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Exact 3D Conformal Blocks from Fractional Calculus
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We uncover a striking connection between conformal blocks and fractional calculus. By employing a
modified form of half derivatives, we derive explicitly the exact form of the three-dimensional conformal
block, expressed as the product of two hypergeometric ,F'5 functions. This result provides a rigorous proof
of Hogervorst’s formula, conjectured nearly a decade ago. Furthermore, we demonstrate its implications for
the conformal bootstrap, potentially leading to new analytical techniques and numerical tools that deepen

our understanding of conformal field theory.
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Introduction—The global conformal block is a funda-
mental component of the modern conformal bootstrap,
playing a crucial role in solving and constraining conformal
field theories [1-5]. Considerable effort has been devoted
to deriving and understanding these blocks, which exhibit
remarkable mathematical structures. Notably, they have
been shown to be solutions of integrable systems [6]. While
closed-form expressions for conformal blocks are well
established in two and four dimensions (2D and 4D), a
similarly compact form in three dimensions (3D) has
remained elusive [7].

Since the conformal group in higher dimensions natu-
rally contains lower-dimensional ones, a (d + 1)-dimen-
sional conformal block can be decomposed into a sum of
d-dimensional blocks. Surprisingly, Hogervorst demon-
strated that the coefficients in this decomposition follow
a remarkably simple rational form [8]. Though this obser-
vation has been verified manually for low-order terms and
is widely accepted, its exactness remains a conjecture [9].
Moreover, Hogervorst’s formula has gained increasing
importance in subsequent developments. Resolving this
question has significant implications for both analytical
results [9,10] and numerical bootstrap methods [11].

In this Letter, we uncover a surprising connection between
conformal blocks and fractional calculus. Previous attempts
to simplify conformal blocks have used differential operators
of order v:= (d—2)/2 [12]. However, these approaches
apply only for integer v, corresponding to even dimensions,
and do not involve genuinely fractional orders. In contrast,
we demonstrate that 1D and 2D conformal blocks can be
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expressed as power functions of the radial coordinate after a
transformation involving a half-derivative operator 7 /2.
This insight allows us to explicitly solve the 3D conformal
Casimir equation as a product of two hypergeometric ,F3
functions, leading to a proof of Hogervorst’s formula.
Beyond providing a compact representation for the 3D
conformal block, our results establish a new paradigm for
understanding conformal block expansions through frac-
tional calculus, with potential applications extending beyond
the bootstrap program.

Fractional derivative—We first review the concept of
fractional derivatives, beginning with the Riemann-
Liouville fractional derivative,

d- -5 1 x -
TS )= (PN = /O £t - x)dt,

for 6 > 0. Otherwise, the formula can be analytically
continued by applying a finite number of ordinary deriv-
atives and shifting &, i.e., (d°/dx%):= (d"®"/dx"")["?"=°
[13]. The Riemann-Liouville fractional derivative is con-
sistent with the regular derivative when ¢ is an integer.
Additionally, it satisfies the semigroup property of differ-
entiation, (d*/dx®)(d’/dx") = (d**”/dx**?). Based on
this, we introduce the operator

d—ﬁ
ArCTEES "

which applies the transformation x — —1/x and f(x) —
f(=1/x) to the Riemann-Liouville integral. Equivalently,

we have
F(5 / 1)

x? 1 —6-1
_W[) fxt)(1 =)o 1e2=tdr,  (2)

6 lt—é 1dt

(T3f)(x
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provided the integral converges; otherwise, an appropriate
analytic continuation is used. The operator 79 is also a
special case of the Erdélyi-Kober operator [14],

(Kaﬁf) _ Xﬁ / f x—l)a_ - Ldt,

with 7 being equivalent to xK%~%. It is straightforward to
verify that

Toxh = %xh—é’ (3)

lowering the power exponent by the order o. Additionally, it
satisfies the semigroup property,

7Tl = ThT? = T, (4)
Thus, the operator 7% can be viewed as a variation of
fractional derivatives.

