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We calculate the dimension-six ΔQ ¼ 0 four-quark matrix elements describing heavy-meson lifetime
ratios using the gradient flow with its short flow-time expansion (SFTX) as a renormalization procedure. On
six RBC/UKQCD 2þ 1-flavor domain-wall fermion ensembles, we determine flowed bag parameters for
physical charm and strange quarks and match to the MS scheme with perturbative SFTX coefficients through
next-to-next-to-leading order (NNLO). A multiscale matching procedure using renormalization-group
running improves the extrapolation to zero flow time. For the operators relevant to τðDsÞ=τðD0Þ
at the SUð3ÞF symmetric point, we obtain BMS

1 ð3 GeVÞ ¼ 1.0524ð97Þ, BMS
2 ð3 GeVÞ ¼ 0.9621ð70Þ,

ϵMS
1 ð3 GeVÞ ¼ −0.2275ð76Þ, and ϵMS

2 ð3 GeVÞ ¼ −0.0005ð8Þ using a specific choice of evanescent
operators. This is the first lattice-QCD determination of ΔQ ¼ 0 four-quark operators with a full error
budget. It opens the path toward higher-precision predictions of heavy-meson lifetimes and similar quantities
exhibiting operator mixing under renormalization.

DOI: 10.1103/2vg9-34y9

Introduction—The physics of heavy hadrons provides
insight into several crucial aspects of the standard model
(SM). While the binding of the quarks is governed by
strong interactions, mixing and decay of the hadrons is
induced by weak interactions, with strong sensitivity to the
Cabbibo-Kobayashi-Maskawa (CKM) matrix elements.
The comparison of precise measurements and theoretical
predictions of the heavy-hadron properties, thus, provides
crucial input for the indirect search of physics beyond the
SM. A summary of the theoretical and experimental status
can be found in Refs. [1–3].

Theoretical predictions of heavy-hadron properties need
to account for both perturbative (short-distance) and non-
perturbative (long-distance) effects. A suitable framework
for this is provided by effective field theories, where the
perturbative effects are captured by the Wilson coefficients,
while the determination of the associated matrix elements
requires nonperturbative methods.
To date, sum-rule techniques have been used to estimate

these nonperturbative effects for lifetimes and lifetime ratios
in the framework of heavy-quark effective theory (HQET)
[4–9]. Lattice field theory (LFT) calculations have so far
delivered phenomenologically relevant results for short-
distance contributions to heavy-meson mixing [10–18],
but, despite similarities in the calculation and early
work [19–21], LFT is yet to provide the nonperturbative
input for heavy-meson lifetimes with full error budgets. An
alternative approach using HQET has been proposed
in Ref. [22].
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In this Letter, we consider Ds mesons, which constitute
an ideal laboratory for establishing and validating our
method to nonperturbatively renormalize the matrix ele-
ments on the lattice. The gradient flow is used for the
operator renormalization and enables us to take the con-
tinuum limit. Subsequently, we convert the results to the
MS scheme using perturbatively evaluated matching coef-
ficients. In this proof-of-principle calculation, we focus on
lifetime ratios in the limit of SU(3)-flavor symmetry
between u, d, and s quarks, which provide clean probes
of the leading spectator effects in the heavy-quark expan-
sion (HQE). In these ratios, contributions due to so-called
“eye diagrams” and mixing with lower-dimensional oper-
ators cancel up to SUð3ÞF-breaking effects. The effect of
eye diagrams was found to be Oð0.2%Þ in HQET using the
sum-rules approach, and the strange quark-mass correc-
tions were found to be Oð0.1%Þ [7,8]. The error budget
quoted in this work applies to the bag parameters computed
in this SUð3ÞF-symmetric setup, while a direct lattice
calculation of the corresponding SUð3ÞF-breaking correc-
tions is left to future work.
Nevertheless, our approach is applicable also to the

calculation of absolute lifetimes in principle, even if some
of the steps may require additional efforts in order to reach
similar precision. The analogous calculation for the simpler
case of heavy-meson mixing and further details on the
lifetime calculation are presented in the companion paper
[23], while preliminary results have been presented in
Refs. [24–26].
Operators and bag parameters—Within the heavy-quark

expansion (HQE) [27,28], the lifetime of a heavy hadronH
is governed by the imaginary part of the forward H → H
matrix elements of local ΔQ ¼ 0 operators. The leading
spectator effects incorporating the meson’s light valence
quark arise at order 1=m3

