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Dynamics of Superconducting Pairs in the Two-Dimensional Hubbard Model
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The frequency structure of the superconducting correlations in cuprates gives insights on the pairing
mechanism. Here we present an exhaustive study of this problem in the two-dimensional Hubbard model
with cellular dynamical mean-field theory. To this end, we systematically quantify the dependence on
doping 6 and interaction strength U of the superconducting gap, of the frequency scales where d-wave
pairing occurs, and of their relative contribution to pairing. For all values of U and §, we find pair-forming
processes confined to frequencies set by the superexchange interaction and followed by pair-breaking
processes, ruling out both pair-forming and pair-breaking processes on the scale of U. This suggests that at
high frequencies, the effect of U is eliminated by the d-wave paring, and that at small frequencies, U
generates the superexchange interaction that leads to low-frequency pair-forming processes providing the

net contribution to pairing.
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Introduction—The mechanism driving the superconduct-
ing pairing of electrons in cuprates is still under scrutiny
[1-3]. It requires knowing how the electrons forming the
Cooper pairs are correlated both in space and in time. On
one hand, the d-wave symmetry of the superconducting gap
and the short correlation length measured in cuprates
suggest that the spatial dependence of the pair correlations
is nonlocal and short ranged [3]. On the other hand, the
limited experimental information about the time depend-
ence of the pair correlations in cuprates [4—8] hinders a
thorough characterization of the pairing mechanism [2,9].

While first-principle methods now allow material specific
predictions [10-14], the detailed information of model cal-
culations can provide valuable insights for clarifying the
universal features of the pairing mechanism and for guiding
experimental progress. These calculations are even more
pressing in view of current proposals for measuring pair
correlations with time-resolved [15] and coincidence [16—19]
angle-resolved photoemission spectroscopy (ARPES). The
strong electron-electron interaction in cuprates indicates
that the two-dimensional (2D) Hubbard model, where
electrons hop in a square lattice with an amplitude ¢ and
experience an onsite Coulomb repulsion U, is the point of
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departure for modeling the superconducting pairing [2,20].
However, clarifying the origin of pairing in the Hubbard
model is still a theoretical challenge, owing to the non-
perturbative nature of the strong electronic correlations [21].

Regarding the spatial dependence of the superconduct-
ing correlations, the Hubbard model correctly captures their
nonlocal character. Physically, this is because the repulsion
U (i) disfavors the occurrence of two electrons on the same
site and (ii) dynamically generates the antiferromagnetic
superexchange interaction J = 4¢>/U, which favors anti-
parallel spins on neighboring sites, and thus their effective
attraction [22,23]. Detailed studies confirm these effects
brought about by U [2,21,24-26].

The issue of the time dependence, i.e., of the dynamics,
of the superconducting correlations in the Hubbard model
has been less explored and is controversial. It is the focus of
this Letter. This is a difficult task, requiring a theory able to
treat on an equal footing different and coexisting timescales,
from short timescales associated with the interaction U to
longer timescales associated with the superexchange J.
Cluster extensions [24,25,27] of dynamical mean-field
theory [28], which handle both spatial fluctuations (within
the cluster) and all temporal fluctuations, provide such a theory.

The key questions concern the characteristic timescales
that lead to pairing and their relative contribution to pairing.
These features depend on U and doping. Previous studies
[29-36] show that the main contribution to pairing arises
from relatively long time (low frequency) scales ascribed to
short-range spin singlet correlations generated by the
superexchange J, with smaller contributions arising from
shorter time (higher frequency) scales linked to U.

Published by the American Physical Society
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However, these conclusions are drawn from studies on a
selected range of parameters of the 2D Hubbard model and
are based on different methodologies. For example, the
pairing dynamics was studied in Ref. [29] with dynamical
cluster approximation (DCA) at U/t = 8, 10, 12 and 20%
doping at finite temperature 7, in Ref. [30] with cellular
dynamical mean-field theory (CDMFT) at U/r =8 and
few doping levels at 7 = 0, in Refs. [33,35,36] with DCA
at U/t =15.5, 6 and few doping levels at low 7, and in
Ref. [34] with CDMFT at U/t =9 and several doping
levels at low T.

