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Strong excitation of nuclear resonances, particularly of Mössbauer nuclei, has been a longstanding
goal and the advance of novel x-ray sources is promising new options in this regard. Here, we map out
the necessary experimental conditions for the more general goal of entering the nonlinear optics regime
with nuclei and compare with available technology. In particular, we present a comprehensive theory of
nonlinear nuclear excitation in thin-film x-ray cavities by focused x-ray pulses. We thereby identify cavity
geometries with broad resonances that allow one to boost the nuclear excitation even at moderately tight
focusing and offer the possibility to mitigate radiation damage.
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In this Letter, we revisit an old challenge: is it possible to
fully excite an ensemble of atomic nuclei using externally
applied electromagnetic fields? This question relates to
the goal of building a γ-ray laser (“graser”), with inverted
nuclei as a gain medium, which was proposed long
ago after the laser-maser principle [1]. The discovery of
the Mössbauer effect, which allows for the recoilless
absorption and emission of γ-ray photons from certain
nuclei [2,3], further fueled this research. Despite interim
hope to circumvent difficulties by utilizing lasing without
inversion [4], most approaches to grasing were deemed
unfeasible by the late 1990s [5]. Nevertheless, recent
technological and conceptual developments prompt us to
reconsider the challenge.
First, advances in x-ray source technology such as x-ray

free-electron lasers (XFEL) [6,7] have promoted the study
of high-energy nonlinear effects in atoms, analogous to
the revolutionary development at lower photon energies
following the invention of conventional laser sources [8,9].
Various nonlinear x-ray processes have already been
observed involving electronic transitions [10–14]. Also
lasing on an inner-shell electronic transition based on
XFEL-generated inversion has been demonstrated [15].
This raises the question of whether the source advances
provide new avenues for the excitation of nuclei.

Second, Mössbauer nuclei by now have evolved into a
promising platform for quantum optics. In a series of
experiments, key concepts of quantum optics [16–22] and
coherent control [23–30] have been demonstrated with
nuclei as the matter part. However, while these experiments
exploit coherence and interference effects and demonstrate
a surprising level of control, they still operate in the linear
optics regime [31,32].
These two developments also motivate a shift in focus

away from the goal of reaching full inversion and toward
more general nonlinear optics effects, further fueled by
recent experiments from the optical domain [33–37]
demonstrating that effects such as photon correlations
can already appear far below full excitation. First experi-
ments with Mössbauer nuclei at XFELs [38,39] explore this
direction, e.g., by scattering multiple photons per shot [38].
Still these experiments do not reach beyond linear optics,
which remains an open challenge.
On the theoretical side, a number of schemes have been

proposed to achieve higher excitation. For example, it has
been suggested to overcome discouraging first estimates
[40] using additional accelerations of the target nuclei [41],
nondipole transitions [42], or collective effects in the light-
matter interaction [43,44]. Furthermore, there are multiple
approaches to boost the excitation of the nuclei by a
suitable tailoring of their electromagnetic environment.
As one option, front coupling in one-dimensional x-ray
waveguides used for imaging applications [45,46] has
recently been implemented with nuclei [47,48], and tapered
variants have been suggested as a candidate for nuclear
inversion [49,50]. Alternatively, x-ray thin-film planar
cavities containing layers of Mössbauer nuclei are well
established as a platform for nuclear quantum optics in the
linear regime [51,52]. The field enhancement inside such
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structures has been considered [16,31,53–55] and opti-
mized [46,56]. However, the latter works consider the
state-of-the-art probing using highly collimated x-rays,
which is unfavorable for strong excitation. Focusing
to enhance the nuclear excitation has been proposed [57],
but so far, rigorous modeling of the excitation dynamics in
planar waveguides driven by focused x-ray beams and a
corresponding road map toward nonlinear excitation
are missing.
In this Letter, we utilize a comprehensive theory devel-

oped in a companion paper [58] to study the excitation
dynamics of Mössbauer nuclei in planar cavities driven by
focused x-ray pulses (see Fig. 1). We find that the rigorous
modeling of the focusing leads to optimum cavity struc-
tures that qualitatively differ from well-established design
paradigms for collimated x-ray beams. With varying size of
the x-ray focus, we identify a transition between standing-
wave interference and ballistic reflections, with significant
field enhancement down to moderately tight focusing.
We calculate the necessary source parameters to enter
the nonlinear regime of significantly excited nuclei and
demonstrate its feasibility by comparing with currently
available conditions and planned upgrades.
We start with the nuclear excitation dynamics. Unlike in

the low-excitation regime [55,59], the modeling of dis-
sipative quantum dynamics of many interacting few-level
systems at higher excitation remains a challenging problem
of much current interest [60–62]. However, x-ray pulses
delivered by accelerator-based sources are orders of mag-
nitude shorter (typically ps to fs scale) than any other
relevant timescale in the nuclear dynamics (e.g., ns for
57Fe). This allows one to separate the excitation from the
subsequent decay dynamics. The former then essentially