The fractional derivative 79 enjoys several notable
algebraic properties. Two identities particularly useful later
are

T3xD,T;° = xD,, TD.Ty’ =D, + 36, (5)
where D, := xd, is the dilation operator. The first relation
follows from Eq. (1), which gives 757! =0_, /x = XDy,
while the second follows from the commutation relation,
Eq. (4), together with the identity D, = —D_,.

Conformal blocks and crossing symmetry—In conformal
field theory, a central object is the four-point correlator of
identical scalar operators (¢(x;)p(x,)(x3)d(x4)); here, ¢
has scaling dimension A. This correlator depends only on
the conformally invariant cross ratios z, z. Its decomposi-
tion into conformal blocks G, »(z,Z) encodes the contri-
butions of intermediate primary operators with scaling
dimension A and spin 7. In the s channel, this takes the
operator product expansion (OPE)

C(z.2) =14 cssGar(z.2),
AL

with positive OPE coefficients ¢, , in unitary theories.
Crossing symmetry requires equality with the z-channel
decomposition, imposing the following constraint:

ZZ

C(Z,Z): (m) C(I—Z,I—Z). (6)

For certain spacetime dimensions, compact formulas for
the conformal blocks G, ,(z,Z) are explicitly known. In
d =1, there is only a single cross ratio z and no spin
dependence, and the block reduces to

C(h)

q1/2-h
C(h—1/2)

ky(z) = "y Fy(h.h,2h;z).  (7)

In d =2 and d =4, closed-form expressions involving
ky(z) are available [15], indicating that the 1D block acts as
a fundamental building block for higher-dimensional cases.
By contrast, in d = 3, no compact analytic form is known
aside from series expansions or recursion relations. This
gap has long been a central obstacle for both analytic and
numerical bootstrap studies, and it is precisely this problem
that our approach resolves.

Our main application of fractional derivatives 7% to
conformal blocks focuses on & = 41/2, where T;]/ 2
represents the half derivative under the variable change

x— —1/x, and TY? denotes its inverse. Specifically, we
have (see Supplemental Material [16], Sec. A)

1/2
(172 f)(x) = f’ m/ —dr. (8a)

372
(T2 f)(x) = NG f’(t)\/ T4 (8b)

which converge, provided f(#) scales faster than 2,
as t = 0.
A striking simplification emerges from these

operators. Using Eq. (3), one verifies that Tl/ 2kh(z) =

(z/4)" =12, F\(h,h — 1/2,2h;7). Applying the quadratic
map Z=4/)/(1+p)2, z=4p/(1 +p)?, this further
reduces to

T k(2) = p" 2 T22ph = Ky p(z). (9)

where p and p are the radial coordinates [17] (see
Supplemental Material [16], Sec. B). Equation (9) dem-
onstrates that the half derivative trivializes the 1D block
into a simple monomial, revealing a deep and unexpected
connection between fractional calculus and conformal
blocks.

Conformal Casimir equation—Conformal blocks are
distinguished by the fact that they are eigenfunctions of
the quadratic Casimir operator of the conformal group [15].
This property provides a differential equation that uniquely
characterizes the blocks for the given scaling dimension A
and spin ¢:

] .
DGy r(2.2) = 5CarGar(2.2). (10)
Here, the eigenvalue is Cp,:==A(A—d)+¢({+
d=2)=2[*+p—v(v+1)]-1, with a:== (A +£—1)/2

and f := [A — (£ + d — 1)]/2. The quadratic Casimir oper-
ator takes the form
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2z

D:=D,+D;+2v——((1-2)0, (I

- Z a’ )

— )0:)

with D, :=z>(1 -z)0? — %0, = (D, — 1 —zD_.)D,. For

most of this Letter, we restrict our discussion to identical

external operators unless explicitly stated otherwise.
Rather than solving Eq. (10) directly, we introduce an

alternate representation using the fractional derivatives
T+1/2.

. 1 ~
DGy =5CarGar (1)

where D := T1/2DT-1/2 with 79 := T°T¢, and

[

Guar =T'"*Grp. Gpr =T '2Gyy.

which establishes a transformation between the modified
conformal block G, and the conventional conformal
block G, ,.