Here we revisit the problem of the dynamics of the
superconducting pairs in the 2D Hubbard model using state
of the art calculations based on CDMFT [24,25,27] at finite
temperature. Methodologically, the added value of our
Letter is twofold. First, taking advantage of algorithmic
improvements and large investment of computing time, we
explore a dataset encompassing a wide range of interaction
U and a comprehensive group of doping levels. Second, our
findings are a direct computational result based solely on
the Green’s function obtained in CDMFT, with no other
assumptions coming, e.g., from low-frequency theories.
Using this approach, we systematically quantify the
dependence on doping and U of the characteristic fre-
quency scales where pairing occurs and their relative
contribution to pairing. For all values of doping and U,
we find a rich structure in the dynamics of the correlations
of the paired electrons, with pair-forming processes mainly
confined on the energy scale set by J and followed by pair-
breaking processes. Hence, the net contribution to pairing
comes only from the low frequency pair-forming processes.

Model and method—We study the 2D Hubbard
model on the square lattice, H = -3 . t; jcl-Tgc ot
U inpng —uy i, n;,. Here, c;, (ci) is the operator
that destroys (creates) an electron with spin ¢ = {?, | } at
site i, n = cngci,, is the number operator, 7;; is the hopping
amplitude between nearest neighbor sites, U is the onsite
Coulomb repulsion, and g is the chemical potential that
changes the occupation n and thus the hole doping
0=1—n. Weset t;; =1=1 as our energy unit.

We solve this model in the d,>_.-wave superconducting
state and at finite temperature with CDMFT [24,25,27].
CDMFT maps the Hubbard model onto a cluster impurity
model embedded in a self-consistent bath of noninteracting
electrons. Here we consider the minimal cluster that
describes d-wave superconductivity, i.e., a 2 x 2 plaquette.
To solve the cluster impurity model, we use the hybridi-
zation expansion continuous-time quantum Monte Carlo
method (CT-HYB) [37-39] with a LazySkip List algorithm
[40] and with Monte Carlo updates of two pairs of creation
and destruction operators to ensure ergodicity [41]. The
CT-HYB method enables us to explore the superconducting
state for a wide range of interaction strength U and to reach
low temperatures. As shown by extensive studies, CDMFT
on a 2 x 2 plaquette can describe several properties of the

superconducting state that are in qualitative agreement with
experiments [21,25,26,42] and robust against the cluster
size [26,43]. They include the domelike shape of the
superconducting state [44—48] and its interplay with the
pseudogap [44-47,49], the features of the density of states
and of the spin susceptibility [45,50,51], and the changes in
energy and entropy upon condensation [47,52,53].

This Letter focuses on the dynamics of the supercon-
ducting pairs, which is encoded in the Green’s function. In
the cluster momentum basis, the Green’s function is

o= (8 )W

Fu(z)
where, introducing the Matsubara frequencies, Gk, (iw,) =
— [V dre (T ck,(7)cy,(0)) is the Nambu diagonal
(i.e., normal) Green’s function and Fg(iw,) =
— J¥ dee*(T x4 (z)c_g  (0)) is the Nambu off-diagonal
(i.e., anomalous) Green’s function. For d-wave supercon-
ductivity Fg—_(r0) = —Fk=(0.r) is the only nonzero
component. The superconducting order parameter
is @ = (Fy_(s0)(r = 0)).

We perform the analytical continuation from imaginary
to real frequencies using the maximum entropy software of
Ref. [54]. However, for the anomalous Green’s function,
which shows both positive and negative spectral weight, the
direct maximum entropy method is inapplicable. Instead,
we use the MaxEntAux method of Ref. [55], which relies
on an auxiliary Green’s function with positive spectral
weight, and exploit the symmetry properties of the anoma-
lous Green’s function (see Supplemental Material [56]).

