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In one-dimensional p-wave superconductors with short-range interactions, topologically protected
Majorana modes emerge, whose mass decays exponentially with system size, as first shown by Kitaev. In
this Letter, we extend this prototypical model by including power law long-range interactions within a self-
consistent framework, leading to the self-consistent long-range Kitaev chain (seco-LRKC). In this model,
the gap matrix acquires a rich structure where short-range superconducting correlations coexist with long-
range correlations that are exponentially localized at both chain edges simultaneously. As a direct
consequence, the topological edge modes hybridize even if their wave function overlap vanishes, and the
edge mode mass inherits the asymptotic scaling of the interaction. In contrast to models with imposed
power law pairing, where massive Dirac modes emerge for exponents v < d, we analytically motivate and
numerically demonstrate that, in the fully self-consistent model, algebraic edge mode decay with system
size persists for all interaction exponents v > 0, despite exponential wave function localization. While the
edge mode remains massless in the thermodynamic limit, finite-size corrections can be experimentally
relevant in mesoscopic systems with effective long-range interactions that decay sufficiently slowly. Our
findings have direct implications for quantum simulations of ultracold microwave-shielded dipolar

molecules in one-dimensional optical lattices.

DOI: 10.1103/2jg3-rrrq

Introduction—Topological superconductors have gar-
nered significant interest due to their potential applications
in fault-tolerant quantum computing [1]. These materials
support edge modes that follow non-Abelian statistics,
allowing to encode and manipulate quantum information
using braiding operations. Since the information is encoded
nonlocally, this approach offers intrinsic error protection, as
correlated decoherence processes are suppressed for large
spatial separation between the edge modes. As a result,
topological quantum computing offers a promising route
toward scalable quantum computing [2].

One of the most fundamental models that exhibits
topological edge modes is the Kitaev chain [3]. It supports
Majorana zero modes (MZMs), zero-energy, non-Abelian
quasiparticles that are their own antiparticles and are
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localized at the chain ends. Over the past two decades,
considerable effort has been devoted to identify such
MZMs in heterostructures theoretically [4—11] and exper-
imentally [12-21].

Recently, significant advances have been made in
realizing quantum-dot-based Kitaev chains [22-26] as well
as using quantum dots for parity readout [27]. In these
systems, long-range interactions can arise naturally, includ-
ing inter-dot Coulomb interactions [28], RKKY inter-
actions mediated by the superconducting substrate [10],
and fluctuation-induced long-range interactions near a
quantum critical point [29]. In effective bilinear models,
long-range interactions are often assumed to directly
manifest as long-range pairing terms, where the super-
conducting gap of the Kitaev chain is parametrized as a
power law A, v ~ [x — x’|7%, where x, x” are the lattice sites
of the paired electrons and v the power law exponent. We
refer to models of this kind as non-self-consistent long-
range Kitaev chains (non-seco-LRKC). Depending on the
power law exponent, this type of pairing can significantly
alter the phase diagram of the Kitaev chain [30,31].

The physics of non-seco-LRKCs has been extensively
studied [32-42], revealing that in the thermodynamic limit
MZMs persist for weak long-range pairing characterized by
an algebraic decay with power law exponent v > d, where
we here focus solely on d = 1 systems. In contrast, strong
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long-range pairing (v < d) results in massive Dirac fer-
mions. Previous studies suggest that the transition has
continuously-varying critical exponents that depend both
on v and on the system dimension [43-58]. Additionally,
entanglement entropy investigations show that universality
breaks down at critical power laws [59-70]. Long-range
pairing has a profound impact on the non-equilibrium
properties of the chains. Current transport phenomena have
been explored in terms of Andreev states within the Kitaev
ladder framework [71-76], showing reduced localization
due to long-range effects. Nonequilibrium dynamics
[77,78], the dynamics following quenches [79-86] and
finite temperature effects [87-92], show qualitatively
different features than in the short-range case. A compre-
hensive analysis of edge modes has demonstrated that
localized states decay according to the power law v
[93-97]. Similar investigations have been conducted for
models such as the Aubry-André-Harper model [98—100]
and Shiba chains [101].