We will see that the Casimir equation [Eq. (11)] in this
new representation leads to notable simplifications. To
illustrate this, consider the two-dimensional case (v = 0),
where D = D, + D, with D, := T;/zDZTZ_I/Z. By apply-
ing Eq. (5), we find D, = (D, —1-zD.)(D,+1), or
equivalently,

D, =D2-1/4,
where we use the identities D, = (1 +p/1 —p)D, and
zD, = (4p/1 = p*)D,. Consequently, the Casimir equa-
tion, Eq. (11), simplifies to

~(2d _ ~(2d _
(D2 + D2)GSY (p.p) = (@ + PG (p.p).  (12)
which has the solution

G (p.p) = pp + PP~ (13)

Utilizing Eq. (9), we obtain the well-known form for the 2D
conformal block:

2d _ _ _
G<A.f) (p.p) = ka+1/2(2)kﬁ+1/2(z) + kﬁ+1/z(2)ka+1/z(z)-

Now, we consider the case in general dimensions.
To handle the fractional factor z —Z in Eq. (10), we
apply the operator (D,—1)(D;—-1)(z—2%) on both
sides before transforming into the new representation,
leading to

p((D; = 1/2)D,(D; + (D; —v)* = &® = %)
= pp(D, +1/2)D;((D, +v)* + D} —a* = *))Ga s
=p((D, = 1/2)D;((D, = v)* + Dj — &* = [*)
~pp(Dj +1/2)D, (D} + (Dp +v)* = &® = 7)) Gz,
(14)

which is the conformal Casimir equation in our repre-
sentation and naturally reduces to Eq. (12) for the 2D
case (v =0).

3D conformal block—To solve for general v, we use
the Frobenius method, expanding the solution in terms
of a power series Gy ,(p,p) = pA=r=1/2)pA+0=1/2)
Y om0 Anmp P, where the coefficient A, , =
A, s, 1s symmetric to ensure that G, , remains symmetric
under the exchange of p and p. Substituting into Eq. (14)
yields a recursive relationship,

fl (I’l, m)An,m - fZ(n’ m)An—l.m
= f3(n,m)A, oy + fa(n,m)A, 1 =0, (15)

with the boundary condition that A,, =0 for n <0,
m < 0,orm > ¢, and Agy = Ag, = 1. The explicit forms
of fi(n,m) (for i =1, 2, 3, 4) are rather involved (see
Supplemental Material [16], Sec. C).

Nevertheless, the lowest-order solutions have compact
forms for the scalar block for Z = 0, as

("‘; ( —)MF |:(A_1)/27A_17V -
= 2 N R
2OV a2 A
or equivalently,
(1), (55), (A - 1), i
Gao = Z : nia/2(2)knia(2)-

n>0 n‘(A - y)”(%)n
This result has not been previously reported. By verifying
the first few terms, we find it consistent with the established
result GAVOZMA/zz?;,n:O [(A/z)n(A/z)ner)]z/n'm'(A_
V)u(A)gyy)u*(1=v)"},  where wu:=zZ and wv:=
(1—z)(1—%) (see also numerical validation in
Supplemental Material [16], Sec. F). However, a direct
proof of their equivalence appears highly nontrivial.
Moreover, our new result replaces the double summation
with a single summation at the cost of introducing the
hypergeometric function.

For general spin 7, in the 2D case (v = 0), one readily
verifies in Eq. (15) that the coefficients A, ,, are nonzero
only for n=0 and m =0,7. Thus, setting A,, =
8,.0(80.m + S0.,—m) leads to Eq. (13). Interestingly, we also
find a simplified form of f; for the 3D case (v = 1/2),
where Eq (15) reduces to fn,mAiLm - fn—l/2~mAn—1,m_
fn.m—l/ZAn,m—l + fn—l/2,m—1/2An—1,m—l =0, with fn,m =
gy — Ny, where g, :=n(n+a)(n+p)(n+a+p) and
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h,, == m(m — a)(m + f)(m — a + ). This results in the symmetric coefficient

An,m =

n!(1+a),(1+p),(0+a+p),

)

m!(1=a),(1+p4),(1-a+p),

which leads to the following compact form for the 3D conformal block,

A-1-¢ _A-l+7

~(d), - 1
G(A’,f)(p,p):p TP ltal+pl+a+p

as a product of two , '3 functions, where & := (A + ¢ —1)/2
and = (A —¢—2)/2.Notethatthe 1/2 —a + ff = —Cis
a negative integer, which implies that the second ,F;
function truncates to a polynomial. The first function also
exhibits good analytic behavior. For example, it converges
as pp — 1. As a result, the transformed block GAf
converges faster and more smoothly than the standard
block G, ,, which typically develops logarithmic diver-
gences at 7,7 — 1.

