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Diagrammatic Derivation of Hidden Zeros and Exact Factorization
of Pion Scattering Amplitudes
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Pion scattering amplitudes were recently found to vanish on specific kinematic loci, and to factorize
close to these loci into a product of two lower-point amplitudes of an extended theory. We propose a
diagrammatic representation of pion amplitudes that makes their vanishing on the loci manifest diagram by
diagram. Moreover, we provide evidence that there is a closed-form expression for the amplitudes that
generalizes the near-zero factorization in an exact manner, not only close to the loci but for all kinematic
configurations. Our approach crucially relies on a novel formulation of the effective field theory of pions, in
which tree-level scattering amplitudes are extracted from classical field equations for a set of covariantly
conserved currents and emergent composite gauge fields.
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Introduction—The theoretical study of pion physics
combines a veritable past with an exciting present. In
the massless limit, pions arise as Nambu-Goldstone (NG)
modes during spontaneous symmetry breaking [1-4]
and are described by a nonlinear sigma model (NLSM).
From the 1960s onward, many interesting properties of
their scattering amplitudes were unveiled, starting with
the identification of the Adler zero in the soft limit [5]. In
the subsequent decades, the NLSM appeared in many
intriguing theoretical developments, including, e.g., the
double-soft limit [6-8], the double-copy prescription
[9-12], and the Cachazo-He-Yuan formulation [13,14].
The latter allowed an identification of the leading soft
behavior of the scattering amplitudes in the NLSM in terms
of an extended theory dubbed NLSM + @3 [15,16].

A crucial ingredient of the NLSM is the adjoint nature
of pions under the global symmetry group. This allows for
the decomposition of (tree-level) pion scattering amplitudes
into so-called partial amplitudes with a specific flavor
ordering [17]. The cyclic nature of the n-point (n-pt)
partial amplitude can be highlighted by representing the
n particles in the scattering process with n points on a
circle. The kinematics of the scattering is captured in a
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Lorentz-invariant manner by the Mandelstam variables,
sij.c=(pi+pj+-+ps)? where pf, i=1,....nare
the particle momenta, chosen by convention to have equal
orientation with respect to the scattering zone.

A surprising feature of pion scattering was discovered
in [18] using the “surfaceology” formalism of [19,20]. (See
also Refs. [21-24] for related work.) Pick two particles 1, k
with k€{3,...,n—1}. This splits the remaining n —2
pions into “upper” and “lower” subsets:

upper

lower

Then, define a particular kinematic locus as the subset of
the kinematic space where all Mandelstam variables pairing
one upper and one lower particle vanish,

5;;=0 Vie{2,...k=1}, je{k+1,...n}. (2)
At this locus, the partial amplitude for the ordering implied
by (1) vanishes. This property has become known as a
hidden zero. In the special case of k = 3, it recovers the
standard Adler zero. The latter itself can be understood as a
consequence of the spontaneously broken symmetry of the
NLSM. However, a similar symmetry argument for the
more general hidden zeros is currently not available.

The first main result of this Letter is a novel framework
for pion scattering amplitudes that makes the hidden zeros
manifest. Namely, we develop a diagrammatic representa-
tion of tree-level amplitudes in which they vanish on the
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locus (2) diagram by diagram. The basic ingredients of our
approach are supplied by the Maurer-Cartan (MC) form
descending directly from the spontaneously broken sym-
metry. These enter the classical equations of motion (EoM)
of the NLSM, from which the amplitudes follow via
Berends-Giele recursion [25].

As stressed in [18], the study of zeros provides a
complementary view of scattering amplitudes, which are
traditionally thought of in terms of poles instead; the
latter define factorization channels where the amplitude
decomposes into a product of lower-point amplitudes.
Remarkably, the kinematic loci (2) also give rise to
factorization. Namely, in the near-zero limit, retaining only
terms linear in the locus variables, the amplitude splits into
a product of two lower-point amplitudes. For k = 3, this
builds on the identification of the leading contribution to
the amplitude in the soft limit as the (n — 1)-pt amplitude of
the NLSM extended with a ®* coupling [15].

Our second main result is that, for any £, the factorization
defined by the kinematic loci (2) can be made exact, to all
orders in the locus variables, provided one subtracts a
specific set of exchange diagram contributions. Our dia-
grammatic approach helps to make the exact factorization
property transparent [26].