Strategy—The strategy of this Letter is to systematically
examine the dependence on doping and U of three key
features of the superconducting state: (i) the superconduct-
ing gap, (ii) the characteristic frequency scales that con-
tribute to superconducting pairing and (iii) their relative
contribution to pairing.

To do that, we first take advantage of previous work that
mapped out the superconducting state of the 2D Hubbard
model with CDMFT on a 2 x 2 plaquette inthe U =6 — T
space [45—47,53]. This is condensed in Fig. 1(a), where we
report the data of Ref. [53] showing the superconducting
transition temperature TSPMFT (defined as the temperature
below which |®| is nonzero [57]) as a function of § for
different values of U straddling the normal state metal to
Mott insulator transition at Uygp ~ 5.95 [58]. Below Uyt
(squares), TSPMFT(§)|,, reaches its highest value at § = 0
and monotonically decreases with increasing doping.
Above Uyyr (circles), TSPMFT(5)|,, acquires an asymmet-
ric domelike shape versus o, reaching its highest value at a
finite doping, which is dependent on U. As a function of U,
TEPMET s optimized just above Uyyr (green circles).

Next, we fix the temperature at 7 = 1/50, since it is
below the optimum 7SPMFT for each value of U, and
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(a) Superconducting transition temperature TSPMFT versus § for different values of U (data taken from Ref. [53]). (b) Density

of states in the superconducting state A, (). The half distance between the position of the coherence peaks (marked by open circles)
gives the superconducting gap A, and is analyzed in Fig. 2. (c) Anomalous spectral function A,, (). The frequency regions where
A, (w) is positive (negative) are those that contribute to pairing (depairing): they are shaded with dark (pale) blue vertical bands and are
examined in Fig. 3. The areas where A,, (@) is positive or negative are colored and analyzed in Fig. 4. (d) Cumulative spectral weight of
the order parameter /(w). Horizontal line denotes the superconducting order parameter |®| computed independently. Data in panels
(b)—(d) are for U = 12, T = 1/50, and 6 = 0.02. Frequencies are converted into physical units with = 350 meV.

we explore the model for U € [5.2, 16] and several doping
levels. For each value of U and 6 we calculate the density
of states in the superconducting state A, (@)=
—(1/7) Im Gg—(p0)(@), the anomalous spectral function
Ap(@) = —=(1/7)Im Fg_(; ) (), and the cumulative
spectral weight of the order parameter [30,34]
Ir(w) = [ (do' [27m)A,, (@) f(—'). Figures 1(b)-1(d)
show A, (w), Ay(w), and Ip(w) for U =12 and
0~0.02, as a sample of our calculations (see
Supplemental Figs. S3—-S7 [56] for spectra at other model
parameters).

From A, (@), we extract a key feature of the super-
conducting state, i.e., the superconducting gap 2A. It is
the minimum energy to break a Cooper pair. We estimate
A, as the half distance between the position of the
coherence peaks in A, () [circles in Fig. 1(b)].

From A,, (®), which for d-wave superconductivity is real
and odd in frequency [55], we extract key features of the
dynamics of the superconducting pairs, namely the fre-
quency intervals where pairing occurs and their relative
contribution to pairing. To do that, first we extract the
frequency intervals where A, (w) is positive [shaded dark
blue region in Fig. 1(c)]. These are the frequencies that
contribute to pairing processes (i.e., pair-forming).
Similarly, the frequencies over which A,,(w) is negative
contribute to depairing processes (i.e., pair-breaking)
[shaded pale blue region in Fig. 1(c)]. Second, we calculate
the corresponding areas between A,, (w) and the frequency
axis [colored areas in Fig. 1(c)] to identify the relative
contribution to pairing for each frequency range, as
explained in the following paragraph.