reduces to a single-particle problem (see [58,63] for
details), since dissipative and coupling processes are
ineffective over the short excitation timescales.
The single-nucleus dynamics can straightforwardly be

solved numerically for arbitrary input fields. However, to
gain analytical insight, we further assume resonant and
Fourier-limited x-ray pulses, an idealization of pulses gen-
erated via hard x-ray self-seeding [64–66]. Then, the pulse
area theorem [67–69] relates the nuclear state after the x-ray
pulse to the Fourier transform of the x-ray field at the nuclear
resonance frequency Edriveðrnuc;ωnucÞ as [58,63,70]

Φ ¼ 4π

ℏ
jd ·Edriveðrnuc;ωnucÞj: ð1Þ

Here, Φ is the so-called pulse area, and d, rnuc, and ωnuc are
the electric dipolemoment (an effective quantity formagnetic
transitions), the position, and the transition frequency of the
nuclei, respectively.Thenuclear excitation—which is directly
related to the magnitude of many nonlinear processes—is
then obtained as σz ¼ − cosðΦÞ, where σz is the expectation
value of the transition’s Pauli operator.
An intuitive interpretation is gained by rewriting

Eq. (1) [58] as

Φ ¼ χσ
w0

χsource ξE ; ð2Þ

where χσ is a transition characteristic that solely depends
on the nuclear properties such as the dipole moment. w0 is
the beam waist size in the focal plane, characterizing the
strength of the focusing. The incident x-ray pulses are
characterized by their pulse energy Epulse via χsource ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Epulse=br

p
, where br is the relative bandwidth such that

Δν ¼ brν is the absolute frequency bandwidth. Finally, ξE
is an enhancement factor due to the cavity. Without cavity it
is equal to unity. The goal of the cavity environment is to
increase ξE . From the criterion Φ ¼ π for reaching inver-
sion, we define a necessary source characteristic for a given
nucleus, cavity, and focusing as

χnecsource ¼ π
w0

χσξE
: ð3Þ

For a given χsource, one can then express the achievable
nuclear excitation as σz ¼ − cos ðπχsource=χnecsourceÞ.
The crucial position-dependent enhancement factor

ξEðrÞ is obtained by calculating the propagation of focused
x-ray pulses in the cavity medium using Maxwell’s
equations. In the companion paper [58], an efficient
semianalytical algorithm specialized for this purpose is
developed, which forms the basis of the results below. This
formalism solves the wave propagation in the cavity for a
focused beam accounting for interferences between the
reflections at each interface. Equation (3) is also derived in
detail, including a discussion of physical limitations.

Focusing

?
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enhancement

Ballistic 
propagation

XFEL so
urce

XFEL so
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FIG. 1. Sketch of the setup, featuring a focused x-ray pulse
(not to scale) incident on a thin-film cavity doped with narrow
resonances, such as Mössbauer nuclei. By focusing the incident
x-ray pulse, one can concentrate the radiation on fewer nuclei,
potentially increasing their excitation toward inversion (illus-
trated by the Bloch sphere). However, this comes at the cost of
reducing the cavity enhancement from interference. We show that
using suitably designed cavities, this limitation can be overcome
in intermediate focusing regimes.
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We start with the discussion of a standard cavity
design [16,71] in Fig. 2. Panel (a) depicts the electronic
reflectance as a function of grazing incidence angle (rock-
ing curve), featuring two cavity resonances. Following
standard design criteria as well as commonly used cladding
and spacer materials, the first resonance is relatively narrow
and critically coupled [16,46,56], i.e., the resonant elec-
tronic reflectance vanishes [72].
Panel (b) shows the spatially resolved cavity enhance-

ment factor inside and outside the cavity for three different
x-ray focusing strengths (top to bottom). The correspond-
ing beam divergences θdiv ¼ 0.3, 0.685, and 2.0 mrad are
indicated as shaded regions in (a). x is the projection of the
pulse propagation direction onto the waveguide surface,
and z the surface normal.
At low focusing (panel b, top), the field enhancement

inside the cavity is clearly visible, arising from the

constructive interference of multiple x-ray reflections.
As desired, the intensity maximum is at the position of
the nuclei.
Toward higher focusing [panel (b), top to bottom] the

intensity enhancement reduces. On the one hand, with
increasing beam divergence, a growing part of the incident
wave vector components is off-resonant and cannot con-
tribute to the standing-wave enhancement. Also, the
focused wave packets become smaller such that the spatial
overlap of the different reflections diminishes, again
impeding the constructive interference leading to the
intensity enhancement. The latter effect is visible in the
highly focused case [(b), bottom], and implies a practical
lower spot-size limit for the focusing. In addition to the
enhancement reduction, most of the wave packet is
reflected already at the outer cladding. Thus, the intensity
at the nuclei’s positions is in fact lower than it would be in
the absence of the cavity.
From these results, we conclude that standard cavity

designs are unsuitable in combination with focusing.
However, these limitations can be overcome using alter-
native cavity designs. To this end, we choose a moderately
strong focusing spot size of 40 nm and optimized the cavity
layer structure for maximum intensity enhancement at the
position of the nuclei (for details on the optimization,

