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We study the giant graviton integrated correlator in SU(N) N =4 super-Yang-Mills at finite
complexified coupling 7. Despite the formidable complexity arising from the heavy nature of the operators
considered, the large-N expansion simplifies dramatically and exhibits manifest modular invariance. At
each order in 1/N, the expansion coefficients are linear combinations of nonholomorphic Eisenstein series,
thus capturing the full spectrum of perturbative and nonperturbative effects in the Yang-Mills coupling.
Furthermore, we find additional contributions, which are modular functions exponentially suppressed in N.
In the "t Hooft limit, this yields an all-orders result in the 1/N expansion at arbitrary coupling 4, extending
beyond prior results of leading orders. For the U(N) theory, we obtain a closed-form expression valid for all
N and 7 and show that the coupling-dependent sector of the large-N expansion is universal between SU(N)
and U(N) to all orders. Crucially, we exploit the integrated correlator constraints and determine the giant
graviton correlator itself to two-loop order at finite N, previously only accessible in the planar limit.
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There has been great interest in the study of correlation
functions in A/ =4 supersymmetric Yang-Mills (SYM)
theory. Via the AdS/CFT correspondence, these correlators
are holographically dual to superstring scattering ampli-
tudes in AdS and have provided deep insights into super-
string theory in various regimes. Traditionally, such
quantities have been studied perturbatively in the large ’t
Hooft coupling expansion [1-8]; see also Refs. [9,10]. The
introduction of integrated correlators [11,12] (see Ref. [13]
for a review), combined with powerful arguments coming
from S duality [14-18] and the mathematics of nonholo-
morphic modular functions, has since made it possible to
access exact, nonperturbative properties of these physical
observables [14,15,19-21].

In this Letter, we study correlators in A" = 4 SYM with
gauge group SU(N) and U(N) involving two light super-
conformal primary operators in the stress-tensor multiplet
and two heavy operators corresponding to sphere giant
gravitons, whose conformal dimensions scale as N
[22-25]. We refer to these quantities as giant graviton
heavy-heavy-light-light (HHLL) correlators. The giant
gravitons here considered are holographically dual to the
D3-branes wrapping part of the underlying S° geometry.
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One can also consider the D3-branes wrapping part of the
AdSs geometry as discussed in Ref. [26]. These HHLL
correlators can then be interpreted as scattering amplitudes
of two gravitons off D3-branes, thus making these correlators
of crucial importance for probing D-brane dynamics in AdS.
From a quantum gravity point of view, giant gravitons probe
intermediate scales sitting between perturbative (super)grav-
iton states and black hole states. This fact has already been
appreciated in the study of the superconformal index of
N =4 SYM which admits an expansion as a sum over
sectors with different numbers of giant gravitons [27,28]. The
fluctuations in each sector have a semiclassical interpretation
onthe dual gravity side; see, e.g., Ref. [29]. Furthermore, since
giant gravitons are constructed as determinant operators they
can be thought as being part of the baryonic sector of N = 4
SYM, closely related to baryons in large-N QCD [30] and
their geometric AdS/CFT realization [31].

Compared to correlators of operators with fixed dimen-
sions, much less is known about giant gravitons. Even in
free theory, the calculation of giant graviton correlators
already exhibits considerable combinatorial complexity
due to the large dimension of such operators (see, e.g.,
Refs. [25,32-37]). Quantum corrections to giant graviton
HHLL correlators have so far only been obtained in the
leading large-N limit, where results have been derived at
weak coupling up to two loops [35,38,39], while at strong
coupling only the leading order is known [40,41].

Thanks to a clever use of supersymmetric localization and
matrix model techniques, it was shown in Ref. [42] that one
can go much further and obtain exact results for integrated
giant graviton correlators in the ’t Hooft large-N expansion.
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However, unlike integrated correlators of light operators
which have been solved exactly at finite complexified
coupling 7 and arbitrary N [16,17,43], the giant graviton
integrated correlator has proven to be much harder, and all
existing results for this quantity have so far been restricted to
the ’t Hooft large-N limit [26,42].

In this Letter, we finally obtain exact solutions for giant
graviton integrated correlators valid at generic Yang-Mills
coupling 7, including all perturbative and nonperturbative
effects and manifesting modular properties. Our results
hold to all orders in the large-N expansion for the SU(N)
theory, while in the U(N) case we provide a particularly
simple expression valid for generic N.

