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We analyze the two-dimensional Palatini Gauss-Bonnet theory on an infinite strip (product of a finite
interval with the infinite line, corresponding to “time”). The theory has only boundary degrees of freedom.
Its phase space is the cotangent bundle to the group manifold of SLð2;RÞ, subject to a (first-class)
constraint quadratic in the momenta. With the simplest choice of boundary Hamiltonian, namelyH ¼ 0, the
theory is shown to describe geodesics on the group manifold of SLð2;RÞ, with a “mass” determined by the
Palatini Gauss-Bonnet coupling constant. Other choices of boundary Hamiltonians compatible with gauge
invariance are also possible. The symmetry group contains (left and right) group translations on SLð2;RÞ.
These are “boundary symmetries” from the bulk point of view, with one copy acting on one end of the
interval and the other copy acting on the other end. Comments on the quantum theory are also given.

DOI: 10.1103/26bx-yqbd

Introduction—The complexity of four-dimensional grav-
ity, at both the classical and quantum levels, has motivated
the study of lower-dimensional models (d ¼ 3 and d ¼ 2).
These theories have provided an invaluable testing ground
for developing and exploring ideas relevant to four-dimen-
sional gravity.
Somehow puzzling, the AdS2=CFT1 correspondence

remained an open problem for many years. This picture
changed dramatically after the works of Refs. [1–3] and
others, who showed that the breaking of conformal sym-
metry gives rise to a Schwarzian action describing the
boundary dynamics of nearly AdS2 Jackiw-Teitelboim (JT)
gravity [4,5] and the boundary effective theory obtained
after integrating the microscopic fermionic degrees of
freedom in the Sachdev–Ye–Kitaev model model [6,7].
These ideas have been under intense scrutiny is recent years.
A salient feature of JT gravity, as of most two-dimen-

sional gravitational models [8], is the introduction of a
scalar field (“dilaton”) multiplying the Einstein-Hilbert
density, which otherwise defines by itself a trivial theory.
A different mechanism that also leads to a nontrivial two-

dimensional gravitational action while dispensing with the
scalar field was introduced in a recent work [9], where we
considered the “Palatini Gauss-Bonnet theories.” These

theories exist in all even spacetime dimensionsD ¼ 2n and
involve as dynamical fields a GLð2n;RÞ-connection Γα

βμ

and an internal metric gαβ.
The purpose of this Letter is to study in detail the Palatini

Gauss-Bonnet theory in two spacetime dimensions. As JT
gravity, this theory has only boundary degrees of freedom
(see Ref. [9] for details) and is therefore an interesting
holographic laboratory. We prove that Palatini Gauss-
Bonnet theory formulated on a manifold with two dis-
connected boundaries (an infinite strip ½r1; r2� ×R) is
equivalent to a one-dimensional relativistic particle propa-
gating on a three-dimensional anti–de Sitter space. We
leave for the future a direct comparison with JT gravity and
its relation to AdS2=CFT1. This is an important aspect but
beyond the scope of this Letter.
In two dimensions, the action that we consider is

I½g;Γ� ¼ k
Z ffiffiffiffiffi

jgj
p

ϵαβR
β
αðΓÞ −

Z
dtH

���r2
r1
; ð1Þ

where ϵαβ is defined by ϵαβ ¼ gαγϵγβ and k ≠ 0 is a
dimensionless coupling constant [10]. We have allowed
for the possibility of a boundary term −