(a)

(b)

FIG. 2. Results for an example cavity following standard design
criteria. (a) Electronic reflection as a function of incidence angle
(rocking curve). The shaded areas indicate three different input
beam divergence ranges considered in panel (b); see legend.
(b) Spatially resolved cavity enhancement factor ξ2E in and around
the example cavity (cladding boundary at z ¼ 0) for the beam
divergences θdiv ¼ 0.3, 0.685, and 2.0 mrad (top to bottom),
where the middle value corresponds to 40 nm spot size. The
incident beam propagates from the top left to the bottom right and
encounters the cavity starting from z ¼ 0. The colored areas and
white horizontal lines indicate the location of the cavity layers
(see legend). The red dot indicates the free-space beam focus,
which is placed at the depth of the nuclear ensemble.

(a)

(b)

FIG. 3. Analogous to Fig. 2, but for a cavity optimized for a
focal spot size of 40 nm. Note that the free-space focus is located
above the plot limits at 33.2 nm as a result of the optimization.
Parameters of the optimized cavity are summarized in [71].
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see [71]) in Fig. 3. In comparison to the standard cavity in
Fig. 2, we observe two qualitative differences. First, the
rocking curve in panel (a) features a relevant resonance that
is rather weak and surprisingly broad. Second, the opti-
mized cavity [structure see Fig. 3, panel (a)] enables a
significant intensity enhancement even at higher focusing
[panel (b), top to bottom]. This improvement is due to the
larger acceptance angle of broader cavity resonances.
After discussing the qualitative aspects of focusing on

the nuclear excitation dynamics, we now turn to quantita-
tive predictions for the Mössbauer isotopes 57Fe, 187Os,
169Tm, and 119Sn. We determine the necessary source
parameter χnecsource to reach nuclear inversion as a function
of the free-space beam spot size w0 for each of these
isotopes. For comparison, we further indicate the source
conditions available at the European XFEL [73–76] and the
projected conditions at the planned oscillator upgrade [77]
(detailed data tables are provided in [58]).
Results are shown in Fig. 4. As a reference, panel

(a) illustrates the case without cavity environment, for
which χnecsource ∝ ωnuc. In the relevant hard x-ray energy
range, nanofocusing setups at EuXFEL beamlines currently

offer spot sizes down to about 40 nm [75] (vertical dashed
line). At this focusing strength, present-day beam con-
ditions at EuXFEL are still far below the requirements for
full inversion. However, XFELO conditions [77] already
approach the required χsource values and significant σz can
be reached, indicating the onset of the nonlinear regime.
Panel (b) shows corresponding results with waveguide

enhancements. We optimized the cavity structure for
maximum excitation enhancement at each spot size using
the algorithm developed in the companion paper [58]. The
optimization considers the thicknesses of the top cladding
layer and the two carbon spacer layers in a five-layer stack
with the resonant isotope (57Fe as a concrete example
in Figs. 2 and 3) in the center, a selection of cladding
materials, as well as the incidence angle and the focal spot
depth. Further details on the computational approach to the
optimization are provided in [71]. We see that the cavity
enhancement indeed allows one to reduce the source
requirements, such that the projected XFELO parameters
even exceed the requirements for inversion with 187Os and
169Tm. The improvement by the cavity is quantified in
panel (c), which shows the ratios of the required source

(a) (b) (c)

FIG. 4. Parameter maps characterizing achievable conditions (including achievable excitation and radiation damage for different
sources and isotopes) with (a) and without (b) cavity. Inversion conditions: the plots do not only show the result for a given x-ray
source and isotope, but instead allow to read off the excitation for any given conditions. To this end, the y axis depicts the necessary

source requirement χnecsource ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Enec
pulse=b

nec
r

q
, with Epulse the pulse energy and br the relative bandwidth. For a given isotope and spot size