Covariant formulation of NLSM—We start with an
effective theory of NG bosons on an arbitrary symmetric
coset space G/H [28]. The NG fields =%, one for each
broken symmetry generator Q,, are encoded in a coset
representative U(z) € G. This leads to the MC one-form,
U'9,U=wi0,

C()ME—

+ Al Qo (3)

where Q, is the set of (unbroken) generators of H. To
determine the precise dependence of the MC form on the
NG fields requires a specific choice of U(x). One can,
however, always ensure that upon power expansion in z¢,

w4 = 0,1 + O(n*0,7), AY = O(mo,m).  (4)
Under symmetry transformations from G, wj, behaves as a
covariant vector field, whereas A;j is a composite H-valued
connection. The latter can be used to construct the covariant
derivative D,wy, and the field strength F},, in the usual
manner. These satisfy the constraints

>

D, — D,w;; =0, F&, = f%,0lw), (5)
stemming from the MC  structure  equation,
d,w, — 0,0, +ilw,, w,] = 0, where f¢, are the structure
constants of G.

At the leading order of the derivative expansion of the
effective theory, the EoM for the NG fields z¢ amounts to
the covariant conservation law D, = 0. Combining this
with (5), we arrive at second-order equations for the

covariant “current” wj; and the composite connection Ay,

Dza),‘j—i—fbfcdwa) w =0,
D, F% +f‘;b(D”wﬂ)a)b” =0. (6)

These equations constitute the backbone of our approach to
the NLSM. Their key features are that they are explicitly
agnostic of the choice of parametrization of the coset space
and, unlike the standard Lagrangian formulation of the
effective theory of NG bosons, only include a finite number
of interactions. While (6) holds for any symmetric coset
space, we will from now on specialize to the chiral coset
spaces G/H ~ SU(N), x SU(N)g/SU(N)y as appropriate
for the NLSM describing pion physics.

Tree diagrams and effective vertices—The classical
equations (6) can be used to generate tree-level pion
amplitudes in a Berends-Giele fashion. Namely, solving
the equations iteratively in presence of sources J¢ for
asymptotic one-pion states gives the one-point function
(wg);. This can be converted to on-shell amplitudes
following the Lehmann-Symanzik-Zimmermann (LSZ)
reduction.

The rules of the game are as follows [29,30]. Each term
contributing to (wj;),; can be represented by a rooted tree
graph, with one external leg (roof) corresponding to @y
itself. All the other n — 1 legs (leaves) carry the external
source. The branching of the graphs is controlled by the
nonlinear terms in (6), whose Feynman rules are summa-
rized in Appendix A. Upon LSZ reduction, each external
leg carries an on-shell momentum p¥. To connect correctly
the composite field w;; to asymptotic one-particle states,
each external leg has to be dressed with a polarization
vector €!(p;). The polarizations of the root and leaf legs
are, respectively,

U
doalp) =i dlp) =ip ()

q-p
Here, ¢* is an arbitrarily chosen auxiliary vector. This
enters individual diagrams but will drop out of the final
result for the on-shell amplitude. Finally, to agree with
conventions used in the literature (see, e.g., Ref. [6]),
we add an overall minus sign for amplitudes of all
multiplicities.

Importantly, the composite gauge field A7 does not
couple to asymptotic one-pion states but only enters the
amplitudes through internal propagators. All external legs
of relevant graphs are of the wj; type. This allows one to
package certain sets of (sub)diagrams into effective vertices
of even multiplicity. Thus, at 4 pt we define

2 2
2 2
1 3
1—@%35 1%34_ 4<< + 1%3
4 4 4 4
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with solid lines representing the covariant current wj and
wavy lines the composite connection Ay. Converting from
structure constants of the chiral symmetry group to the trace
basis with the associated flavor ordering (see, e.g.,
Ref. [11]), we get an effective rule for the 4-pt vertex,

Va(1,2,3,4) = =(1 +2py - (p3 — P4)/534)012034

+ 813054 + mirror. (8)

We used the shorthand notation 6;; =1, " where y; are

Lorentz indices attached to the external legs. “Mirror”
indicates an expression obtained by inversion of the circle
(1) with respect to i = 1, that is i = (1 —i mod n) + 1.
The 4-pt partial amplitude, A4, now follows from
multiplying (8) with the polarization vectors (7) for external
particles and taking the on-shell limit. This results in