In all the non-seco-LRKC models discussed above, long-
range pairing appears as a bilinear term in the Hamiltonian.
Although the terms long-range interaction and long-range
pairing are often used interchangeably, it is important to
distinguish between them. The extent to which the pairing
inherits the spatial dependence of the underlying interaction
has, so far, remained poorly understood, as does the
resulting impact on topology and edge modes.

In this Letter, rather than imposing long-range pairing
directly, we adopt a more general approach by introducing
an effective long-range density-density interaction that
decays algebraically with exponent v. Applying BCS
theory within a standard mean-field framework, we derive
a self-consistent long-range Kitaev chain (seco-LRKC), in
which the pairing emerges naturally from the underlying
interaction. We then investigate the qualitative differences
between non-self-consistent (nonseco) and self-consistent
(seco) LRKCs, with particular focus on edge mode proper-
ties, such as their mass and their finite-size scaling behavior
with respect to chain length. Finally, we argue that the
results of this Letter should become experimentally acces-
sible in near-term experiments with microwave-dressed
polar fermionic molecules in one-dimensional optical
lattices.

A long-range self-consistent Kitaev chain—We start with
a spinless or spin-polarized BCS superconducting
Hamiltonian H=H+ Hy,, where Hy=—13""}zclc,  +
He.—33" pu(cle,=1) and Hyy =13 Lo clel v, veve,
are the hopping and interaction Hamiltonian respectively.

Here, = > 0 is the hopping amplitude, c,(f) denotes the
annihilation (creation) operator for an electron at site x in a
one-dimensional lattice of n sites, and p is the chemical
potential. The interaction between electrons located at
different sites x and x’ is given by V, .. We assume that
V results from a renormalized description and can be
described by the following attractive long-range power-law:

Vx.x’ = —U0|x—x’|_", (1)

where U, > 0 indicates the interaction strength and v
denotes the long-range power law exponent [102]. A
standard mean-field approximation,

(cxey = {ckel))(eve, = (even) =0, (2)

¥

then yields the bilinear mean-field interaction Hamiltonian
1
Himziz {(Axyx«cic}+H.c.)+AX.x/(clci,> . (3)
xx

with the real-space superconducting gap matrix
A,y =V,u(cyc,). We briefly comment on the validity
of this self-consistent mean-field description. First, suffi-
ciently long-ranged interactions are known to suppress
fluctuations and render mean-field theory asymptotically
exact [103], which is often interpreted as an effective
increase in system dimension. Second, in quantum lattice
systems with sufficiently long-ranged interactions, the criti-
cal exponents assume their mean-field values [104]. Finally,
we confirm, following [39], the topological nature of the
fully interacting model in Supplemental Material [105] using
exact diagonalization of small chains. Note that, due to long-
range interactions, spontaneous symmetry breaking is not
forbidden in one dimension in the thermodynamic limit as
the Mermin-Wagner theorem does not apply [113]. The
standard nonseco case is obtained by imposing a gap such
that A, v = sgn(x — x")Agonst|X — X'| ™%, where Agg is @
complex constant. In contrast to that, the gap solution of the
seco-LRKC is obtained as follows. First, the Hamiltonian is
rewritten in particle-hole symmetric Nambu-spinor form
H =1¥"HY¥ + const, with ¥ = (c|,c,. cI c;, L
and with the Bogoliubov-de-Gennes (BdG) matrix

h/2 A
H= . 4
(& —e) ®
The hopping matrix # € R"™*" is defined as &, , = —u and
hyxy1 = —7 and zero otherwise. The skew symmetric

correlation matrix a, v = (cyc,) of the seco-LRKC can
then be readily determined (up to a global U(1) phase) as the
minimum of the nonlinear energy functional

1 | Yy
E[O{] = _EZVX.X’|ax,x’|2 - Ztr H>. (5)

x#x!