Q and are given by the following
dimension-six four-quark operators (see, e.g., Refs. [4,29]):

O1 ¼ ½Q̄γμð1 − γ5Þq�½ðq̄γμð1 − γ5ÞQ�;
O2 ¼ ½Q̄ð1 − γ5Þq�½q̄ð1þ γ5ÞQ�;
T1 ¼ ½Q̄γμð1 − γ5ÞTAq�½q̄γμð1 − γ5ÞTAQ�;
T2 ¼ ½Q̄ð1 − γ5ÞTAq�½q̄ð1þ γ5ÞTAQ�; ð1Þ

where the TA are the generators of SU(3) color. A leading
order (LO) Feynman diagram contributing to the forward

matrix elements of these operators is shown in Fig. 1(a).
These matrix elements are parametrized as

hHjO1jHi ¼ f2HM
2
HB

H
1 ;

hHjO2jHi ¼ M2
H

ðmQ þmqÞ2
f2HM

2
HB

H
2 ;

hHjT1jHi ¼ f2HM
2
Hϵ

H
1 ;

hHjT2jHi ¼ M2
H

ðmQ þmqÞ2
f2HM

2
Hϵ

H
2 ; ð2Þ

with MH the mass of the heavy meson H. The bag
parameters BH

1 , BH
2 , ϵH1 , and ϵH2 as well as the decay

constant fH encode contributions due to strong interactions
whose determinations require nonperturbative methods. In
this Letter, we focus on a bound charm-strange state, i.e.,
H ¼ Ds. We expect our method to apply also to other D or
B mesons; we leave this for future work.
Aside from diagrams like Fig. 1(a), the operators in

Eq. (1) also lead to diagrams where the light valence quark
of the meson is not directly connected to the composite
operator, sometimes called “eye diagrams”; see Fig. 1(b).
Their consistent treatment requires an extension of the
operator basis in Eq. (1). In a first step toward the full
calculation of heavy-meson lifetimes, we determine the
matrix elements relevant to SUð3ÞF-symmetric ratios of
lifetimes like τðDsÞ=τðD0Þ, where these eye diagrams cancel.
Lattice calculation—Figure 2 illustrates the calculation

of a three-point function on the lattice. Mesons are created
at Euclidean times t0 and t0 þ ΔT. The four-quark inter-
actions described by the operators defined in Eq. (1) are
contracted at t∈ ½t0; t0 þ ΔT�. By placing the sources at
equal time separations, propagators can be reused to
calculate three-point functions with different separation
ΔT concurrently (cf. Ref. [32]).
Adjusting the spin-color algebra factors in the ratios seen

in Ref. [32] to the ΔQ ¼ 0 case, the bag parameters can be
obtained from the following ratio:

RXðt0; t;ΔTÞ ¼
C3pt
X ðt0; t; t0 þ ΔTÞ

CXðt0; tÞCXðt0 þ ΔT; tÞ → BX; ð3Þ

where the arrow indicates the limits t0 ≪ t ≪ t0 þ ΔT and
ΔT → ∞. The two- and three-point functions are given by

(b)(a)

FIG. 1. (a) LO diagram for the four-quark operator contribution
to heavy-meson decay in HQE; (b) eye diagram (not considered
in this Letter). The diagrams were produced with the help of
FeynGame [30,31].

FIG. 2. Quark-line diagram for the lattice calculation of ΔQ ¼
0 operators.
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C3pt
X ðt1; t2; t3Þ ¼ h0jjPðt1ÞXðt2Þj†Pðt3Þj0i;
CXðt1; t2Þ ¼ h0jjXðt2Þj†Pðt1Þj0i; ð4Þ

where t1 < t2 < t3 are generic positions, and jP ¼ q̄γ5Q
and jX ¼ q̄ΓXQ are zero-momentum currents. Note that we
are using X both as an operator and as an index in Eq. (4).
In order to have appropriate overlap with the bag param-
eters, ΓO1

¼ ΓT1
¼ γ0γ5, and ΓO2

¼ ΓT2
¼ γ5.

