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Anyons emerge as elementary excitations in low-dimensional quantum systems and exhibit behavior
distinct from bosons or fermions. In one dimension, anyons can arise from unconventional scattering
processes or density-dependent hopping on a lattice. Here, we introduce a novel framework for realizing
anyonic correlations using the internal degrees of freedom of a spinor quantum gas. We propose a “swap”
model, which assigns a complex phase factor to the swapping processes between two different species,
referred to as “host particles” and “impurities.” The anyonic characteristics are demonstrated through the
one-body correlator of the impurity, using a spin-charge separation analysis. The impurity plays the role of
both creating and directly probing the anyonic correlations in a quantum many-body system, which are not
accessible in the conventional anyon-Hubbard model. For a single impurity, our framework can be
effectively implemented by applying tilt potentials in a strongly interacting quantum gas [Dhar et al.,
Observing anyonization of bosons in a quantum gas, Nature (London) 642, 53 (2025).]. We further explore
the dynamical properties of anyonic correlations and extend our analysis to the case of multiple impurities.
Our Letter provides new avenues for engineering many-body anyonic behavior in quantum simulation
platforms.
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Introduction—Exotic behavior can emerge in lower-
dimensional systems. A prime example is given by the
emergence of anyons obeying fractional statistics, interpo-
lating between bosons and fermions [1–5]. Arising from a
mathematical concept, anyons are often found to exist as
elementary excitations of topologically ordered states of
matter [6–13]. The idea of utilizing non-Abelian anyons for
topological quantum computing has spurred efforts to
observe their fractional statistics across a variety of physical
platforms, such as solid-state materials [14,15], super-
conducting quantum circuits [16–19], Rydberg atom

arrays [20], and trapped-ion processors [21]. Since anyons
are typically defined through the exchange of quasiparticles
in two dimensions (2D) with topologically distinct wind-
ings, fractional statistics seems to be absent in one dimen-
sion (1D).
The generalization of fractional statistics to arbitrary

dimensions was provided by Haldane [22]. He demon-
strated that the spinon excitations in a 1D spin chain,
described by the Haldane-Shastry model (HSM) [23,24],
satisfy fractional exclusion statistics [22]. Subsequent
investigations predicted the presence of 1D (Abelian)
anyonic excitations in other models, including the
Kuramoto-Yokoyama model [25–28] and the Calogero-
Sutherland model [29–31]. It was recognized that these
excitations exhibit a common feature: a statistical phase can
be associated to their unidirectional crossing, leading to a
fractional shift in the linear momenta in 1D that is
analogous to the fractional relative angular momentum
in 2D [5,32]. By leveraging the notion of statistical
interactions [22], one can embed fractional statistics into
1D scattering processes, offering an interesting perspective
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to reinterpret interacting bosons [33–39]. Experimentally,
realizing and probing anyons in such 1D models has
been much less explored. Recently, the chiral BF theory
[37,40,41], originally constructed as a candidate model for
1D anyons, has been realized in a Raman-coupled Bose-
Einstein condensate [41,42].
Another route to realize 1D Abelian anyons is offered by

engineering density-dependent Peierls phases on a lattice,
following the bosonic formulation of the anyon-Hubbard
model (AHM) [43–47]. This approach has been shown to
give rise to intriguing phenomena, such as statistically
driven equilibrium phases [43,48–52] and nonequilibrium
anyonic dynamics [53–59]. Despite extensive theoretical
efforts [43–64], experimental realization of 1D anyons was
only recently observed in an optical lattice using two
ultracold atoms, where the density-dependent hopping
was engineered using Floquet driving [65]. However, a
direct measurement of the asymmetric momentum
distribution, the hallmark signature of anyonic correlations
[66–73], is not possible in that setting: anyonic correlations
need to be manually reconstructed upon extracting the
momentum distribution of the bare bosons.
More recently, anyonic correlations were observed