Ay =54

4 (atpstpd) )
q-Pi

Moving on to 6 pt, there will be diagrams that can be
composed of two V,-type vertices. The remaining 6-pt
diagrams are precisely those that only contain Aj-type
propagators. We call such diagrams one-pion-irreducible
(1zD). Collecting all the 1zl 6-pt graphs gives a new
effective contact 6-pt vertex,

V6(1,. ,6)
—(p3=Pa) - (Ps = Pe) +12
+p2-p3(P3+3p4s) - (Ps—pe
012034056
=- —p2-Pa(3ps+ pa) - (Ps— Pe
$34556 X

)

( )
—p2-Ps(P3—p4) - (ps+3pe)
+p2 Pe(P3—pa)- (35 + Ps)

’5 +2636045P2 - (P4 — Ps)/ 545
+=12 < —834056P2 " (P3 — P4)/ 534 >

$3456
—034056P2 " (Ps — Pe)/ Ss6
6140230
214923956 (1, Y- (ps — pe) + mirror. (10)
$23556

Together with exchange diagrams built from the 4-pt
effective vertex (8) this recovers, after attaching the external
polarization vectors and going on shell, the correct 6-pt
partial amplitude of the NLSM.

The same logic carries over to higher multiplicities.
For any even n, there is a class of diagrams that can be
built by combining the lower-point effective vertices
V4, Ve, ..., V. These are complemented by the 1zl
n-pt diagrams, which define a new effective contact vertex,
V.. See Supplemental Material [31] for a compilation of the
effective vertices up to and including Vy.

Hidden zeros from diagrams—Because of the definition
of the root polarization vector in (7), the numerator of
any amplitude is a linear combination of ¢g- p; where
i =2,...,n. The g independence of the final result for the
on-shell amplitude requires that all the contributions fold
into g - (p, + -+ + p,) so as to cancel the g - p; factor in
the denominator; see (9) for an explicit illustration. This
means that the entire amplitude can be reconstructed by
computing solely contributions proportional to a fixed ¢ -
pr factor. We call the collection of such contributions a
splitting, (1 — k), of the amplitude.

We will now show that choosing a fixed splitting
(I - k) manifests the vanishing of the amplitude on the
kinematic locus (2) defined by the same k. The story will be
clearest for odd k; we will address this case first and then
comment on even k. In both cases, we will focus on simple
illustrative examples, relegating details of the general
argument to Appendixes.

At 6 pt, there is only one type of odd splitting, (1 — 3),
up to cyclicity implied by (1). This splitting does not get
any contribution from the contact vertex (10), and is
determined entirely by diagrams of the V, ® V, type,

2 2
# (v} @*@ O
15 6 54 :

6 4 5

(11)

where the doubled line indicates the splitting. The con-
tributions of the three different diagrams are straightfor-
ward to evaluate using (8), which leads to

A0-3) _ 826(534 + S4s — 535) | 524(S56 + S16 = S15)
6 25126 25156
n (524 + 526) (S45 + 556 — Su6) — 2525546 (12)

25123

where the superscript (1 — k) on the amplitude indicates
the chosen splitting.

Remarkably, each term in (12) vanishes separately on
the kinematic locus (2) defined by the (1 — 3) splitting.
The reason for this is that each diagram in (11) includes a
4-pt vertex that is traversed “diagonally” by the splitting.
The 4-pt vertex (8) then implies that, upon dressing with
polarization vectors, the diagram is necessarily proportional
to some of the Mandelstam variables that define the
(I - 3) locus, as indicated by the dashed lines in (11).
Further illustrative examples are offered by the 8-pt
amplitude; we provide a detailed check of the vanishing
of the 8-pt amplitude on all the loci (2) at the effective
diagram level in Supplemental Material [31].
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The argument is readily generalized to all odd splittings
for amplitudes of any multiplicity. To reach the k leaf from
the root, the (1 — k) splitting must collect an odd number
of 0,; factors with odd i as it traverses the individual
effective vertices. However, the only such factor appears in
the &;3 term of (8). (A detailed proof of the absence of any
other ¢,; factors with odd i is provided in Appendix B.)
Hence, an odd splitting must traverse diagonally an odd
number of 4-pt vertices. This implies that any diagram
contributing to the (1 — k) splitting will be at least linear
in the Mandelstam variables that define the (1 — k) locus.
Thus, for odd splittings, the hidden zeros of [18] are
manifest diagram by diagram.