R
dtHjr2r1 at the

boundary of the strip. This term will play the role of
boundary Hamiltonian (integrated over time) and is neces-
sary to make the variational principle well defined when
some fields, in our specific case Γ0, do not go to zero at the
boundary. Giving H completes the definition of the theory.
We come back to its admissible forms below and its
connection with the boundary behavior of Γ0.
As shown in [9], this action can be rewritten as a

constrained B-F system [11,12], which, in Hamiltonian
form [13], reads as
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I½B;Γ;Γ0;λ1;λ2�¼
Z

dt
Z

r2

r1

drL−
Z

dtH
���r2
r1

L¼TrðBΓ̇þΓ0∇B−λ1B−λ2ðB2þk2ηI2×2ÞÞ;
ð2Þ

where the matrix B belongs to glð2Þ. Full equivalence of (2)
with (1) was established in Ref. [9]. (We split the 1þ 1
spacetime connection as Γμ ¼ fΓt;Γgwith Γ≡ Γr;∇ is the
radial covariant derivative; ∇B≡ ∂rBþ ½Γ; B�; and η ¼
½ðj det gjÞ=ðdet gÞ� ¼ �1 [9]. More on our conventions is
given in Ref. [16].)
The kinetic term in the action has the standard “pq̇”

canonical form; therefore the spatial connection Γ and the
B-field are canonically conjugate,

fΓα
β1ðrÞ; Bγ

δðr0Þg ¼ δαδδ
γ
βδðr − r0Þ: ð3Þ

The other bulk terms in the action are constraint terms, with
respective Lagrange multipliers Γ0, λ1, and λ2.
Gauge generators in the presence of boundaries—The

Gauss constraint, ∇B ¼ 0, involves spatial gradients of the
fields leading to “improper gauge symmetries” [17,18],
which provide useful insight on the boundary theory. The
gauge transformations associated with this constraint are
the standard GLð2Þ gauge transformations,

δΓα
β1 ¼ ∇1ε

α
β; δBα

β ¼ ½B; ε�αβ: ð4Þ

The canonical generator for these symmetries is

G½ε� ¼ −
Z

drTrðε∇BÞ þ TrðεBÞ
���r2
r1
: ð5Þ

The boundary terms at r1 and r2 are necessary if ϵðr1Þ ≠ 0
[respectively, ϵðr2Þ ≠ 0]; otherwise G½ε� does not have
well-defined variations, and the Poisson bracket does not
exist [17].
If the matrix ε is a multiple of the identity at r1

(respectively, r2), the boundary term at r1 vanishes because
of the linear constraint TrðBÞ ¼ 0: the transformation is
then a proper gauge transformation. Thus, the centerRI2×2
defines a proper gauge symmetry.
For arbitrary values of B compatible with the constraints

and arbitrary traceless gauge parameters ϵðr1Þ and ϵðr2Þ,
the surface term does not vanish, even when the constraints
hold. The gauge transformations are in that case improper
and correspond to transformations having a nontrivial
physical action [18]. The improper gauge symmetries are
parametrized at each boundary by the quotient algebra,
which is slð2Þ:

slð2Þ ≃ glð2Þ
RI2×2

: ð6Þ

One might fear that, because of the Gauss constraint
∇B ¼ 0, which is a first order equation relating the values
of Bðr2Þ to the value of Bðr1Þ, the boundary terms at the
two boundaries are not independent. This would be the case
if the group were Abelian since then the covariant deriva-
tive would coincide with the ordinary derivative and the
constraint would imply Bðr2Þ ¼ Bðr1Þ, leading to the
equality of the boundary terms when εðr1Þ ¼ εðr2Þ. But
in the present case, the relation between Bðr2Þ and Bðr1Þ
involves the phase space variables so that the boundary
terms are functionally independent, as the explicit expres-
sions given below manifestly indicate.
G½ε� generates gauge transformations on all fields,

including itself. This implies fG½ε1�; G½ε2�g ¼ δ2G½ε1�
for any two parameters ε1 and ε2. One can use this relation
for a quick evaluation of the algebra. One finds

fG½ε1�; G½ε2�g ¼ −
Z

dr½ε1; ε2�∇Bþ ½ε1; ε2�B
���r2
r1
;