by injecting an impurity into a strongly interacting Bose
gas [74], wherein the statistical phase was encoded in the
momentum of the impurity, hence allowing for a direct
measurement of the asymmetric momentum distribution
[75–77]. Here, we present a simple yet insightful model to
capture the essence of anyonization in a strongly interacting
1D spinor quantum gas, providing a general framework to
engineer anyonic correlations in 1D. We propose a new
“swap” model, which associates the exchange between the
two species of the spinor quantum gas with a tunable
complex phase. Using a spin-charge separation analysis,
we demonstrate anyonic signatures in the impurity’s one-
body correlation function. For a single impurity, this
scheme can be implemented by generating a spin wave,
for instance, by applying a weak constant force to the
impurity. This simple picture offers an effective description
of the recent experimental observations of Ref. [74]. We
then extend our approach to study the real-time evolution of
anyonic correlations as well as scenarios with multiple
impurities. Altogether, this Letter lays the groundwork for
engineering and probing anyonic many-body behavior in
1D quantum simulators.
Anyon-Hubbard model—We start by briefly reviewing

the properties of anyons in a 1D lattice, as described by the
paradigmatic AHM,

ĤAHM ¼ −J
X

l

�
â†lâlþ1 þ H:c:

�þ U
2

X

l

n̂lðn̂l − 1Þ; ð1Þ

where J denotes the tunneling amplitude, U quantifies
the on-site interaction strength between anyons, and
n̂l ¼ â†lâl is the number operator at site l. The anyonic

operators âl obey the generalized commutation relations,

âjâ
†
k − eiθsgnðj−kÞâ†kâj ¼ δjk ð2aÞ

âjâk − e−iθsgnðj−kÞâkâj ¼ 0; ð2bÞ

where θ is the statistical angle. The sign function sgnðj − kÞ
equals þ1 for j > k, −1 for j < k and 0 for j ¼ k. By
applying a fractional version of the Jordan-Wigner (JW)
transformation, âl ¼ b̂leiθN̂l , where N̂l ¼ P

m<l n̂m and
b̂l are bosonic operators, the one-body correlation operator
reads â†lâl0 ¼ b̂†le

iθðN̂l0−N̂lÞb̂l0 . Writing the ground state in
the Fock state basis jΨi ¼ P

i cijζii, with ci being complex
coefficients, one can express the anyonic correlation
function as

hâ†lâl0 i¼

8
>><

>>:

P
i;j
c�i cjhζijb̂†lb̂l0 jζjieiθðN

j

l0−N
j
lÞ; l0≥l;

P
i;j
c�i cjhζijb̂†lb̂l0 jζjieiθðN

j

l0−N
j
lþ1Þ; l0<l;

ð3Þ

whereNj
l denotes the number of particles after applying the

operator N̂l on the Fock state jζji, and h…i denotes an
expectation value over the ground state of the system. As
shown in Eq. (3), the string operators entering the JW
transformation lead to a phase factor depending on the
density difference in the one-body correlation [see
Fig. 1(a)]. By solving the time-independent Schrödinger
equation associated with the AHM in the bosonic repre-
sentation, and performing the Fourier transformation of
the one-body correlation function (3), one obtains the
θ-dependent asymmetric quasimomentum distribution of
the anyons [71,78]; see the dashed lines in Fig. 1(c). This
asymmetric behavior stands as a hallmark signature of
anyons in 1D systems.
Swap model—Previous 1D anyon models often include

the fractional statistics either through nontrivial collisions
[5,32,36–39] or utilizing density-dependent hopping proc-
esses [43–46]. Here, instead, we propose a two-component
model that encodes the anyonic correlations using an
internal (“spin”) degree of freedom. Considering a strongly
interacting spinor quantum gas in a 1D lattice, the proposed
swap model reads,

Ĥswap ¼ −J
X

l

�
b̂†↑lb̂↑lþ1 þ b̂†↓lb̂↓lþ1

�

− Jexeiθ
XL−1

l¼1

b̂†↑lb̂
†
↓lþ1b̂↓lb̂↑lþ1 þ H:c:; ð4Þ

where b̂†σl (b̂σl) are the creation (annihilation) operators of
hard-core bosons with spin σ ¼ f↑;↓g at site l. We use
spin indices ↑ and ↓ to denote the host and the impurity
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particles, respectively; J represents the strength of nearest-
neighbor hopping and Jex is the strength of the swapping
between different spins on neighboring sites. Here we
assume no double occupancy, and thus our model applies in
the regime of strong on-site interaction. This is reminiscent
of the tJ-model studied in quantum magnetism [79]. One
major difference is the complex phase factor eiθ assigned to
the swapping terms. In the following, we will show that θ
plays the role of the fractional statistical angle of anyons, as
captured by the one-body correlation function. We use L as
the number of lattice sites and N↑ðN↓Þ as the number of