The BdG matrix in Eq. (4) and the self-consistent gap
obtained from minimizing the energy in Eq. (5) then define
the seco-LRKC for general attractive interactions V.
Structure of self-consistent gap solution—In the follow-
ing, we determine the self-consistent gap from Eq. (5) for a
finite chain with n lattice sites. For |u| <z, a p-wave
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Self-consistent solution for Uy = 7/2,v = 1/2,u = 7/2,n = 256. (a) Self-consistent gap A, as a function of x and x'.

(b) Eigenvalues of the BdG matrix H with self-consistent gap. The inset shows the separation of the edge modes. The bulk is gapped and
its largest value is E = 7 + |u|. For E = +|u| we observe a Van Hove singularity. (c) Eigenstates of both coupled edge modes, where
only the annihilation operator part, corresponding to the first n entries, of ¥ is shown. The inset shows the phase diagram as a function of
chemical potential ¢ and long-range exponent v. Yellow indicates a winding number of w = 0, while violet denotes |w| = 1.

solution emerges. The resulting absolute value of self-
consistent gap A, is shown for the parameter values
Uy=1/2, u=1/2, and v = 1/2 in Fig. 1(a). For general
parameter choices with v > 0 and 0 < U < 2z, we find
that the corresponding correlation matrix a,, always
exhibits the same qualitative structure. For sufficiently
large system sizes n, the correlation matrix separates into
two disjunct contributions @ = @ + a', with short-range
correlations || ~ gre F=¥1/%1 " exponentially localized

around the main diagonal and | |~ g,e~("=¥I=)/%
X, X

exponentially localized at the antidiagonal corners of the
correlation matrix x =1, x’ =n, and vice versa. The
weights gy, g» > 0 and widths 4;, 1, further converge to
constant nonzero values for n — co and we numerically
observe A; = 1,. The short-range band corresponds to the
translationally invariant bulk solution for 1 < x + x’ < 2n
with o, = a%, where o™ can also be recovered by
solving the gap equation in Fourier space; see, i.e.,
Ref. [102]. Finite-size corrections to the bulk solution
are exponentially localized at the chain edges.

In conclusion, the correlation matrix @ separates into a
short-range band localized around the main diagonal and,
importantly, exponentially localized long-range correlations
at the antidiagonal corners, all of which converge to a sparse
matrix with constant substructures as n — oo. This nontrivial
band structure of the correlation matrix, that naturally
emerges when the correlations originate self-consistently
due to interactions, is in strong contrast with an externally
imposed superconducting correlations in non-seco models,
where a, o sgn(x — x’) is dense and effectively constant.
The above band structure of the correlations is inherited by
the gap matrix. Here, the band around the main diagonal is
influenced solely by the near-field part of the interaction
V.x, where |x —x'| < 4,. Intermediate-range interactions

at distances 4; < |x — x| < n do not enter at all in the gap,
as the associated correlations vanish. Finally, the far long-
range tail of the interaction scaling as n™ is encoded in the
exponentially localized long-range blocks Al" of the gap
matrix. This cluster has important consequences for the
qualitative behavior of the edge modes. A posteriori, this
structure can be understood by treating the long-range
interaction as a perturbation of the short-range Kitaev
chain, where long-range correlations associated with the
edge modes are known to occur [114]. Through the
self-consistency relation A, =V, va,,, these correla-
tions enter directly into the long-range contribution A" of
the gap.

Nonlocal edge mode hybridization—Having identified
the emergent gap structure in the seco-LRKC, we now
analyze its consequences for the properties of the MZMs, as
they become massless as n — oo, while contrasting them
with the non-self-consistent model. The edge modes are
identified by the eigenvectors of the BAG matrix corre-
sponding to the lowest absolute eigenvalues. We depict the
band structure of H in Fig. 1(b). The corresponding edge
mode eigenvectors (within the creation channel) are shown
in panel (c). They form superposition states simultaneously
localized at both ends of the chain, with wave functions that
decay exponentially into the bulk from either end on the
scale 4,. Hybridization of MZMs due to finite wave-
function overlap is an important effect in topological qubit
devices. Such hybridization breaks the ground-state
degeneracy and induces a finite MZM mass Eyzy, i.€.,
a finite energy splitting of the otherwise zero-energy edge
modes, which in turn leads to unintended qubit dephasing
~e~Evzv! during braiding operations; see, e.g., Ref. [115].
Although the edge modes in our model are exponentially
separated [see Fig. 1(c)], they remain hybridized with a
finite MZM mass. We refer to this effect as nonlocal edge
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(a) Absolute value of the edge mode eigenvalue as a function of system size n for different interaction exponents v, contrasting