The situation is more subtle for even splittings. We will
illustrate this on the sole nontrivial even splitting, (1 — 4),
of the 6-pt amplitude, which takes the form

2 3
L} L}
L} L}
6 5 6
2 3 2 3

2 3
oS0
5

- 4
- .
4 -~
4 -

6 5 6 5

826835 (s56 + S16 — S15)(S23 + S34 — S24 B
5126 4s156
825 + 836 — 826 — 835 (s12 + s23 — 513) (845 + S56 — S46)
4 45123 '
(13)

It is easy to check that this equals (12). The first and third
contributions vanish on the (1 — 4) locus. On the other
hand, the second and fourth terms only vanish once
combined together. To see why, note first that 0 = s, =
S12356 = S123 + S1s6, Where = denotes equality on the
kinematic locus. Thus, s,,3 = —s;s6, and the second and
fourth terms in (13) cancel if the numerators of the fractions
equal each other. This follows from s, —s53 =
$3456 — $2456 = S34 — S24, and analogously s45 — 546 =
S1236 — S1235 = S16 — S15. The pattern repeats for higher-
multiplicity amplitudes and (1 — k) splittings with even k.
Some diagrams vanish on the (1 — k) locus manifestly.
Others do not vanish separately, but instead require
cancellation within groups of diagrams of similar topol-
ogies; see Appendix C for further details.

Exact factorization—Not only do NLSM amplitudes
vanish on the kinematic locus (2), but they can be expressed
as a sequence of terms of increasing order in the locus
variables. The constant part vanishes, and the linear part
factorizes into a product of two subamplitudes. The higher-
order parts likewise factorize into well-defined building
blocks. We start with examples, and then formulate a
general conjecture.

We first introduce an “extended amplitude,” which plays
a key role in the factorization for odd splittings. This is an
object with an odd number of external legs, of which all but
three carry pions z¢. The remaining three legs carry other
scalars @“. The extended amplitude is then defined by the
sum over all diagrams of the type

(14)

where the external legs are partitioned into three subsets
of odd size, each of which contains one leaf leg ®“. The
mathematical representation of (partially off-shell) subam-
plitudes A,, with a nonzero number of external pion legs is
constructed using the same V,-type effective vertices as
before, with the choice of splitting (1 — k) dictated by the
doubled lines, attaching polarization vectors, and then
extracting the coefficient of (¢ - py)/(q- pi). The root
leg of each such a subamplitude is attached to the cubic
vertex in the center of (14) by an appropriate propagator.
The central ®3 vertex itself is constant and, by construction,
does not satisfy momentum conservation. The latter feature
accounts for the fact that the extended amplitude only
depends on a subset of the momenta entering the full
amplitude being factorized.

The simplest example of an extended amplitude is the
plain 3-pt vertex with no pion legs, A (1?,2%,3%) =1,
where the superscripts on the arguments indicate the type of
external legs. Further simple examples include

AgXt(lq)? 2(I>, 3”5 4”’ S(D) = ﬁ + ﬁ - 1’
$234 8345
Agm(lq), 2]7," 3113’ 47r7 SCD) — & ,
§234
AGH(19,27,37,4%,5%) = 25 L. 201 (15)
$234 8123

The above-defined extended amplitudes enter the decom-
position of the full partial amplitudes of the NLSM in odd
splittings (1 — k). At 4 pt, this is rather trivial,

AU g A (19,29, 39) A (30, 4%, 19, (16)

The first nontrivial example appears at 6 pt. The partial
amplitude (12) in the (1 — 3) splitting can be written as

AT = A (19.29.3%) 3 sy A (30,0 19),
i=4,5.6
(17)

The individual contributions can be represented graphically
as follows. Take the three diagrams in (11) and split them

181601-4
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along the doubled line, interpreting the upper and lower
parts as extended amplitudes. Taking into account all
possible choices for the external @ legs, we thus get

2 2 2
: :

1 3 1 3 1 3

N, T

6 5 5 4

'
Ge=g=-4

5

TR T

4
6—“—4 + 614
5 5

= 2

X
L

T

as the diagrammatic equivalent of (17). This is an exact
decomposition of the 6-pt amplitude due to our special
choice (14) of the extended amplitudes; a similar expres-
sion appeared in [15] with additional terms.