¼ Gf½ε1; ε2�g; ð7Þ

as expected (Tr symbol omitted). This is an example of the
general theorem proved in Ref. [19], showing that the
boundary-term issue arises only once.
Since the values of the gauge parameters at the endpoints

are independent, one gets two commuting copies of slð2Þ,
one at each endpoint. The algebra of improper gauge
symmetries is thus slð2Þ × slð2Þ. This can be seen explic-
itly by decomposing the gauge parameter as

ε ¼ ϵþ ϵ̃; ð8Þ

where ϵðr1Þ ¼ 0 and ϵ̃ðr2Þ ¼ 0. The gauge generator
decomposes accordingly as G½ε� ¼ G½ϵ� þ G½ϵ̃�. One finds
from (7) that, up to purely bulk terms that vanish with the
Gauss constraints, the generators G½ϵ� and G½ϵ̃� have
vanishing Poisson brackets and separately fulfill the
slð2Þ algebra.
The slð2Þ canonical charges at each endpoint are subject

to the same quadratic relation TrðB2 þ k2ηI2×2Þ ¼ 0,
which is a restriction on the value of the (quadratic)
Casimir in terms of the coupling constant and the signature
of the metric gαβ.
Boundary action—One can reformulate the theory as a

1þ 0-dimensional boundary theory by integrating the
Gauss constraint “à la Moore-Seiberg” [20]. Since the
Hamiltonian plays no role in the reduction to the boundary
theory, we first take H ¼ 0. This means that the improper
gauge transformation that accompanies the time evolution
is equal to zero, i.e., that the Lagrange multipliers Γ0 vanish
at the boundaries, Γ0ðr1Þ ¼ Γ0ðr2Þ ¼ 0. We comment later
on the case H ≠ 0.
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The trace constraint being algebraic is easily dealt with.
It just expresses that the gauge algebra is slð2Þ. We can thus
use the equivalent description of the system as a SLð2ÞBF
system and assume from now on that Γ is an SLð2Þ
connection and that B is identically traceless. In that
description, the sole constraints are the quadratic constraint
and the Gauss constraint.
In order to solve the Gauss constraint, we make the phase

space change of variables ½ΓðrÞ; BðrÞ� → ½UðrÞ; bðrÞ�, with
U∈ SLð2Þ and b∈ slð2Þ defined by

ΓðrÞ ¼ UðrÞ−1UðrÞ0; BðrÞ ¼ UðrÞ−1bðrÞUðrÞ: ð9Þ

This is a noncanonical but invertible transformation if we
impose Uðr1Þ ¼ I2×2, with the inverse being given by

UðrÞ ¼ Pe
R

r

r1
ΓðrÞdr

; bðrÞ ¼ UðrÞBðrÞUðrÞ−1: ð10Þ

Under gauge transformations Γ → S−1dSþ S−1ΓS, the
Wilson line U and the new variable b transform as

UðrÞ → Sðr1Þ−1UðrÞSðrÞ; bðrÞ → SðrÞ−1bðrÞSðrÞ:
ð11Þ

In the new variables, the Gauss constraint becomes
simply UðrÞ−1b0ðrÞUðrÞ ¼ 0, the solution of which is
b ¼ bðtÞ. Plugging this solution into the bulk action
reduces it to a surface term at r2, which is the searched-
for action in 1þ 0 dimension:

I½V; b; λ� ¼
Z

dtTr
h
bV̇V−1 − λðb2 þ k2ηI2×2Þ

i
: ð12Þ

Here λðtÞ is related to λ2 as λðtÞ ≔ R
r2
r1
dr λ2ðr; tÞ and

VðtÞ≡Uðt; r2Þ. To reach (12), we used the relation Γ̇ ¼
∇ðU−1U̇Þ that follows from the expression of Γ, the
constraint ∇ðU−1bUÞ ¼ 0, and the boundary condi-
tion Uðr1Þ ¼ I2×2 ⇒ U̇ðr1Þ ¼ 0.
Varying (12) with respect to b, V, and λ we obtain the

equations of motion, V̇V−1 ¼ 2λb, ḃ ¼ ½V̇V−1; b�, and
0 ¼ Trðb2 þ ηk2Þ, respectively.
All of the information extracted via the analysis of

charges in bulk functionals can be reobtained from the
boundary action. The improper gauge transformations of the
original action discussed above appear now as Noether
symmetries of the boundary action (12), which has indeed
an explicit SLð2Þ × SLð2Þ symmetry. The left SLð2Þ
symmetry [improper gauge transformation at r1, Sðr1Þ¼h,
Sðr2Þ ¼ I2×2] is given by the transformations