Gradient flow—Bare correlators as well as the ratio of
Eq. (3) are ultraviolet (UV) divergent. We obtain the MS-
renormalized hadronic matrix elements by closely follow-
ing the method of Refs. [33–39], which is based on the
gradient flow (GF) [40–43] and the SFTX [33,44,45]. To be
specific, we replace the operators X and the currents jX in
Eq. (4) by their flowed versions X̃ðτÞ and j̃XðτÞ, i.e., the
fields in these quantities are evolved according to

∂τAμðτÞ ¼ DνðτÞGνμðτÞ; Aμðτ ¼ 0Þ ¼ Aμ;

∂τχðτÞ ¼ D2ðτÞχðτÞ; χðτ ¼ 0Þ ¼ ψ ; ð5Þ
with τ indicating the flow time. χðτÞ represents the quark
fields, Gμν is the field-strength tensor, and Dμ is the
covariant derivative, each with the regular gluon field Aμ

replaced by its flowed version AμðτÞ. On the lattice, we use
the Wilson kernel to evolve the gauge fields and apply the
lattice Laplace operator to the propagators [45]. For finite
τ > 0, the GF regularizes the UV divergences, and the
continuum limit combining results from the different ensem-
bles can be taken. Power-divergent operator mixing on the
lattice is absent in this approach and shifted to the SFTX.
Note that any wave function renormalizations for the flowed
and unflowed quark fields cancel in the ratio of Eq. (3).
At this point, the continuum bag parameters depend on

the flow time τ; we may consider them as renormalized in
the GF scheme denoting them by B̃XðτÞ. They can be
converted to the MS scheme at a scale μ as follows. Using
the SFTX [33,44,45], the GF-renormalized bag parameters
are multiplied by the matching matrices,

�
Biðτ; μÞ
ϵiðτ; μÞ

�
¼ ζ−1B;iðτ; μÞ

�
B̃iðτÞ
ϵ̃iðτÞ

�
; ð6Þ

for i∈ f1; 2g. The matching matrices are given by

ζB;1 ¼ ζ1ζ
−2
A ; ζB;2 ¼ ζ2ζ

−2
P ; ð7Þ

where ζP and ζA are the SFTXmatching coefficients for the
pseudoscalar and the axial-vector current, and the ζi are the
matching matrices of the four-quark operators fOi; Tig in
Eq. (1). They can be calculated perturbatively and are
known through next-to-next-to-leading order (NNLO) in
QCD [23,46,47]. The quantities on the lhs of Eq. (6) are
related to the MS bag parameters by taking the τ → 0
extrapolation, i.e.,

BMS
X ðμÞ ¼ lim

τ→0
BXðτ; μÞ: ð8Þ

This limit is nontrivial and involves identifying a suitable
region from which such an extrapolation can be performed
as we discuss later.
Numerical analysis—Using the six RBC/UKQCD 2þ 1-

flavor Shamir domain-wall fermion (DWF) and Iwasaki
gauge field ensembles [32,48–50] listed in Table I, we
create multiple Z2 wall sources [51,52] per gauge-field
configuration. For strange quarks, we apply Gaussian
smearing [53] to the source before inverting a Shamir
DWF [54–56], whereas for charm quarks we directly invert
a heavy, stout-smeared Möbius DWF [57–59]. In both
cases, the mass is tuned close to its physical value.
Evolving the gauge field and quark propagators along

the GF requires solving the ordinary differential equations
of Eq. (5). We implement them using a third-order Runge-
Kutta algorithm in the Grid [60] and Hadrons [61,62]
lattice-QCD software libraries. The GF evolution runs with
step size δτ=a2 ¼ 0.01, with measurements of the matrix
elements carried out every 10 steps (increasing to 40 steps
toward larger τ).
For each value of the flow time, we perform combined