host particles (impurities). We set J ¼ 1 as the unit of
energy. Similar to the experiment reported in Ref. [74], we
first focus on the case of a single impurity.
We compute the one-body correlation of the impurity

based on a spin-charge separation analysis [80,81]. In the
Fock state basis fjψ iig, the one-body correlation function
of the impurity reads,

hb̂†↓lb̂↓l0 i ¼
X

i;j

c̃�i c̃jhψ ijb̂†↓lb̂↓l0 jψ ji; ð5Þ

with c̃i being complex coefficients. Each Fock state can be
written as the product of its charge sector jψc

i i and the spin
sector jψ s

i i, i.e. jψ ii ¼ jψc
i i ⊗ jψ s

i i. Meanwhile, we can
decompose the one-body correlation operator of the impu-
rity b̂†↓lb̂↓l0 as a hopping of the charge and a swapping of
the spins. Taking the Fock state configuration sketched in
Fig. 1(b) as a concrete example, the one-body correlator
consists of the hopping of the charge from site l0 to l,
combined with a series of swapping processes that start
from the spin labeled by l0

p ¼ Nj
l0 þ 1 ¼ 4 and end with

the spin lp ¼ Nj
l þ 1 ¼ 2. Here, we used l and lp to label

the lattice sites and the spins, respectively, and Nj
l denotes

the number of particles to the left of site l in a given Fock
state jψc

ji. It is apparent that the number of swaps is
determined by the number of particles between site l and
l0, i.e., l0

p − lp ¼ Nj
l0 − Nj

l.
Based on this observation, one can write the correlator in

the given Fock states as

hψ ijb̂†↓lb̂↓l0 jψ ji ¼
X

l0plp

hψc
i jb̂†lb̂l0 jψc

jiδlp−1
Nj

l

δ
l0p−1
Nj

l0

× hψ s
i jÊlp;lp∓1 � � � Êl0p�1;l0p jψ s

ji: ð6Þ

Here, the Kronecker delta, δ
lp−1
Nj

l

¼ 1 if lp − 1 ¼ Nj
l and 0

otherwise, ensures that the l0 th site is occupied by the l0
p th

spin, and after hopping, the l th site is occupied by the lp

th spin [81]. We use Êlp�1;lp to denote the swapping
between the impurity labeled by lp and the host particle
labeled by lp � 1. Assigning a phase factor e�iθ in the
swapping between the impurity and the host particle to its
left (right), we obtain the following one-body correlation
function of the impurity:

hb̂†↓lb̂↓l0 i¼

8
>><

>>:

P
i;j
c̃�i c̃jhψc

i jb̂†lb̂l0 jψc
jieiθðN

j

l0−N
j
lÞ; l0⩾l;

P
i;j
c̃�i c̃jhψc

i jb̂†lb̂l0 jψc
jieiθðN

j

l0−N
j
lþ1Þ; l0<l:

ð7Þ

Hence, we obtain that the anyonic correlations, equivalent
to Eq. (3), are formally established in the one-body
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FIG. 1. (a) Sketch of one-body correlations hâ†lâl0 i of anyons
in the AHM (with respect to a given Fock state configuration). By
means of a Jordan-Wigner transformation, the anyonic one-body
correlator can be expressed as that of bosons accompanied by a
phase factor, i.e., hâ†lâl0 i ¼ hb̂†leiθðN̂l0−N̂lÞb̂l0 i. (b) Sketch of one-
body correlation hb̂†↓lb̂↓l0 i of a single impurity in our swap
model. As there are two host particles between site l and l0, the
long-range hopping indicated here involves two swaps. Since
each swap is associated with eiθ, the swapping processes
contribute a phase factor eiθðl0