To show that positive and negative anomalous spectral
weight determines the frequency range where pairing and
depairing arise, we can turn to the behavior of the
cumulative spectral weight of the order parameter /()
[Fig. 1(d)]. In the limit @ — oo, Iz(w) converges to the
superconducting order parameter |®| (horizontal grey line)

(see also Supplemental Fig. S2 [56]). At low temperatures,
Ir(w) is approximately the integral of A,,(w) over the
positive frequencies, ie., Ip(w)= [§(dw'/27m)Au (o).
Hence, positive anomalous spectral weight A,, (@) enhances
|®| and thus is pair forming, whereas negative weight
depletes |®@| and thus is pair breaking. Hence, we can
extract the pair-forming (pair-breaking) frequencies from
the frequency ranges where I (w) is increasing (decreas-
ing). Similarly, we can extract the contribution to pairing
(depairing) from the difference between a maximum
(minimum) value of /;(w) and its preceding minimum
(maximum) value.

This physical interpretation of A,,(®) and Iz(w) has
been tested in the BCS and Eliashberg cases in Ref. [30].

Superconducting gap—Figure 2(a) shows the super-
conducting gap A,. as a function of doping for different
values of U. A is defined as half of the energy distance
between the coherence peaks in A, (w). Physically, it
reflects the pairing strength. Starting from high doping, as
the doping decreases, A, increases. For U > Uy, and on
decreasing doping further, Ay, flattens. Remarkably, for
U > Uy, the doping dependence of A . contrasts with
that of the superconducting order parameter |®|, which first
increases and then decreases as a function of doping (open
squares in Fig. 4). The value of doping for which |®| is
maximum, dgmx, is indicated by a filled symbol on each
curve. Given that this doping is found [47] to be larger than
the optimal doping [i.e. the doping that maximizes
TEPMFT(5)], the doping dependence of Ay also contrasts
with that of TSPMFT, Hence, in the underdoped region for
U > Unir, Ay flattens while both TSPMFT and |®| drop on
approaching the Mott insulator at 6 = 0. This non-BCS
behavior is compatible with previous calculations
[34,44,45,50,51,59,60] and with ARPES experiments in
hole-doped cuprates [61].

Figure 2(b) shows Ay versus U at the fixed low doping
6~ 0.02. Remarkably, A, (U) shows a nonmonotonic
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FIG. 2. (a) Superconducting gap A, versus ¢ for different

values of U, as determined by the half of the frequency difference
of the coherence peaks in A, (w), see, e.g., Fig. 1(b). Error bars
indicate the uncertainty in determining the peaks. For each value
of U, the filled symbol denotes the doping at which the super-
conducting order parameter |®(5)| has a maximum. (b) A, at
fixed doping 6 ~ 0.02 versus U. The dashed vertical line marks
the critical threshold Uygr & 5.95 [58] for opening the Mott gap
at half filling. Filled up triangles denote the position of the low-
frequency peak in A,,(w), which tracks Ay.. Data are converted
into physical units with ¢ = 350 meV.

behavior, peaking around the underlying normal state Mott
transition at Uyyr (dashed vertical line). In contrast, |®|
at this doping level decreases monotonically with increas-
ing U.

Frequency scales where pairing arises—Next, we ana-
lyze the frequency intervals where pairing occurs. These
are given by the regions where A,,(®) is positive. They are
shown in Fig. 3 with vertical and dark colored bars, for
several values of 6 and U. Vertical and pale colored bars
indicate the regions where A,,(w) is negative, i.e., where
depairing occurs. Up (down) triangles mark the maxima
(minima) in each frequency region. Blank space between
these bars indicates the regions where A,,(®) is negligible

introduced to filter out the noise in the spectra (see
Supplemental Material [56]).

Although A,,(®) for a given value of U and § may show
a complicated behavior due to the limitations of the
analytical continuation, a few trends emerge. As a function
of frequency, there is one main interval yielding pair-
forming processes alternating with one main interval
yielding pair-breaking processes, followed by higher fre-
quency processes that are indistinguishable from noise.

First, at low frequencies A,, (@) has a gap (blank space in
Fig. 3) between w = 0 and w = 0.1 [see, e.g., Figs. 1(c)
and 5 in End Matter for a low-frequency enlarged view
of Fig. 3]. The behavior of this gap versus U and &
approximately follows that of Ay, i.e., saturates at small
doping levels and decreases with increasing doping and
with increasing U above Uppr.