Moreover, applying the inverse transform 7 ~'/2 yields
the series expansion in terms of 2D conformal blocks

G(A&Q (Z’Z) :Zn,mZOAn,mkn+m+ﬁ+l (Z)kn—rn+a+l/2<z)’ which
is consistent with Hogervorst’s formula [8] up to a scaling
factor, thereby completing the proof of this conjecture for
the 3D case (see Supplemental Material [16], Sec D).

Applications to the conformal bootstrap—The technique
we introduced has various implications for the conformal
bootstrap. Below, we list a few potential applications. The
first application is determining the OPE coefficients for a
given correlation function. As an example, we consider
either a 1D correlation function or the chiral part of a 2D
correlation function f(z) with an integer-spaced spectrum.
In such cases, we can expand f(z) = Y%, a,z"™ in terms
of the Frobenius series. A common task is to express this
function as an expansion in terms of the 1D conformal
block

F@) =3 eakninl2)
n=0

and determine the OPE coefficients, c¢,. Several techniques
have been developed for this purpose, such as the alpha
space transform [18] and, more generally, the conformal
inversion formula [19,20]. However, these approaches
often involve complex integrations. In contrast, our
technique requires only the application of fractional deriv-
atives (T/*f)(z), followed by applying the quadratic
transformation (see Supplemental Material [16], Sec. B),
which yields ¢, = [4"T(h — 1/2)/T(h)][(2h = 1),(=1)"/
n] 3 _o[(=n),,(n+2h=1),,/(h)%]a,,, which provides a

a+1/2,p+1/2,a+p+1/2,1/2 _} {1/2—a,ﬁ+1/2,1/2—a—|—ﬂ,1/2
3PP |5 4l'3

l—alipil-arp PP

(16)

direct method for computing the OPE coefficients c¢,, from
the power series coefficients a,. Note that there is a
singularity at 7 = 0. However, this issue can be circum-
vented by subtracting the identity operator, which effec-
tively shifts 4 by one.

Moreover, our approach enables the direct expansion of
Virasoro blocks in the generalized minimal model in terms of
global blocks [21]. These blocks satisfy the Belavin-
Polyakov-Zamolodchikov (BPZ) equations, which originate
from the null condition of the finite-order differential
operator Lpp,. Interestingly, Ref. [21] demonstrates that,
for the lowest-order case, the OPE coefficients obey a
recurrence relation crucial to proving their positivity.
However, whether such relations exist more generally
remains an open question. To address this, we may consider
the BPZ operator under the fractional transform

Lypz = Lypy =TV Lpp, T2

It is straightforward to observe that, in this new representa-
tion, the BPZ equations remain finite-order ordinary differ-
ential equations, thereby permitting Frobenius series
solutions, 3", ¢,p"™*~1/2, from which the OPE coefficients
¢, can be directly extracted. Furthermore, this suggests that
¢, generally satisfies recurrence relations, a natural conse-
quence of locality, as the differential equation remains of
finite order.

Finally, our technique applies to the 3D conformal
bootstrap. Instead of solving the crossing equation,
Eq. (6), directly, we apply the 7"'/? transformation, defining
C(p.p) == T'>C(z,Z). The crossing symmetry can then be
reformulated as