w0 (x axis), one can then compute the χnecsource via Eq. (3). Examples for the isotopes 57Fe, 187Os, 169Tm, and 119Sn are shown as colored
lines in the parameter space (see legend). These lines indicate how large the source parameter of a given source would have to be to reach
full inversion at each spot size. In (a), the results are based on analytic formulas. In (b), the cavity environment was optimized at the spot
sizes indicated by the dots, using the formalism developed in [58]. Actual excitation: to obtain the actual achievable excitation, one has
to compare to available source parameters χsource. The case of the EuXFEL (red) and the EuXFEL with the upcoming oscillator upgrade
(green) are shown as horizontal dash-dotted lines. At the point where these lines cross the χnecsource lines—as well as the areas below (for
lower χnecsource)—for each isotope, full inversion is predicted to be feasible. Above these lines, lower excitation is achieved according to
σz ¼ − cos ðπχsource=χnecsourceÞ, which is shown as a white-to-green and white-to-orange color map for the EuXFEL and EuXFELO,
respectively. Again, these color maps characterize all possible isotope conditions for the given source. The actual excitation value for a
given isotope then has to be read off at the location of the χnecsource line. Radiation damage: an additional quantity of interest is the x-ray
fluence per pulse bandwidth at the sample (a) or cavity surface (b), which allows to estimate the radiation damage on the targets for the
given conditions. Similarly to the color maps of the excitation, this quantity is shown as dotted contour lines on the parameter map
(numbers on the contours in units of ðμJ=μm2 meVÞ). Actual fluences are obtained by multiplying this value with the absolute source
bandwidth. Cavity enhancement: panel (c) additionally shows the cavity enhancement factor for the isotopes and optimized cavities
in (b). The error bars quantify the dependence of the enhancement on the precise optimized structure (see main text), quantifying
manufacturing imperfections.
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parameters with and without cavity. It also includes error
bars that quantify the dependence of the enhancement on
imperfections in the optimum cavity structure. For this, we
randomly modified the top-layer and the two spacer-layer
thicknesses with imperfections drawn from a Gaussian
distribution of 0.3 nm width. Repeating this 250 times
yields a histogram of enhancements, the standard deviation
of which quantifies the stability of the cavity enhancement
against manufacturing imperfections, and is the quantity
shown as error bar in panel (c). We see that enhancements
in the pulse area are possible even at substantial focusing.
Note that away from full inversion, which presently is
experimentally most relevant, the excitation scales quad-
ratically with the pulse area, such that nonlinear effects are
enhanced quadratically.
A further important practical question is whether the

target can survive possible radiation damage. To this end,
Fig. 4 also shows the fluences per pulse bandwidth on
the sample surface. Damage thresholds of materials in
the x-ray regime have been much investigated (see, e.g.,
[78,79]) and typical values in combination with Fig. 4
indicate that experiments may be feasible depending on
the level of monochromatization. Alternatively, the small
focal spot can be scanned across the cavity surface from
pulse to pulse. In any case, the focusing strength plays a
crucial role with regards to practical feasibility: a stronger
focus is necessary for strong excitation, but simultane-
ously increases radiation damage. Figure 4 shows that
cavities can further help in this regard, since in free space,
the fluence contours have the same slope as the excitation
contours, but for the optimized cavities, the slope of the
latter is changed.
In summary, we have shown that optimized thin-film

cavities provide means to significantly boost Mössbauer
nuclei toward the nonlinear optics regime even for tight
focusing. The enhancement can be interpreted as a longi-
tudinal compression of the pulse via multipath interference
in the cavity. In this sense, cavities are complementary to
focusing techniques, which provide a transversal compres-
sion of the light field. We find to achieve significant
enhancements down to 40 nm focusing, special optimized
cavities structures are necessary. With planned upgrades to
currently available sources, the resulting enhancement
enables excitation of nuclei into the nonlinear regime.
In particular for the isotopes 187Os and 169Tm, inversion is
predicted to be achievable and 57Fe—the workhorse
of Mössbauer science—is boosted to significantly non-
linear excitation fractions. Our results thereby outline a
road map for further source developments and experimental
efforts. Progressing beyond the state-of-the-art linear
regime [16–22,24,28] would then allow one to access an
unexplored parameter regime, including the impact of the
electronic, phononic, and thermal environment on the
nuclei, and potentially enable the creation of correlated
x-ray photons [35–37].

The software and figures in this Letter made use of
the NUMPY [80], SCIPY [81], and MATPLOTLIB [82]
software packages.
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End Matter

End Matter—To supplement the discussion in the main
text, Fig. 5 shows analogous results to Fig. 4 for a fixed
cavity. That is instead of optimizing the cavity structure
for each spot size, the behavior of the cavity optimized
for a spot size of 40 nm is investigated. In this case, the

cavity enhancement levels off more rapidly, such that the
necessary source parameter scales the same way as the
radiation damage starting at a spot size of around 70 nm.
This observation further illustrates how optimized cavities
can be useful to mitigate radiation damage.

(a) (b) (c)

FIG. 5. Source requirements for a specified cavity. This figure is analogous to Fig. 4, involving the same panels (a)–(c) but uses a
single cavity geometry optimized for a spot size of 40 nm focusing instead of at each spot size in order to illustrate the behavior of
the cavity structures discussed in the main text.
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