p−lpÞ ¼ ei2θ that recovers the
contribution from the string operators in (a). (c) Quasimomentum
distribution of the impurity with different phase θ. Solid lines:
Using our swap Hamiltonian (4) with N↑ ¼ 50; N↓ ¼ 1;
L ¼ 100; Jex ¼ 0.1. Dashed lines: results of AHM with
N ¼ 50, L ¼ 100 and hard-core interaction. The peak has been
rescaled according to a normalization factor determined at θ ¼ 0.
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correlation of the impurity. The spin swapping processes in
our model play the role of the operators N̂l in the JW
transformation of the AHM.
This result is illustrated in Fig. 2: the swap model yields

identical correlations as the AHM (up to a normalization
factor [82]). For θ ¼ 0, the bosonic correlation shows a
power law decay; in the case θ ¼ π, we recover the kF
oscillation (with kF ¼ πρ↑ being the Fermi momentum and
ρ↑ the density of the host particles) due to the fermionic
statistics [81]. For values of θ between 0 and π, we observe
oscillations of period of 2π=θρ↑ in both the real and the
imaginary part of the one-body correlation, which is a
manifestation of the anyonic features therein.
The momentum distribution, derived from the Fourier

transform of anyonic correlation functions, serves as a
useful observable of anyonic characteristics. In our Letter,
the impurity’s quasimomentum profile mirrors the anyonic
behavior seen in the AHM; see Fig. 1(c). Crucially, this
opens up a new experimental pathway: using an impurity
allows one to directly probe anyonic momentum distribu-
tions, which are not directly accessible in standard bosonic
implementations of AHM [43–46,78].
Effective realization—We now demonstrate that the

ground state jΨswapðθÞi can be prepared by exciting a spin
wave in the swap model at θ ¼ 0. This offers a concrete
strategy to explore anyonic correlations in two-component
Bose gases operating in the strongly correlated regime.
Considering a closed spinful chain under the constraint
of no double occupancy, spin waves are known to be the
low energy excitations [87,88]. They are eigenstates
of the spin cyclic permutation operator P̂ defined as
P̂jσ1; σ2;…; σNi ¼ jσN; σ1;…; σN−1i with σ ¼ f↑;↓g
and N ¼ N↑ þ N↓. In the case of a single impurity, the

operation of P̂ is equivalent to the application
of spin swaps. For instance, the spin configuration
j↓↑↑↑i ¼ P̂j↑↑↑↓i can be equivalently obtained from
Ê1;2Ê2;3Ê3;4j↑↑↑↓i. Thus, for an open chain described by
our swap model with θ ¼ 0, where the spin swapping
processes are allowed, the spin-wave excitations are
expected to exist in the thermodynamic limit. Relating
the phase factor eiθ in our swap model to the eigen-
values eiq of the operator P̂, the ground state jΨswapðθÞi
can be associated to the spin-wave state with momentum
q ¼ θ [82]. This intuitive picture not only leads to an
alternative way of deriving the anyonic correlation [82], but
also indicates that the ground state jΨswapðθÞi can be
effectively realized via a slow injection of momentum to
the impurity such that the spin-wave states are adiabatically
prepared.
To support this intuitive picture, we start from the ground

state of our swap model with θ ¼ 0 and then dynamically
evolve the system by applying a weak constant force. The
time evolution is governed by the following Hamiltonian:

ĤF ¼ Ĥswapðθ ¼ 0Þ −
X

l

Faln̂↓l; ð8Þ

where a constant force F is applied on the impurity only
and we set the lattice constant a ¼ 1 in the following. To
characterize how close the time-evolved state jΨFðtÞi is to
the ground state jΨswapðθÞi, we define the fidelity as

F ðθ; tÞ ¼ jhΨswapðθÞjΨFðtÞij2: ð9Þ

In Fig. 3(a), the fidelity F ðθ; tÞ is plotted as a function of θ
and t. It is observed that the fidelity approaches 1 in
proximity to the diagonal, indicating that the ground
state jΨswapðθÞi can be effectively approximated by
applying a weak force over a specific duration. Taking
θ=π ¼ f0.2; 0.4; 0.6g as examples, Fig. 3(b) illustrates the
maximum fidelity values as a function of the constant force
F. It demonstrates that the fidelity converges towards unity
as F decreases, which corresponds to a more adiabatic
preparation process.