C:= ZCA.KGA.f(p» p)
Az

= Co(p)Co(p) + ZCA,f’CGA,)f(P,ﬁ),
A7

where the conformal block in our representation, G, »(p.p),
is given by Eq. (16), and Cy(p):=["(A,—1/2)/T(A,)](4p/
(1—p)?)2+~1/2, The crossing-kernel operator K = K, C:
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t-channel

s-channel

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
P P

FIG. 1. Numerical test of the crossing symmetry relation
Eq. (17). The function C'(p,p) is evaluated along the diagonal
p =p with spin truncations £, =0,2,...,10. Results are
shown for the s channel (left) and ¢ channel (right) using OPE
data from Ref. [11]. Rapid convergence is observed as &,
increases. The thick dashed brown curve shows the isolated
identity contribution C{,(p)Cj,(p), which dominates at large p,
while the dashed gray curve reproduces the s-channel result with
¢ max = 10 for comparison.

maps s-channel blocks into #-channel blocks [18,22-25],
with

A
)2 X ¢ —1/2
’Cx =Ty (1_) Tl—x ’

- X

whose explicit form is provided in Supplemental Material
[16], Sec. E.

Practically, it is convenient to use the derivative
C'(p.p) = 0,,C(p.p), since the half derivatives T+/2f
in Eq. (8) involve derivatives of f. Equivalently, the
crossing relation becomes

Y carGhrlp.p)=Colp)Co(p) +Y_ear(KGas)- (17)
NG NG

To test Eq. (17), we perform a concrete 3D Ising example
using the numerical data of [11], truncating the spin sum at
Cmax = 0,2,4, ..., 10, and evaluate C’'(p, p) in both s and ¢
channels (Fig. 1). We find rapid convergence as ¢,
increases. Moreover, the s and f channels agree very well,
with deviations only at large p, where contributions from
large-spin operators dominate. With our analytic 3D block
formula, Eq. (17) thus provides a fully determined formu-
lation of the 3D conformal bootstrap. Unlike existing
approaches, where treating 3D blocks is analytically
cumbersome, our method offers a promising route for
simplifying the bootstrap equations. Finally, it is straight-
forward to convert back to the standard representation C =
T-'2C using the inverse transform, as illustrated in
Supplemental Material [16], Sec. F.

Discussion—Our results uncover an unexpected and
conceptually broad connection between fractional calcu-
lus and conformal blocks, leading to the first exact closed-
form solution for the 3D blocks with arbitrary spin. This
achievement resolves Hogervorst’s conjecture in full
generality for spinning operators, a long-standing open

problem in the conformal bootstrap. Unlike in 2D and 4D,
where compact analytic forms of conformal blocks have
long been available, no such representation existed in 3D
previously. Filling this gap is of particular importance,
since 3D conformal field theories, most prominently the
3D Ising model, are central to the modern bootstrap
program. Beyond resolving Hogervorst’s conjecture,
our approach provides a novel analytical tool that both
simplifies block computations and offers new leverage for
analytic and numerical studies.

A natural next step is to extend the method to mixed
correlators, potentially generalizing Hogervorst’s formula
to this more general setting. Our fractional derivative 7/2
transforms the 1D block into a power function, greatly
simplifying calculations. For nonidentical operators, how-
ever, the 1D block takes the form z",F,(h +a,h+ b,
2h,z), where a:= A} — A, and b := A3 — Ay, and in this
case a direct application of T'/2 does not yield a simple
expression. Another open direction concerns dimensional
generality: while we have focused on 3D, Hogervorst’s
conjecture applies to arbitrary d. Addressing both chal-
lenges will require generalizing the integral transform in
Eq. (2) while preserving key algebraic properties, such as
Eq. (5), to maintain the simplicity of the Casimir equation.
Investigating such generalizations is an important avenue
for future work.

Despite these open directions, our findings show that
fractional calculus provides both a powerful computa-
tional tool and a cleaner analytic structure for conformal
blocks. In particular, our compact ,F; representation
converges much more rapidly than traditional expansions
and remains finite in regimes where standard blocks
develop logarithmic singularities. These features offer a
new analytic perspective on conformal bootstrap equa-
tions with potential impact well beyond the identical-
operator case studied here. More broadly, the emergence
of a structural link between fractional calculus and
conformal blocks was unexpected and suggests that this
framework may become valuable in a wider range of
bootstrap applications. Finally, since fractional operators
are widely used across physics and applied mathematics,
this bridge may also open avenues for cross-fertilization
beyond conformal field theory itself.
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