V → h−1V; b → h−1bh ½h∈ SLð2Þ�: ð13Þ

The right SLð2Þ symmetry [improper gauge transformation
at r2, Sðr1Þ ¼ I2×2, Sðr2Þ ¼ g] reads as

V → Vg; b → b ½g∈ SLð2Þ�; ð14Þ

with h and g being time independent. Both sets of trans-
formations are clearly symmetries of (12).
The corresponding Noether charges coincide exactly

with the surface terms associated with the bulk improper
gauge symmetries,

Qζ ¼ −Tr½ζBðr1Þ� ¼ −TrðζbÞ; ð15Þ

Qϵ ¼ Tr½ζBðr2Þ� ¼ TrðϵV−1bVÞ; ð16Þ

where we have expanded h and g near the identity as
h ¼ I2×2 þ ζ, g ¼ I2×2 þ ϵ. The conservation of these
charges, ðdb=dtÞ ¼ 0 and ðd=dtÞðV−1bVÞ ¼ 0, can in fact
be verified directly from the equations of motion of the
boundary theory.
It is tempting to think of the boundary theory as living at

r2. However, the set of asymptotic symmetries defined at
the other boundary r1 does act nontrivially at r2. This is
because Gauss’ law relates the two boundaries, the field
Vðr2Þ itself being nonlocal.
Anti–de Sitter formulation—We now show that the

action (12) can be seen as a massive particle propagating
on AdS3. This is not too surprising given the isomorphism
SLð2Þ ≃ AdS3 [21]. Indeed, the unit determinant condition
of SLð2Þ matrices,

V ¼
�
α β

γ δ

�
∈ SLð2Þ; ðαδ − βγ ¼ 1Þ; ð17Þ

has a one-to-one map with the R2;2 AdS3 embedding
−T2

0þX2
1þX2

2−T2
3 ¼−1 via α ¼ T0 þ X1, δ ¼ T0 − X1,

β ¼ T3 þ X2, γ ¼ −T3 þ X2. A quick way to see the
relation between (12) and a free particle on AdS3 is
to note that b, and then λ, can be eliminated from
their own equations arriving to the group manifold actionR
dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V−1V̇V−1V̇

p
. Parametrizing V gives the Lagrangian of

a free relativistic particle on AdS3. We choose a route that
takes us directly to the Hamiltonian version appropriated to
study the quantum theory.
Let us parametrize V in terms of the familiar AdS global

coordinates fT; ρ;Ψg≡ qA via the explicit formulas α¼
cosh ρ cosTþsinh ρ cosΨ, β ¼ cosh ρ sinT − sinh ρ sinΨ,
γ ¼ − cosh ρ sinT − sinh ρ sinΨ, and δ ¼ cosh ρ cosT−
sinh ρ cosΨ.
The matrix b lives in slð2Þ. We parametrize it in terms of

three momenta fp0; p1; p2g≡ fpT; pρ; pΨg≡ fpAg,

b ¼ 1

2
RP −

1

2
ðp0 þ p2Þiσ2; ð18Þ

where σ2 is the Pauli matrix, with R and P given by
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R ¼
�

cos S sin S

− sin S cos S

�
; P ¼

�
p1 −P12

−P12 −p1

�
:

ð19Þ

Here, S ¼ T þ Ψ and P12 ≡ p0 tanh ρþ p2 coth ρ.
By direct replacement into the action (12) one finds (with