self-consistent and non-self-consistent solutions with parameters U, = 7/2 and u = 0. The dashed lines represent a power law fit to the
data. (b) Decay exponent y of the edge mode eigenvalue [obtained by the fit in (a)] as a function of the interaction exponent v. Eyjzy « 15

a fitting parameter for the mass in the thermodynamic limit.

mode hybridization. The origin of the nonlocal hybridiza-
tion lies in the A" clusters of the gap matrix. If these
clusters are artificially removed, the edge mode energy
decays exponentially with system size n, similar to the
standard Kitaev chain. This behavior follows from the
topologically nontrivial p-wave pairing combined with
the exponential decay of finite-size corrections of the bulk
contribution. However, since the gap clusters scale with the
power law tail of the interaction |Af| ~n~, first-order
perturbation theory suggests that the Majorana zero-mode
energy inherits the scaling

|Emzm| o n7” (6)

for arbitrary exponents v. Thus, in the limit n — oo, the
edge mode mass vanishes and the modes decouple. For
finite mesoscopic systems with power law interaction tails,
however, a residual mass remains, that decays only alge-
braically with chain length. In Fig. 2(a) we present the edge
mode mass for various exponents v as a function of n,
observing a power law scaling in the self-consistent model.
Figure 2(b) shows the corresponding decay exponent vy,
extracted from a fit to Eyyy(n) = an™, confirming the
prediction y = v from Eq. (6). To understand the physical
origin of edge-mode hybridization, we rewrite the
Hamiltonian in terms of the Majorana operators introduced
in [3]. We find in the seco-LRKC at ¢ = 0 and in the limit
U, — 2t that the short-range part of the correlation matrix
becomes exactly localized to nearest neighbors, so that the
bulk Hamiltonian reduces to the nearest-neighbor form of
the short- range Kitaev chain. The Hamiltonian then reads

=(it/2)> 12 1a21a2]+1+[11/4( )][alazn‘i‘azazn i),
where a,; = (¢; — c; )/z oy = ¢ +c are the Majorana

operators. The edge MaJorana operators a; and a,, appear
only in the bilinear term [iz/4(n — 1)*]a,a,,, which is the

microscopic origin of the nonlocal edge-mode hybridiza-
tion. Similarly, a, and a,,_; are coupled via the same long-
range term and, as illustrated in Fig. 3, remain connected to
the bulk via their nearest-neighbor couplings to as and
ay,_», respectively. This yields a small correction to the
bulk energy z/2 for these modes [105]. Although this
explicit Majorana form is obtained in a particular limit,
the same mechanism persists for general gap matrices
where the bulk spectrum exhibits a gap. We verified that
the nonlocal edge mode hybridization is robust against
disorder in the chemical potential and in the hopping and
also against dimerization in the hopping.

Let us now compare these results with the nonseco
model, where A, ~sign(x —x")V, . Here we observe
convergence to a constant Ey;zy > 0 for long-range expo-
nents v < 1, obtaining massive Dirac fermions, i.e., a finite
energy splitting of the edge mode energies that persists for
infinite system sizes; see Ref. [30]. Even for v > 1,
differences in the scaling behavior of the edge mode
masses arise. While the seco model strictly inherits the
interaction exponent v [red dots on green line in Fig. 2(b)],
the nonseco model exhibits a smaller decay exponent y
(black). The scaling behavior of the two models coincides
approximately for v > 3/2.