Above this gap, A,, (@) is positive on a narrow frequency
range, which for all values of U and ¢ lies between o = 0
and @ ~ 0.6 [see, e.g., dark shaded blue region in Fig. 1(c)].
(i) This frequency scale is of the order of J/2, suggesting
that the long-lived pair-forming processes occurring in this
frequency interval are associated with short-range spin
fluctuations, as pointed out earlier [29,30,33]. (ii) This low-
frequency region leading to pairing occurs for all doping
levels and for all U, suggesting that it is unrelated to the
underlying normal-state strongly correlated pseudogap,
which only develops for U > Uyt and small dopings
[62-64]. (iii) In this low-frequency region, A,, (@) shows a
prominent peak, whose position tracks A, both as a
function of U [filled up triangles vs open symbols in
Fig. 2(b)] and 6 (Fig. 5). As noted in Ref. [34], this suggests
that the optimum spectral weight for pairing in A, (@) takes
place on a frequency scale close to Ag.

Above this low-frequency region leading to pairing,
A, (w) becomes negative over a broad frequency range,
which for all values of U and 0 lies between w = 0.6 and
o = 3.0 [see, e.g., pale shaded blue region in Fig. 1(c)].
This region leading to depairing is not restricted to low
doping or large values of U.

For further higher frequencies, A,,(®) remains overall

[here, |A,,(®@)| < 0.005]. This small threshold has been  small and indistinguishable from noise, for all doping levels
@[ 1 U=52)(b) ' U=62)(©) U=s2)(d T (v=12)© U=16
3 3{ 3 34 34 1
321 v 32H|” 11 32 v 3 2] | v | 32
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FIG. 3. (a),(b),(c),(d),(e) Vertical dark (pale) bars indicate the frequency regions where A,, (@) is positive (negative), for several values

of doping. Up (down) triangles denote the maxima (minima) in each frequency region. Blank space between these bars indicates the
regions where A,,(®) is negligible [here |A,,(®w)| < 0.005]. Each panel shows data for a given interaction strength U.
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(a),(b),(c),(d),(e) Largest area, divided by 2z, under the positive regions and above the negative regions of A,,(w) versus

doping &, for different values of U. C* (positive area, yellow filled circles) and C~ (negative area, red filled diamonds). They are
calculated as follows. With the composite trapezoidal method, we find the largest area under (above) A,,(w) and above (under) the small
threshold of +-0.005, to filter out noise. Yellow crosses indicate the value of the low-frequency peak of the cumulative spectral weight of
the order parameter, /r(w,). They follow C*. Open squares denote the superconducting order parameter |®).

and for all U [see e.g. blank region in Fig. 1(c) forw = 2.1].
Although we cannot rule out that pair-forming and pair-
breaking processes may also occur at higher frequency
scales, and in particular on the scale of order U, our results
show that their contribution to pairing is negligible, as we
shall discuss in the next section.

Contribution to pairing—Next, we study the contribu-
tion to pairing or to depairing for each frequency interval
where pairing or depairing occurs. This can be estimated by
the area under the positive regions or above the negative
regions of A,, () [see, e.g., Fig. 1(c)]. Figure 4 shows the
largest area, divided by 2z, under the positive regions and
above the negative regions of A,,(w) (C*, yellow filled
circles for the largest positive area and C~, red filled
diamonds for the largest negative area) versus & for
different values of U. This largest positive (negative) area
occurs for the main frequency interval where pairing
(depairing) occurs that we have identified in Fig. 3, i.e.,
C™* arises from the interval 0 < w < 0.6 and C~ arises from
the interval 0.6 < w < 3.0. We verified that the positive and
negative areas at other frequency scales are much smaller or
negligible (see Supplemental Material [56]). This implies
the key result that the contribution to pairing (or depairing)
of higher frequencies is negligible, for all values of 6 and U.
Specifically, our results rule out an increased importance of
higher frequency pair-forming processes with increasing U,
a possibility left open in previous work [29,30].