correlated fits to Eq. (3) for a range of values of ΔT where
excited states are not statistically resolved and consistent
plateaus can be identified; the minimum ΔT considered on
each ensemble is listed in Table I. Details of the numerical
analysis are discussed in Ref. [23].
Since the gradient flow is only effective if the “smearing

radius”
ffiffiffiffiffi
8τ

p
is sufficiently large in relation to the lattice

spacing, we only include data in our analysis with τ > τmin,
where 8τmin ¼ 2a2max. Using the coarsest lattice spacing of
our dataset, this translates to τmin ¼ 0.08 GeV−2. Using
OðaÞ-improved actions, we take the continuum limit using
a linear ansatz in a2 and also parametrize sea-pion mass
effects using

B̃latt
i ða2;Mlatt

π ; τÞ ¼ B̃iðτÞ þ Ca2

þDa2
�
ðMlatt

π Þ2 − ðMphys
π Þ2

�
; ð9Þ

where B̃iðτÞ denotes the continuum-extrapolated value at
physical pion mass [2], while C and D are fit parameters
describing the leading discretization and sea-pion effects.
Estimates of systematic uncertainties are discussed
in Ref. [23].
Zero-flow-time limit—In the final step of our procedure,

the flowed bag parameters are multiplied by the inverse
matching matrices defined in Eqs. (6) and (7), and the result
is extrapolated to τ ¼ 0, resulting in the bag parameters in
the MS scheme.
To derive the bag parameters in the MS scheme at a

certain value of μ ¼ μ0, we can either insert the (inverse)
matching matrices at this value, ζ−1ðτ; μ0Þ, into Eq. (6), or
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evaluate them at a different scale μ, and subsequently
evolve them to μ0 according to regular RG evolution [63],

μ2
d
dμ2

ζðτ; μÞ ¼ ζðτ; μÞγ½αsðμÞ�; ð10Þ

where γ is the regular (unflowed) anomalous dimension of
RX [64–67]. We denote the resulting matching matrix as
ζðτ; μ → μ0Þ. Different initial values of μ typically change
the τ dependence of ζ−1ðτ; μ → μ0ÞB̃ðτÞ and, therefore,
lead to small variations in the τ → 0 limit, which we will
use to estimate part of the systematic uncertainty. The value
of αsðμÞ is obtained from our reference value αsð3 GeVÞ ¼
0.2535 by RG evolution to the corresponding perturbative
order with the help of RUNDEC [68,69].
Furthermore, we can improve the perturbative conver-

gence of our matching procedure by resumming the
logarithmic τ dependence in the matching coefficients
via the flow-time RG equation [63],

τ
d
dτ

ÕðτÞ ¼ γ̃ ÕðτÞ; with γ̃ ¼
�
τ
d
dτ

ζ

�
ζ−1; ð11Þ

where the flowed anomalous dimensions γ̃ are provided in
Ref. [23]. This allows us to run our data for the bag

parameters between different flow times; in particular, we
can evolve all our data from τ to a specific flow time τ0
where higher-order corrections to the matching matrix ζ are
particularly small. Specifically, we choose τ0 ¼ e−γE=ð2μ20Þ
[70], where γE ¼ 0.5772… is the Euler-Mascheroni
constant.
Our final results for BMS

i ðμ0Þ and ϵMS
i ðμ0Þ are obtained

by performing a single global fit to each Bðμ → μ0; τ → τ0Þ
for μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV and μ0 ¼ 3 GeV, with
the functional form

fðτ; μÞ ¼ c0 þ τ

�
cðμÞ1 þ cðμÞ2 lnðμ2τÞ

�
; ð12Þ

where c0 is a common parameter to all fit functions, and

cðμÞ1;2 are independent for each μ used. By constraining c0 to
be global to all fit functions, we ensure a solution for which
the perturbative RG evolution is consistent across the
chosen range of μ. We evaluate fits within all possible
intervals from τmin up to at most τmax ¼ 0.4 GeV−2 and
identify the spread of all fit results for c0 with p value
> 0.05 as the symmetrized uncertainty interval for the bag
parameters at scale μ0. This interval accounts for both