FIG. 2. The real (a) and the imaginary (b) part of the one-body
correlation function of the single impurity in our swap model for
different θ. We have used N↑ ¼ 50; N↓ ¼ 1; L ¼ 100 and
Jex ¼ 0.1. Gray solid lines: results of the AHM with N ¼ 50,
L ¼ 100 and hard-core interaction.

FIG. 3. (a) The fidelity F ðθ; tÞ as a function of θ and evolution
time t for Fa=J ¼ 0.1. (b) The maximum of F ðθ; tÞ as a function
of force F for different θ. Here we use N↓ ¼ 1; N↑ ¼ 10;
L ¼ 20; Jex ¼ 0.1.
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The dynamical evolution governed by the Hamiltonian
(8) can be readily implemented in experiments. Due to its tJ-
type nature, Ĥswapðθ ¼ 0Þ is a good approximation for the
spinful Bose-Hubbard model in the strongly interacting
regime [82]. In the continuum limit, it can be used to describe
the recent experimental observation of anyonization in
bosonic systems, where a Bose-Einstein condensate of Cs
atoms was loaded into a 2D optical lattice, realizing an array
of 1D Bose gases in the Tonks-Girardeau regime [74]. A spin
impurity, introduced via a radio-frequency pulse, performed
adiabaticmotionunder aweak force.Byvarying the evolution
time, the system exhibited anyonic features in the impurity’s
momentumdistribution [74]. The lattice nature of our models
[Eqs. (4) and (8)] can also find other applications, such as
tilted optical lattices and a closed chain under rotation. For
instance, based on the driving protocol introduced in
Ref. [89], our swap model could also be approximately
realized using Floquet engineering [82,90,91].
Quench dynamics—It is an interesting perspective to

investigate the dynamical properties of the anyonic corre-
lations in our swap model. We start with the ground state of
the swap model at a given value of θ with an overall
harmonic trapping potential of strength V tr, which exhibits
anyonic quasimomentum distribution for different values of
θ; see Fig. 4(b). At t ¼ 0, we abruptly remove the trap and
monitor the quasimomentum distribution of the impurity.
Despite distinct initial anyonic momentum distributions for
different θ, all curves converge to the same asymptotic
distribution after long timescales of expansion; see
Fig. 4(d). Such an asymptotic distribution of the impurity
reflects its spatial density distribution before removing the
external trap [92]. Such a rapidity measurement potentially
offers a useful tool for probing the in situ distribution of a
spinor quantum gas.

Multi-impurities—So far we have focused our discussion
on the case of a single impurity. The anyonic correlations
can also be qualitatively engineered in the case of multiple
impurities [82]. As shown in Fig. 4(f), a very similar
asymmetric quasimomentum distribution can be observed
in the system with more impurities (e.g. N↓ ¼ 4 and
N↑ ¼ 6). A long-time free expansion leads to a fermion-
type quasimomentum distribution, which is reminiscent of
the phenomenon of dynamical fermionization of any-
ons [93].
Conclusion and outlook—We have introduced a minimal

1D swap model that features anyonic correlations, which
can be revealed by a simple spin-charge separation analy-
sis. In this framework, spin-swapping processes play a
similar role in modifying the one-body correlations as the
more conventional Jordan-Wigner string of the anyon-
Hubbard model. Moreover, the ground state of the swap
model can be prepared to good approximation via a
straightforward protocol, offering a realistic route to
engineer anyonic behavior in quantum engineered systems.
Generalizing our scheme to non-Abelian anyons [94]—or
to other exotic particles such as traid anyons [95–97],
parafermions [98,99], and the R-matrix paraparticles [100]
encoded in the impurity dynamics—remains an exciting
open question.
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FIG. 4. (a) Spatial-temporal density distribution of the single impurity after abruptly releasing the trap for θ ¼ π=2. (b)–(d) The
quasimomentum distribution of the impurity at different values of expansion time t (in unit of ℏ=J). We consider an open chain with
L ¼ 80; N↓ ¼ 1; N↑ ¼ 6; Jex ¼ 0.1, and V tr ¼ 0.02. (e)–(h) Same as (a)–(d) but considering N↓ ¼ 4 impurities.
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