The factorization for the (1 — 3) splitting follows the
same pattern even at higher multiplicities,

A(l—’3 Aext(l':D 2!1) 3(1))

XY s AN (3%,0%, L 1%). (18)

This is seen from diagram-by-diagram identification

between contributions to the n-pt amplitude AS,I_’3)

and

those to the (n — 1)-pt extended amplitude ASX,, obtained

by erasing leaf leg 2. We have checked the correspondence

for n =8, and for a representative subset of the 88
diagrams contributing to the 10-pt amplitude.

Other splittings than (1 — 3) are more subtle to deal

with. The simplest example, Aél_ﬂl)

2 3
14

, can be written as

Aé1—>4) o

5

6
Z 1(1,2,3,4)A%(4,5,6,1), (19)

with specific expressions for the 4-point amplitudes Af‘
(omitted for the sake of brevity). The main novelty is the
presence of an exchange term on the left-hand side,
expressed in terms of the partially off-shell 4-pt amplitudes
A4. These are now defined by the indicated splitting, and
thus given by (16). Any such exchange contribution is
necessarily at least quadratic in the locus variables.

Another example is provided by the (1 — 5) splitting of
the 8-pt amplitude, with diagrams listed in Supplemental
Material [31]. We again find that the amplitude factorizes
modulo higher-order exchange diagrams,

A" —exch = — Z si; AL, 0%, 5%)
i=234
j=6.18
XAgxt(S‘P“_‘,j(D,...,l(b), (20)

where “exch” stands for

2

' 3‘ '4
=)o +

: 7'1 “6

8

-

-0

defined in terms of partially off-shell amplitudes Agl_& and
(1-4)
Ag

to Aé , with a right-hand side factorized into even
subamplitudes A’ .

The examples we have worked out explicitly naturally
lead to the following conjecture for all multiplicities. The
NLSM partial amplitude A, for any odd splitting (1 — k)
can be represented exactly as

, given by (16) and (19). A similar expansion applies
l—>4)

A7 _exch = — Z s AP, L0

I<i<k
k<j<n

X AN (K1), (21)
The precise form of the exchange terms at higher multi-
plicities remains an interesting open question. For even
splittings, the amplitude factorizes modulo exchange terms
into an analogous expression with even subamplitudes A’,.
However, a general off-shell definition (generalizing the
on-shell results of [18]) of the latter does not appear as
straightforward as in the case of odd splitting.

Discussion and outlook—In this Letter, we have intro-
duced a new formulation of the NLSM, based on a set of
covariant second-order field equations. This gives rise to a
diagrammatic representation of tree-level scattering ampli-
tudes that manifests the recently discovered hidden zero
structure of the amplitudes [18]. Our framework also
naturally leads to a conjecture for an exact expansion of
partial amplitudes in terms of the kinematic locus variables,
whose leading, linear part manifests the near-zero factori-
zation of partial amplitudes into a product of two lower-
point amplitudes of an extended theory.

Operationally, our main tool was the choice of splitting
(1 > k) of the partial amplitude. This can be used to
highlight the properties of amplitudes in specific regions
of the kinematic space. Thus, for different k, our
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conjecture (21) gives different decompositions of the same
amplitude that manifest its asymptotic behavior near the
respective kinematic loci (2).

We note that our formulation of the NLSM is similar in
spirit to that of [30], which is based on the EoM for the
adjoint flavor current of the NLSM. The latter is related by
an off-shell mapping to the biadjoint scalar theory. Our
setup is instead related by an off-shell mapping to the Yang-
Mills-scalar (YMS) theory [13]. This follows from (6),
whose structure is mathematically identical to the field
equations of the YMS theory.

Our Letter opens several possible avenues for future
research. First, the manifestly geometric structure of the
field equations (6) underlines the position of the NLSM in a
web of exceptional scalar effective theories, including the
(multiflavor) Dirac-Born-Infeld (DBI) theory and the spe-
cial Galileon (sGal) theory. Unlike the NLSM, whose
interactions include the exchange of a composite gluon
by virtue of its mapping to the YMS theory, these other
theories include coupling of the scalar matter to a
composite graviton. Using the classical EoM, the relation-
ship between the YMS theory, the NLSM, the DBI theory
and the sGal theory can be made precise at the level of both
scattering amplitudes and exact classical solutions.