1
2
λ → λ)

I ¼
Z

dt
h
pAq̇A − λðγABpApB þ 4ηk2Þ

i
; ð20Þ

where

γABdqAdqA ¼ −cosh2ðρÞdT2 þ dρ2 þ sinh2ðρÞdΨ2 ð21Þ

is the AdS3 metric [22]. Thus, as announced, the action (12)
is equivalent to a particle propagating on AdS3 with mass-
shell condition γABpApB þm2 ¼ 0, where the mass is
given by

m2 ¼ 4k2η: ð22Þ

This is negative for the Minkowskian signature of
gαβ ðη ¼ −1Þ and positive for the Euclidean signature
(η ¼ 1). Note that the signature of the two-dimensional
metric gαβðxÞ only affects the sign of m2, not the signature
of the metric γAB, which is always AdS3.
The boundary symmetries identified before are now

just the isometries of AdS3, three left translations LA
a

and three right translations RA
a on the group [23]. Both

sets of Killing vectors satisfy the slð2Þ algebra in the Lie
bracket, ½ξa; ξb�A ¼ ϵcabξ

A
c . In the anti–de Sitter parametri-

zation, the boundary Noether charges read simply
as Qa ¼ −ξAapA.
In particular, the AdS energy is the conserved Noether

charge associated with the Killing vector ∂=∂T,
E ¼ QR

2 þQL
2 , and can be rewritten as

EAdS ¼ −mγ

�
∂

∂T
;
dqM

dτ

�
¼ −mγ00

dT
dτ

: ð23Þ

It is positive for future-oriented timelike motions.
The equivalence of the theory with geodesic motion in

anti–de Sitter space, and the resulting physical interpreta-
tion, naturally leads to the consideration of the covering
space CAdS3 as configuration space for the “particle,” in
order to avoid closed timelike curves.
Nonzero Hamiltonian—Including a nonzero boundary

Hamiltonian in (1) is permissible but changes the inter-
pretation of the theory. The choice of the boundary
Hamiltonian goes hand in hand with the choice of the
boundary values of the Lagrange multipliers Γ0ðriÞ asso-
ciated with the Gauss constraint as most clearly seen in the
form (2) of the action. Indeed, if Γ0ðriÞ ≠ 0, one must add a

boundary term to cancel the boundary term picked up upon
integration by parts in the variation of the action, which is
the time integral of −½Tr½Γ0ðrÞδBðrÞ��r2r1 . This is necessary
in order to have a well-defined action principle [17]. Such a
boundary term will exist only if Tr½Γ0ðrÞδBðrÞ� is inte-
grable at the boundaries, i.e., if Γ0ðriÞ ¼ f½∂HðiÞðBiÞ�=
∂Big; (i ¼ 1; 2), for some HðiÞðBiÞ with Bi ≡ BðriÞ. This
yields the Hamiltonian H ¼ Hð2ÞðB2Þ −Hð1ÞðB1Þ, or

H ¼ Hð2ÞðQR
i Þ −Hð1ÞðQL

i Þ: ð24Þ

The Hamiltonian H is invariant under proper gauge
symmetries, as it should. Because the algebra is not
Abelian, it is not invariant under improper ones unless
one takes HðiÞðBiÞ ¼ TrðB2

i Þ, but given the constraint
enforced by λ2, this is equivalent to HðiÞðBiÞ ¼ constant
[and Γ0ðriÞ ¼ 0]. Since invariance under improper gauge
transformations is not a condition to be imposed on the
theory, arbitrary choices of HðiÞðBiÞ are definitely allowed.
For generic choices of H, one gets in general fH;QL;R

i g ≠
0 except for the unbroken “subalgebra” of transformations
that commute with H. The charges associated with the
symmetries that do not commute with H will be explicitly
time dependent. With the Hamiltonian being a function of
the generators of the algebra, the slð2Þ × slð2Þ algebra is
nevertheless a symmetry [24].
Quantum theory—We follow Dirac prescription for

constructing the quantum theory, in which one imposes
the constraints on physical states. In the representa-
tion where the group coordinates qA are diagonal and
p̂A ¼ ið∂=∂qAÞ, this constraint on ϕðqAÞ becomes the
Klein-Gordon equation on AdS3,