FIG. 3. Zero-flow-time extrapolation of the ΔQ ¼ 0 bag parameters. B1 (top left), B2 (top right), ϵ1 (bottom left), ϵ2 (bottom right).
The matching to MS is performed at both NLO and NNLO using μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV before running back to μ0 ¼ 3 GeV
and uses the flow-time RG equation to set flow-time logarithms to zero and improve the extrapolations. The pink and orange shaded
areas indicate the spread of all fits with p value > 0.05 at NLO and NNLO, resulting in the pink and brown data points in the left panel,
respectively. The gray data points estimate systematic effects due to discarding our coarsest ensembles; the black data points show our
final result with all errors added in quadrature. The dashed lines indicate τmin ¼ 0.08 GeV−2, whereas dash-dotted lines mark the
maximum flow time included in our fit results.
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statistical and systematic uncertainties of the τ → 0
extrapolation.
Results—Figure 3 shows the SFTX and τ → 0 limits for

the bag parameters of the ΔQ ¼ 0 operators for the lifetime
ratio τðDsÞ=τðD0Þ. The colored bands show the spread of
all fit variations considered. The results at τ ¼ 0 at next-to-
leading order (NLO) and NNLO are shown in the left panel
as pink and brown data points, respectively. The gray data
points are based on an alternative analysis to estimate
systematic effects by discarding our coarsest ensembles
(C1, C2) in the continuum extrapolation. This removes 1=3
of our total dataset and an entire lattice spacing, leading to
larger uncertainties since the continuum extrapolations are
less constrained. Finally, the black data points show our
final results incorporating in addition systematic uncertain-
ties due to truncating the perturbative series as well as
estimates for discretization and quark mass tuning uncer-
tainties. We find

BMS
1 ð3 GeVÞ ¼ 1.0524ð97Þ;

BMS
2 ð3 GeVÞ ¼ 0.9621ð70Þ;
ϵMS
1 ð3 GeVÞ ¼ −0.2275ð76Þ;
ϵMS
2 ð3 GeVÞ ¼ −0.0005ð8Þ ð13Þ

for the bag parameters of lifetime operators with a full error
budget, which is provided in Table II and described in
further detail in Ref. [23]. While no recent lattice calcu-
lation exists for these quantities, they were computed using
HQET sum rules with light spectator quarks in Ref. [9] and
then matched to QCD for both B and D mesons.
Accounting for different schemes of evanescent operators
used (for details, see Ref. [23]), we find agreement with

Ref. [9] for BMS
2 and ϵMS

2 within 1.5σ; however, our results

for BMS
1 and ϵMS

1 differ significantly. An improved HQET-
QCD matching in the sum-rules approach that includes
subleading Oð1=mQÞ corrections may resolve this discrep-

ancy. A confirmation of the increase of ϵMS
1 by approx-

imately a factor of 2 with respect to Ref. [9] would be of
particular phenomenological interest due to the relatively
large Wilson coefficient associated with this parameter.
The ΔQ ¼ 0 operators also contribute to inclusive

semileptonic B-meson decays [71] and are leading uncer-
tainties at high q2. High-precision determinations will,
therefore, have implications to the broader community.
Conclusion—We have presented the first lattice-QCD

determination of the SUð3ÞF-symmetric dimension-six
ΔQ ¼ 0 four-quark bag parameters that govern the leading
spectator effects for the lifetime ratios of heavy mesons
with full error budget away from the static limit. Ratios of
heavy-meson lifetimes play an important role in validating
the HQE but also enter many phenomenological determi-
nations such as decay-rate ratios of b → sll currents. A

direct treatment of eye contractions, which contribute to
absolute lifetimes and SUð3ÞF-breaking lifetime ratios, is
the natural next step of the program.
Our result is based on GF combined with the SFTX to

obtain renormalized bag parameters in the MS scheme. UV
divergences are regularized at positive flow time such that
the continuum limit can be taken without encountering
power-divergent mixing, and results can be matched to the
MS scheme using perturbatively computed SFTX coeffi-
cients (here through NNLO). A robust τ → 0 extrapolation
—restricted to a window where both discretization effects
and perturbative instabilities are under control—completes
the connection to standard continuum phenomenology. The
determination of lifetime-ratio operators for a charm-
strange system demonstrates that the GF + SFTX is a
viable renormalization procedure for lattice calculations,
which can be further applied to complex renormalization
structures including power-divergent operator mixing.
Further possible applications may include other four-quark
operators exhibiting operator mixing under renormalization
such as, for example, nucleon electric dipole moments.