Furthermore, it is known that the YMS theory admits
higher-derivative double-copy compatible corrections
[32,33]. There are indications that YMS + o' and NLSM -+
o are related at the amplitude level [32,34]. It would be
interesting to explore the possibility of a mapping between
YMS + o and NLSM + ¢« at the level of EoM, in the spirit
of the present formulation.
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End Matter

Appendix A: Feynman rules from the equation of
motion—Expanding the covariant derivatives in (6), the
equations can be cast in a form suitable for iteration,
Oof = 2f4, Al o, d

faLf/}hAaDA fah CU a)”“a)

DA% = f,0™ 0,08 + f4 (240 Al —A/”a AT
— fje iéA’/fAWAZ - aLfﬁbAgw wy, (A1)
where we used the Lorenz gauge, 0A; =0, for

simplicity. In momentum space, the d’Alembertian
operator on the left-hand side translates into a —1/p?
propagator for any internal line of a diagram. The
interaction vertices, extracted from (Al), read

bv
p
ap = 72i77;u}f((:bp>\ 5
al
aKR
9% 4% by = —nwnm(fgcfgb + fgcf;b) ’
BA
bv
aj % ck = — fopfea(Muatve — Nurlvr)
- fgcf(?b(ﬂ,j,ﬂ]m\ - 7];L>\nul<)
d

A - gdfbofz("hmﬂuA - Uuunm\) s

av

p
an = +ifgnwa (p - Q)/m »
q
bA
B
p
ap = +if[?'y [2(77;”/]7)\ - 77;Lz\‘]u)
q = AP — )ul,
YA
B
ap Wé’\ Th= — f,gsf'?é(nu/\num - 77;/,n771//\)
- ffylsfgﬁ (T/W/r/n)\ - T];t)\T,UH)
oA - féofaf,g'y (T/MH"IVA - 7]/41/7);4)\) ,
ap
ak M<A BA= _nHVnNA(f:cfgb + fﬁfﬁa) )
bv

Solid lines represent the covariant field w?, whereas
wavy lines represent the composite gauge field Aj. All
momenta indicated with labels p, g are oriented from
the leaves to the root, i.e., from right to left.

Appendix B: Absence of odd 6,; terms in effective
vertices—In proving the existence of hidden zeros diagram
by diagram for odd splittings, we used the observation that
the §;53 term in (8) is the only contribution among all the
effective vertices V/,, containing &;; with an odd i. To see
how this comes about, recall that only Izl diagrams
contribute to the effective vertices, and thus in any V, with
n > 6, the root leg is directly connected to a leaf leg by a
vertex of type —< or of type —% The former will give
either 6;, or 8;,. The latter will always give §;; with even
i, since each internal gauge field propagator eventually
branches into an even number of leaf legs. Note that the
above argument relies on the explicit form of Feynman
rules listed in Appendix A, whereby the two relevant types
of vertices both contain a factor of 7, that couples the
indices of the two solid lines.

Appendix C: Hidden zeros of even splittings—In the
main text, we illustrated the vanishing of partial
amplitudes of the NLSM on the kinematic locus (2) for
even splittings (1 — k) by a simple example. Here we
outline the general argument.

To start with, consider a single effective vertex V, lying
on the splitting route doubled line in our diagrams) of a
diagram. Recall from Appendix B that for n > 6, the root of
the vertex must be attached to it via — or —& The
Feynman rule for the latter includes the factor #,;, which
eventually translates to a set of dot products of momenta
above and below the splitting route. Such a dot product also
results from the §;39,4 part of the V4 vertex (8). This leads
to the key observation that upon dressing with polarization
vectors, any diagram with an effective vertex traversed by
the splitting route vanishes on the corresponding kinematic
locus (2) unless the splitting route enters and leaves the
vertex via two adjacent legs; see (13) for an example.

Most diagrams will contain at least one vertex that is
traversed by the splitting via nonadjacent legs; these
diagrams vanish separately on the kinematic locus. The
remaining diagrams are those where all (other than
doubled) legs in each individual vertex lie either above
or below the splitting route. These can be subdivided into
groups of diagrams with similar topologies, only differing
by the order of effective vertices along the splitting route.
We will now demonstrate that the sum of diagrams within
each such group vanishes on the kinematic locus.