For U > Upgr, CT has a domelike shape versus & and
overall decreases with increasing U. Hence, a key finding is
that on approaching the Mott insulator at 6 = 0, the drop of
|®| and TSPMFT is associated with the reduction of the area
of the low frequency peak of A, (w) [30,33,34]. The
behavior of C~ is similar to that of CT, although C~ is
negative and is smaller in magnitude than C*.

Having analyzed the contribution to pairing and to
depairing for each frequency interval, we examine their
net contribution to pairing. Since we found that there is just
one main frequency interval where pairing occurs, the

answer is clear: the net contribution to pairing comes only
from the low-frequency pair-forming processes.

Specifically, the net contribution to pairing for a given
frequency interval is the signed area of A, () in that
frequency interval. Since we found that only C* and C~ are
sizeable, C* + C~ is approximately the order parameter |D|.
Physically, this means that only the low frequencies build
up the order parameter. From Fig. 4, C*(8) is greater than
|®(6)| (open squares), for all values of U and 6. It means C*
is partly canceled out, so that only a fraction of C*
contributes to |®| and thus to pairing. Physically, this
means that the low frequency pair-forming processes out-
weigh the pair-breaking ones, so that only a fraction of the
low-frequency pair-forming processes provides a net con-
tribution to pairing. Put another way, the net contribution to
pairing comes only from the low-frequency pair-forming
processes.

The partial cancellation of the anomalous spectral weight
can immediately be deduced from the behavior of the
cumulative spectral weight of the order parameter /()
[see, e.g., Fig. 1(d)]: at low frequency, I(®) overshoots
|®|. If pairing had a net contribution from higher frequen-
cies, then |®| would be larger than the value of the low
frequency peak, Ip(w,). Similarly, Fig. 4 shows that
Ir(w,) (yellow crosses), which basically coincides with
C*, is larger than |®| for all values of U and 6.

Summary—We studied the dynamics of the supercon-
ducting pairs in the 2D Hubbard model for a wide range of
interaction U and doping. The superconducting gap Ay
extracted from A, (@) does not scale with the super-
conducting order parameter, but instead saturates on
approaching the Mott insulator. A,, (@) has a rich structure
as a function of frequency. (i) For all values of U and 9, the
pair-forming processes, described by the positive weight of
A.n(w), are mainly confined on a single frequency interval
set by the superexchange. (ii) They are followed by pair-
breaking processes, described by the negative weight of
A (®), which are in turn followed by further higher
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frequency processes that are indistinguishable from noise.
The contribution to pairing and depairing can be extracted
from the areas under the positive and negative regions of
A (w). (i) For all values of U and 6, the contribution to
pairing of higher frequencies is negligible, ruling out pair-
forming and pair-breaking processes on the scale of U. This
suggests that d-wave pairing, which creates a node in the
pair wave function when both electrons are on the same
site, suffices to eliminate the effect of U at high frequency,
which would be pair breaking in the s-wave channel.
(i1) Since the low frequency pair-forming processes out-
weigh the pair-breaking ones, the net contribution to
pairing comes only from the low-frequency pair-forming
processes, which occurs on the scale of the superexchange
J. This reflects that at small frequencies, U dynamically
generates the interaction J, which plays a role analogous to
the Debye frequency in the case of phonons, where pairing
processes occur below that frequency and pair-breaking
processes occur above that frequency. Our results provide
predictions for experiments that plan to directly measure
pair correlations with time-resolved [15] and coincidence
[16-19] ARPES.
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End Matter

Figure 5 shows an enlarged view of Fig. 3 on the low frequencies.
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FIG. 5. (a),(b),(c),(d),(e) Low-frequency enlarged view of Fig. 3. For each value of § and U, the frequency position of the low-

frequency maximum of A,,(w) (filled up triangles) tracks the size of the superconducting gap A, (open circles), suggesting that A, is

the energy scale where pairing is maximum [34].
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