Note added—While this paper was under review,
Ref. [72] presented the NNLO Wilson coefficients for
heavy-meson lifetime ratios and combined them with the
bag parameters determined here. It finds that our lattice
results significantly change the charm lifetime-ratio pre-
dictions compared to the HQET sum-rule results [9],
reduce the associated uncertainties, and improve the agree-
ment with experiment.
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End Matter

End Matter: Bag Parameters for Heavy Meson Lifetimes—In this End Matter, we provide two tables with
supporting information to this Letter. Table I lists the set of gauge-field ensembles used in this study, specifying the
relevant ensemble parameters as well as statistics used and minimum source separation ΔT considered in the analysis.
The final bag parameter results are presented in Table II with a full error budget.

TABLE I. RBC/UKQCD’sNf ¼ 2þ 1 Shamir DWF ensembles with Iwasaki gauge action [32,48–50] characterized by inverse lattice
spacing (a−1), unitary pion mass (Mπ), valence strange (amval

s ), and charm (amc) quark masses. We use coarse (C1,C2), medium (M1,
M2,M3), and one fine ensemble (F1S). The Jacobi smearing procedure was applied on the C and M ensembles with smearing width σ
and Nσ iterations. ΔTmin indicates the minimum source separation ΔT considered to have sufficient resolution of the ground state.

L=a T=a a−1½GeV� Mπ ½MeV� amsea
s amval

s amc Nsrc × Nconf σ Nσ ΔTmin

C1 24 64 1.7848(50) 339.8(1.2) 0.04 0.03224 0.64 32 × 101 4.5 400 20
C2 24 64 1.7848(50) 430.6(1.4) 0.04 0.03224 0.64 32 × 101 4.5 400 20
M1 32 64 2.3833(86) 303.6(1.4) 0.03 0.02477 0.45 32 × 79 6.5 400 22
M2 32 64 2.3833(86) 360.7(1.6) 0.03 0.02477 0.45 32 × 89 6.5 100 22
M3 32 64 2.3833(86) 410.8(1.7) 0.03 0.02477 0.45 32 × 68 6.5 100 22
F1S 48 96 2.785(11) 267.6(1.3) 0.02144 0.02167 0.37 24 × 98 28

TABLE II. Values and error budgets for the ΔQ ¼ 0 bag parameters in the MS scheme for our choice of evanescent operators at
μ0 ¼ 3 GeV. Individual errors are added in quadrature to obtain the total uncertainty. The “GF” error refers to the combined statistical
and systematic uncertainty obtained from our set of fits performing the zero-flow-time extrapolation; “CL” is an estimate of systematic
effects in our continuum limit by performing our analysis without the coarse C1 and C2 ensembles and taking half the difference of its
zero-flow-time result with our central result (shown by the gray data points in Fig. 3); “PT” estimates the effect of truncating the
perturbative series to NNLO by taking half the difference between the NNLO results (brown squares) and the NLO results (pink circles);
“OS” incorporates other systematic effects, specifically quark-mass tuning and residual chiral-symmetry breaking of the light quarks.
For further details, see Ref. [23].

Bag parameter BMS
1 BMS

2 ϵMS
1 ϵMS

2

Central value at μ0 ¼ 3 GeV 1.0524 0.9621 −0.2275 −0.0005
Error budget

Stat. error and τ → 0 extrapolation (“GF”) 0.0069 0.0025 0.0041 0.0003
Continuum limit (“CL”) 0.0001 0.0018 0.0042 0.0000
Perturbative truncation (“PT”) 0.0014 0.0013 0.0046 0.0007
Other systematics (“OS”) 0.0067 0.0062 0.0014 0.0000
Total 0.0097 0.0070 0.0076 0.0008
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