The argument consists of two separate claims. First, the
numerators of all diagrams within a given group coincide
on the kinematic locus. Let us start with a simple example,
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illustrating the general pattern on the (1 — 4) splitting of
the 8-pt partial amplitude. For the sake of illustration, we
choose a single group of diagrams (out of the complete list
of diagrams contributing to the 8-pt partial amplitude in this
splitting, which we include in Supplemental Material [31]):

2 3 2 3
8 76 5 8 7 6 5
2 3
8 76 5

Using (8), the contribution of the V, vertex coupled to the
two upper legs to the numerator of each of the three
diagrams is proportional to

(C1)

2 3

. ‘ of ¢ Murua (823 +2Q - (p3s — p2))

= Nupue (523 +2ps - (p3 — p2)) -

M2 3
€97€3

(€2)

For the diagrams in (C2), the momenta (P,Q) equal,
respectively, (p1,ps—+-+pg), (P7+ps+P1.Pa+Ps+Ps),
and (ps+ -+ py, ps). On the (1 — 4) locus, the numer-
ator takes the same value for all three diagrams. Similar
logic applies to the numerator contributions of the two V,
vertices in (C1) coupled to the four lower legs.

We now outline a general proof of the equivalence of
numerators within a group of diagrams related by a
permutation of effective vertices along the splitting route.
Generalizing the notation in (C2), we represent a single
vertex on the splitting route by the following diagram (the
argument for vertices whose all other than doubled legs lie
below the splitting route is analogous):

lg ... dopoa
{0

As the vertex is swapped with other vertices along the
splitting route, the momenta P, Q will change but the rest
of the vertex (including any subdiagrams attached to it via
the black legs) will remain the same. We want to show that
the change in P, Q will not affect the value of the vertex
on the kinematic locus (2).

It follows from the Feynman rules listed in Appendix A
that the contribution of the V,, vertex is given by 7,,, 0

(C3)

times a rational function of the momenta p; , ..., p;, , and
Q. The denominator of this function does not contain Q;
cf. the expression for Vg in (10). Also, the V,,, vertex is a
linear function of Q, which eventually appears in a dot

product with one of p; with k =2,...,2n — 1, or with the
momentum of another external leg, connected to V,, by a
propagator on an i; leg. Finally, observe that as V,, is
moved along the splitting route, Q will only change by a
linear combination of momenta below the splitting route.
This guarantees that on the kinematic locus (2), the
contribution of the vertex will not change. By a trivial
extension of the argument to all vertices on the splitting
route, we conclude that the numerators of diagrams differ-
ing by a mere permutation of vertices along the splitting
route are equal on the locus.

The second issue we have to deal with is that, even with
equal numerators, the denominators of diagrams related by
a permutation of effective vertices along the splitting route
differ. However, within a single group, the (products of)
propagators add up to zero on the kinematic locus. Let us
first illustrate this on the diagrams shown in (C1). Here, the
propagators of the diagrams add up to

1 1 1
- -

5123512378

5178512378 $178515678
R 1 1 1

Cosis(s103 + S178)  S17s(S123 + S178)

1 < 1 1 >
= [—+ .
$178 \S123  S15678

On the (1 — 4) locus, the expression in the parentheses is
proportional to 5153 + S15678 = S1235678 = 4 = 0, in accord
with the expectation.

In general, the clustering of the external legs above and
below the splitting route into effective vertices defines an
ordered partition U = {u, u,,...,1,} of length u of the
set {2,3, ...,k — 1}, and a partition D = {d;,D,, ..., D} of
length d of the set {n,n—1,....,k+ 1}. The set of all
diagrams in a single group maps to the elements of the
shuffle product U w D such that the relative ordering
within each of U and D is maintained. The sum of
denominators of the diagrams in the group then corre-
sponds to the left-hand side of the following identity,

>

celUwD r=1 slU;,zlﬂw

$178515678

(C4)

u+d—1 1

u—1 d—1
o 1 < 1 n 1 > (C5)
STV P £ (VAN M C ) (VAT VE (VA
where s, denotes the Mandelstam variable with labels
{1} U, and o, is the wth element of o6 € UwD. The
expression in the parentheses on the right-hand side
vanishes on the (1 — k) locus, being proportional to
S1ue_u, T S100 s, = S{1np\{t} = Sk = 0. This completes
the proof of the vanishing of partial amplitudes of the
NLSM on the kinematic locus (2) with even k.
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