]. We thus choose 6, =
H to boost the ground state population. However, in our
model 6, = H already leads to a term H,, = TrpyH>],
which is an observable with 2.14 x 10° Pauli terms at
N = 80. The trace of each of these Pauli terms with each
measured dual operator (which are 262144 in our case)
needs to be evaluated. The inclusion of 63 = H> would
result in a term H5 3 = Tr[poH>] with 35 x 10° Pauli terms
and strings with weight up to w = 15. These both exceed
our available classical processing resources and are beyond
the scope of estimation with single-qubit classical shadows.
Because of this scalability bottleneck (see Supplemental
Material [29]), we limit ourselves to one Krylov dimension
and label such expansion sets as “Krylov” = {1, H}.
Instead of increasing the Krylov dimension, we further
lower the energy by systematically adding low-weight
Pauli expansion operators with a strategy proposed sim-
ilarly in Ref. [23]. For Pauli weights w e {1,2,3,4,5}, we
sample 150 Pauli strings of weight w uniformly at random

— Exact ground state theory

(a) N=16 N=32

& Unmitigated

to form a pool P,,. For each P, € P,,, we perform a two-
dimensional subspace expansion with operators {1, P;}.
We then rank the Pauli strings within each pool according
to the amount by which they reduce the energy relative to
the unmitigated estimate when optimizing for the lowest
upper error given by arg mingH(¢) 4 &(¢). Finally, we
include up to five of the best-performing Paulis for each
considered weight into the set of expansion operators; see
Supplemental Material [29]. Together with ¢; =1 and
0, = H, this results in a subspace that we refer to as
“Krylov+.” The total numbers of single-qubit Pauli traces
of the form Tr, P;, P; € {I,X,Y,Z} between dual operators
of measurement outcomes and the observables of the
subspace range from 4.3 x 10'! for N =16 to 5.6 x
10"3 for N = 80; see Supplemental Material [29]. For both
considered subspaces, we solve Eq. (3) with the con-
strained optimization by linear approximation algorithm
[43]. The allowed maximum errors €,,,, were chosen as a
fixed multiple of the unmitigated signal to ensure a signal-
to-noise ratio ranging from 5% for N = 16 to 15% for
N = 80; see Supplemental Material [29].
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FIG. 2.

(a) Error mitigation with subspace expansion based on IC measurements of ground state preparation circuits for a spin model.

The qubit number increases from left to right from N = 16 to N = 80, while the three rows show the energy density and the order
parameters of the phase transition traversed as a function of the Hamiltonian parameter g. Error bars represent the estimated statistical
error &(¢) and the inlays show the chosen physical qubits of the 156-qubit device ibm_fez. For N = 16, gray shaded curves show the
theoretical values for the lowest 25 excited states obtained with exact diagonalization, with a color gradient from black for the ground
state to lighter shades for progressively higher-excited states. (b) Lowest pseudoeigenenergies obtained through regularization of the
overlap matrix by discarding the lowest few singular values (SVs). Note that direct inversion of the problem without regularization leads

to strong violations of the variational principle (gray region).
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The results for the error-mitigated energy densities of the
MPS ground state circuits for ge{-0.9,-0.5,-0.1,
0.1,0.5,0.9} are shown in the top row of Fig. 2(a).
Across all studied system sizes, the Krylov subspace
already significantly improves on the unmitigated energies,
while the Krylov + approach manages to accurately re-
cover the true ground state expectation values while
respecting the variational principle within statistical uncer-
tainties. As the system size increases, the statistical errors
of the unmitigated results become progressively worse,
which leads to larger error bars also for the mitigated
values. For the smallest system size of N =16 we can
perform an exact diagonalization of the Hamiltonian to get
the full low-energy (density) spectrum. This reveals that
several states lie between the unmitigated and Krylov
values and the true ground state. However, the Krylov +
values lie well below the first excited state, indicating that
the optimized subspace state indeed manages to produce
significant overlap with the true ground state. We also
compare to a direct solution of the generalized eigenvalue
problem via inversion of the (regularized) overlap matrix.
We find that this approach fails to safeguard against
violations of the variational principle and does not recover
the ground state energy accurately; see Fig. 2(b) and
Supplemental Material [29]. Moreover, we validate the
approximations that underlie the estimation of &(¢) through
bootstrap resampling and verify that they are accurate
across most parameter regimes, with deviations arising
primarily when denominator fluctuations are large; see
Supplemental Material [29].

The phase transition at g = 0 is characterized by order
parameters that serve as interesting additional observables
for which we can reuse the IC measurement samples. While
SPT phases in general are characterized by nonlocal order
parameters, they can be expressed as local operators for the
considered MPS ground states [39]. $¥ =¥ X;/N
signals the trivial phase. It is zero for states with
g<0 and goes to 1 with g— 1 as 4g/(1+ g)>.
Similarly, the SPT phase is characterized by S%¥ =
Zy:1Zij+1X j+2Yj43Zj14/N, which remains zero for
g >0 and goes to 1 with g — —1 as —4g/(1 — g)>. The
obtained values for S* for the energy-optimized sub-
space state indeed improve over the unmitigated values
for high ¢ values; see second row of Fig. 2. However, the
weight-five observable S#* shown in the final row of Fig. 2
is more difficult to mitigate. While the results recover some
of the theoretical behavior for N = 16, the statistical
uncertainties in the Krylov + values dominate at larger
scales. From this, we conclude that, while the energy
remains well-mitigated throughout all system sizes, the
recovered subspace state does not provide sufficient over-
lap with the ground state to accurately reflect complex
observables like S#Y.

Discussion—In this Letter, we presented the first large-
scale implementation of quantum subspace expansion

powered by classical shadows. Leveraging the high sam-
pling rates of state-of-the-art superconducting quantum
processors, we collected measurements in 32 768 random-
ized bases per input state and subsequently classically
processed over 100 x 10'# individual Pauli traces. This not
only represents the realization of classical shadow mea-
surements at an unprecedented scale, but also offers a
blueprint for future work flows combining quantum and
high-performance classical computing.

Our results constitute a viable path to overcoming the
measurement overhead of QSE, and include—as a key
technical contribution—a complete characterization of its
statistical error bars in the presence of covariances arising
from the use of IC data. Furthermore, our results under-
score the potential of QSE as a fully noise model-agnostic
error mitigation technique [16], which, in contrast to other
methods [21,44,45], does not rely on an accurate device
noise characterization.

Our approach could be extended by incorporating
symmetry verification [14], powers of the root state in
the spirit of virtual distillation [37] and multireference
methods [11]. Additionally, estimators based on medians-
of-means [7] or dual frame optimization [46—48] could
further reduce the sampling costs.

Overall, our framework provides a resource-aware
approach that exposes and balances quantum coherence,
sampling, and postprocessing costs. Importantly, the root
state p, should be only a few, efficiently measurable
expansion operators away from the target one. The number
and nature of these operators are jointly determined by the
available classical computational resources and the chosen
family of IC measurements. For example, the single-qubit
shadows used here efficiently support low-weight oper-
ators, whereas alternative families (e.g., shallow [49,50],
fermionic [51,52], or global Clifford shadows [7]) extend
to broader expansion sets. The constrained optimization
and statistical error analyses carry over unchanged to any
such setting, as illustrated for a molecular subspace
expansion with fermionic shadows in Supplemental
Material [29]. Interestingly, this probes a regime that is
complementary to that of single-shot-based subspace
expansion [5,6], whose success hinges on the fact that
the ground state is only supported on polynomially many
states of the sampled basis.
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