Phase diagram of the long-range BCS Kitaev chain—We
now investigate the topology of the seco-LRKC by com-
puting the bulk winding number following Ref. [116].
Here, we find that the phase diagram simplifies compared
to the non-self-consistent model. As shown in the inset of

LT/ (n—1)"]
© ) @)

FIG. 3. Edge mode hybridization in the picture of Majorana
operators for Uy = 27.
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Fig. 1(c), the winding number is independent of the power
law exponent v. As a function of the chemical potential y,
we find only the trivial transition at |u| = 7, where super-
conductivity vanishes, recovering the result of the standard
Kitaev chain. This behavior contrasts with the nonseco
case, which exhibits a second topological phase for v < 1
with massive Dirac fermions, as well as a transition to the
region 1 < v < 3/2 where finite-size scaling no longer
matches the pairing exponent [see Fig. 2(b)]. Moreover,
unlike the nonseco model [30], the seco solution shows no
continuation of the topological phase for u < —1
when v < 3/2.

Conclusion and outlook—In this Letter, we investigated
the self-consistent long-range Kitaev chain (seco-LRKC),
an extension of the original Kitaev chain in which the
superconducting gap A, . arises self-consistently from an
attractive electron-electron interaction with a long-range
tail. We have highlighted key qualitative differences from
the well-studied non-self-consistent (nonseco) models,
where long-range pairing is assumed. In the self-consistent
model the superconducting gap develops a sparse band
structure, which significantly affects the properties of the
Majorana zero modes (MZMs). This structure persists for
generic parameter choices within the superconducting
phase. We demonstrated that short-range pairings are
exponentially suppressed with distance x — x’.

The width of these pairings determines the spatial
support of the edge mode wavefunction. Additionally, an
exponentially localized long-range cluster A* emerges at
the ends of the antidiagonal of the gap matrix (localized at
x = 1,x = n and vice versa), which inherits the scaling
~n~" from the interaction tail. This edge cluster couples the
two edge modes, even when the edge mode wave functions
do not overlap, leading to nonlocal edge mode hybridiza-
tion, lifting the ground-state degeneracy. The resulting edge
mode mass decays algebraically with system size Eygzy ~
n~" for any exponent v > 0, yielding true zero modes in the
thermodynamic limit n — oo. In the self-consistent model,
the phase diagram simplifies, leaving only two distinct
phases: the trivial and topological phases. This behavior is
in sharp contrast to nonseco models, which feature a dense
gap matrix |A, | « |V, |, aresulting power law scaling of
the edge mode wave function [93], and a transition to
massive Dirac fermions for v < 1, along with other changes
to the phase diagram.

Our results may have direct experimental relevance for
the search for MZMs in systems where electron-electron
interactions possess long-range tails. Specifically, we
demonstrate in Supplemental Material [105] that micro-
wave-dressed dipolar fermionic molecules [117] confined
to a one-dimensional geometry in an optical lattice realize
our model with an effectively attractive 1/7° interaction.
Recent experiments have created degenerate gases
[118,119] and reached a strongly interacting regime
[120], and it is to be expected that further improvements

will allow reaching temperatures down to 0.17  [121]. This
temperature regime will allow probing the edge states
discussed in this Letter. The decay of the superconducting
order parameter could be directly probed in a system of
ultracold molecules by implementing a many-body phase
microscope [122].

Other potential systems are quasi-ld p-wave super-
conductors such as K,CrzAs; [123,124], where magnetic
spin fluctuations can mediate triplet pairing [125], if
Coulomb screening is incomplete and interactions acquire
long-range tails. More generally, the mechanism described
in this Letter is relevant to edge modes in any mesoscopic
structure, where superconductivity arises from effective
interactions that extend across the device scale.

In these cases, superconductors may host finite-energy
edge modes that remain topological but acquire a mass
decaying only algebraically with system size. In meso-
scopic systems, this decay can be too slow for the edge
modes to reach true zero energy, leading to unintended
qubit dephasing during braiding operations. Our Letter thus
points to an important dephasing mechanism that would be
overlooked in the conventional non-self-consistent model.

It will be interesting to investigate also other properties
of the long-range interacting topological superconductors
in higher dimensions [126], where zero modes occur in
vortex cores. We expect similar differences to the non-self-
consistent chain for quantities, such as the entanglement
entropy [59-70], current transport phenomena [71-76],
information exchange out of equilibrium [77,78], finite
temperature effects [87-92], and the dynamics following
quenches [79-86].
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