−□qϕþm2ϕ ¼ 0; ð25Þ

where □q is defined with the metric (21). Since □q

commutes with the AdS generators, the states will trans-
form into representations of the AdS algebra.
If the boundary Hamiltonian H is taken to be zero, the

problem reduces to the much studied question of solving
the Klein-Gordon equation in anti–de Sitter space [26–31].
It is then natural to impose for stability that the AdS energy
should be bounded from below. This means that only the
representations from the lowest weight discrete series are
allowed [for a review of representations of SLð2Þ and the
AdS groups, see Refs. [32–34] ]. The lowest energy state
[35] is ϕh ¼ cðe−2ihT=cosh2hρÞ (c is a normalization
constant) and has energy EAdS ¼ 2h. It satisfies QL

−ϕh ¼
QR

−ϕh ¼ 0 (lowering operators) together with QL0ϕh ¼
hϕh, QR0ϕh ¼ hϕh. Since the eigenvalues of L0 and R0 are
equal this state has zero angular momentum (eigenvalue of
QR0 −QL0 ¼ i∂Ψ). The wave equation implies the relation
m2 ¼ 4hðh − 1Þ, where we recall that the mass is related to
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the coupling k by (22). The descendants have quantized
energy levels E ¼ 2hþ n (with n being a positive integer).
The quantum number h must be positive for positivity of

the Klein-Gordon norm. From the expression for the mass,
we find h ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ηk2

p
; thus, for η ¼ −1, kmust fulfill

the Breitenlhoner-Freedman bound [29,30],

k2 < 1; ðη ¼ −1Þ: ð26Þ

This is the only condition in the case of CAdS3 and SLð2Þ.
If one does not unwrap the closed timelike curves and

sticks to the original AdS3, the weight h is restricted by
single valuedness of the wave function on the time circle by
the quantization condition 2h ¼ integer, that is, h can be an
integer or semi-integer. This implies that the Palatini Gauss-
Bonnet coupling k must also be quantized since the mass,
and hence k, is related to h through m2 ¼ 4hðh − 1Þ.
If H ≠ 0, the quantum states ϕðqA; tÞ also depend on

the boundary time t through the Schrödinger equation
iℏð∂ϕ=∂tÞ ¼ Hϕ (in addition to the Klein-Gordon equa-
tion). Because the Hamiltonian does not in general com-
mute with all of the generators of slð2Þ ⊕ slð2Þ, the energy
(defined now as the eigenvalue of H) takes different values
within an irreducible representation. The splitting can be
easily computed since H is a function of the slð2Þ ⊕ slð2Þ
charges.
If H is a positive definite function of the AdS charges,

such asH ¼ ðEAdSÞ2 (say), then it would seem admissible to
consider all of the solutions of the Klein-Gordon equation,
including those corresponding to other (normalizable) rep-
resentations, such as the continuous principal series, or the
discrete highest weight representations (see, e.g., Ref. [25]).
To conclude, we have established in this Letter the

equivalence of the two-dimensional Palatini Gauss-Bonnet
theory with the dynamics of a point moving on AdS3 and
subject to the Klein-Gordon constraint, with a mass that
depends on the signature of the internal metric gαβ and the
coupling constant k. This constraint fully characterizes the
system when the boundary Hamiltonian H vanishes, but
different choices of H are permissible and define different
theories. Nonvanishing Hs remain fully tractable because
they depend on the generators of the algebra.
It would be interesting to extend these results to include

spin, by starting with a supersymmetric version of the two-
dimensional Palatini Gauss-Bonnet. We leave this for
future work.
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