
Comment on “Hydrodynamic Equations for
Space-Inhomogeneous Aggregating Fluids
with First-Principle Kinetic Coefficients”

We show that the Maxwellian ansatz for the velocity
distributions for clusters adopted in [Phys. Rev. Lett. 133,
217201 (2024)] is in general not valid. In Ref. [1] the
authors develop a hydrodynamic description of aggregation
kinetics of monomers into clusters. They extend the
Smoluchowski equations to the case where clusters of
different sizes have different mean velocities. The basic
ansatz allowing for the hydrodynamic description is an
assumption [Eq. (5) in [1] ] of a Maxwellian (Gaussian)
distribution of velocities for each cluster size: fkðV⃗kÞ ¼
nkð2πθkÞ−3=2 exp½ðV⃗k − u⃗kÞ2=2θk�, where u⃗k is the mean
velocity of clusters consisting of k monomers and nk is the
number of clusters. Below I show that this ansatz is
generally not valid. To see this let us consider for simplicity
a one-dimensional setup where at some moment of time
there are only monomers (k ¼ 1, mean velocity A) and
dimers (k ¼ 2, mean velocity B) with Gaussian distribu-
tions of velocities f1ðV1;tÞ¼N1ð2πθ1Þ−1=2exp½−ðV1−
AÞ2=ð2θ1Þ�, f2ðV2; tÞ ¼ N2ð2πθ2Þ−1=2 exp½−ðV2 − BÞ2=
ð2θ2Þ� [Fig. 1(a)]. Furthermore, for simplicity we assume
that aggregation rates are velocity independent.
Let us first consider dimers at a later time t1 > t. There

are altogether M2 dimers, which can be divided in two

groups. (i) There are Mð11Þ
2 dimers that appeared due to

merging of two monomers. A velocity of such a dimer is
Ṽ2 ¼ ðV 0

1 þ V 00
1Þ=2, where V 0

1 and V 00
1 are two random

numbers from the distribution f1ðV1; tÞ. Thus, the mean
value is hṼ2i ¼ A, and the variance is θ1=2. The
distribution density of these dimers is f2ðṼ2; t1Þ ¼
Mð11Þ

2 ðπθ1Þ−1=2 exp½−ðṼ2 − AÞ2=θ1�. (ii) There are Mð2Þ
2

dimers that existed already at time t and have not
experienced any merging event up to time t1. Clearly

Mð2Þ
2 < N2. The distribution of their velocities V̂2 is the

renormalized distribution f2ðV2; tÞ: f2ðV̂2; t1Þ ¼
Mð2Þ

2 ð2πθ2Þ−1=2 exp½−ðV̂2 − BÞ2=ð2θ2Þ�. Thus, the total
distribution density of the dimers is [Fig. 1(b)]

f2ðV2; t1Þ ¼ Mð11Þ
2
ffiffiffiffiffi

πθ1
p exp½−ðV2 − AÞ2=θ1�

þ Mð2Þ
2
ffiffiffiffiffiffiffi

2πθ2
p exp½−ðV2 − BÞ2=ð2θ2Þ�;

and it is evidently non-Gaussian.

The same conclusion holds for trimers. At some time

t1 > t there are altogether M3 ¼ Mð111Þ
3 þMð12Þ

3 trimers,

which can be divided in two groups. (i) There are Mð111Þ
2

dimers that consist of three initial monomers. A velocity of
such a dimer is Ṽ3 ¼ ðVa

1 þ Vb
1 þ Vc

1Þ=3, where Va;b;c
1 are

three random numbers from the distribution f1ðV1; tÞ. The
mean value is hṼ2i ¼ A, and the variance is θ1=3. The
distribution density of these trimers is f2ðṼ3; t1Þ ¼
Mð111Þ

3 ð2πθ1=3Þ−1=2 exp½−ðṼ3 − AÞ2=ð2θ1=3Þ�. (ii) There

are Mð12Þ
3 trimers that consist of merged initial monomer

and initial dimer. Momentum conservation yields
V̂3 ¼ ðV1 þ 2V2Þ=3, where V1, V2 are random variables
with distributions f1ðV1; tÞ and f2ðV2; tÞ, respectively. The
mean velocity for such trimers is hV̂3i ¼ ðAþ 2BÞ=3, and
the variance is ðθ1 þ 4θ2Þ=9. The density of these

trimers is f2ðV̂3;tÞ¼Mð12Þ
3 ½2πðθ1þ4θ2Þ=9�−1=2expf−½V̂3−

ðAþ2BÞ=3�2=½2ðθ1þ4θ2Þ=9�g. Thus, the total distribution
density of the trimers is [Fig. 1(c)]

f3ðV3; t1Þ ¼ Mð111Þ
3
ffiffiffiffiffiffiffiffiffiffi

2πθ1=3
p exp

h

− ðV3−AÞ2
2θ1=3

i

þ Mð12Þ
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðθ1þ4θ2Þ=9
p exp

�

− ½V3−ðAþ2BÞ=3�2
2ðθ1þ4θ2Þ=9

�

;

and it is evidently non-Gaussian.
I have demonstrated that even if the Gaussian ansatz is

valid at some time, in the course of aggregation it becomes
strongly violated. The only situation where the Gaussian
ansatz remains approximately valid is the case where all the
mean velocities u⃗k of all clusters are equal (in the example
above A ¼ B). But in this case the problem is trivially
solved by transforming to the moving reference frame
where all the mean velocities vanish and a Smoluchowski-
type equation without advection [e.g., Eq. (1) of Ref. [1] ]
holds. A situation with nearly equal mean velocities may
appear at the long-time stage of the evolution, where all the
clusters have large masses k ≫ 1. At this long-time stage,
the central limit theorem arguments suggest validity of the
Gaussian ansatz, but, on the other hand, the law-of-large-
numbers arguments suggest that the mean velocities of all
large clusters are nearly equal [cf. Figs. 1(a) and 1(b) of [1],
where clusters of different sizes are shown to have nearly
the same mean velocity]. Thus, the Gaussian ansatz
adopted in [1] is not valid at the nontrivial initial evolution

FIG. 1. (a) Initial distributions f1ðV1; tÞ (red) and f2ðV2; tÞ
(green). (b) Distribution density of velocities of dimers at some
t1 > t. (c) Distribution density of velocities of trimers at t1 > t.
Scales of vertical axes are arbitrary.
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stage, and at the long-time stage, the evolution is described
by a Smoluchowski-type equation without advection.
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