What makes the final result more striking is that
instanton effects in the presence of higher-dimensional
operators are not known in general, and the dimension-N
nature of the giant graviton means the localization compu-
tation grows rapidly in complexity with N. Since our results
are exact in 7, they fix the ’t Hooft large-N expansion to
arbitrary order, extending the results of Ref. [42]. Our
analysis provides exact constraints for the “unintegrated”
giant graviton correlator. Utilizing these constraints, we
determine the correlator up to two loops for general N, a
quantity so far only known at large N.

Giant graviton integrated correlators—We study the
HHLL correlator given by

(D(x1, Y1)D(x2, Y5)Os(x3, Y3)Os(x4, ¥4))
(D(x1,Y)D(x3, Y3)) ’

()
where x; are spacetime coordinates and Y; are SO(6), null

vectors. The giant-graviton determinant operator D and
single-trace operators O, are defined as

T(xi’ Yl) =

Dlx, ¥) = det|, (x)Y"], 2)
O, (x,Y) = tr[®@ (x)--- @ ()]Y"--- Y. (3)

The operator O, has scaling dimension A, = p, while the
operator D has Ap = N thus becoming heavy at large N. In
this limit, D can be interpreted holographically as being
dual to a D3-brane [22-25]. Superconformal invariance
[44,45] constrains (1) to

T(x;,Y;) = free part + Z4(x;, Y))T 5(U,V;7), (4)

where the prefactor Z4(x;, Y;) is fixed by kinematics. The
reduced correlator 7 5 (U, V;7) encodes all of the dynam-
ics, depending on the rank of the gauge group N, the cross
ratios, and most importantly the Yang-Mills coupling:
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The giant graviton integrated correlator, Cp(z;N), is
defined by integrating out the coordinate dependence of
the reduced correlator against a supersymmetry-preserving
measure whose explicit form is found in Refs. [11,12].
Importantly, this integrated correlator can also be computed
from the $* partition function of V' =2* SYM via

T,N) = :
D aDO@ log Z<T, T/a m) 7=0,m=0

Here Z(z,7’,m) denotes the N' = 2* sphere partition func-
tion deformed by higher-dimension operators O, with p # 2
defined in (2) with couplings 7/,, which we write concisely as
7 in Z(z, 7', m). From supersymmetric localization [46], this
partition function reduces to the matrix model integral,

Z(T’ T,’ m) = / dy(ai)|zclassic ((1,-; T, T/)|221—100p<ai; m)
X |Zinst(ai;m’r7 Tl)|2' (8)

The integration variables @; € R withi = 1, ..., N are uncon-
strained for the U(N) gauge theory, while they satisfy
SN ,a; =0 for SU(N). In both cases the integration
measure is dv(a;) = dVa[];.; aj;.

To compute the giant graviton integrated correlator using
localization matrix model as in (7) we need to insert the
determinant operators via the action of dp (and its con-
jugate 0dp). In the matrix model, this is realized by
expressing the determinant operator in terms of trace
operators of dimension N, i.e., (tra”, tra¥"'tra,...), as
well as lower-dimensional operators which must be
included via a Gram-Schmidt process [47], due to the fact
that on S* operators with different dimensions mix. Trace
operators can then be expressed in terms of derivatives with
respect to 7' and 7. For example, for small values of N in
SU(N) we have

10, 3 10
N=2dp=—-—L-1; N=3:0p=-—;
PT 2in 4 P73
10 1 & 50, 75
N—=40n——a - % 2% 17 9
P 4in? " 8 (in)? 16ir | 64 ®)

Similar expressions can be obtained for U(N), although we
stress that in the U(N) theory one must also include the
operator O; via d,, vanishing otherwise in SU(N). The
complexity of dp grows extremely rapidly with N, hence
imposing further obstacle to obtaining exact results in the
large-N expansion.

We now comment on the individual contributions
appearing in (8). The one-loop determinant Z;_j,,, i8 not
affected by the insertions of higher-dimensional operators
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and therefore is independent of 7’; the classical action
Z jassical does depend on the higher-dimensional coupling
7/, but in a trivial manner. Finally, the instanton contribution
Z,s [48] may be extracted from [49,50], and it depends on
7/ with increasing complexity as the instanton number
grows larger. Therefore, the action of the 7),-derivatives in
Op, as in (9), on Z,ica SiMply induces the insertion of
tra’; however, its action on Z; is highly nontrivial,
becoming unyielding at large N. In Supplemental
Material [51] the reader can find expressions for Z;_jop,
Z lassical» and the one-instanton contribution to Z,.

Despite these difficulties, by exploiting S duality of
N =4 SYM [58], we show that not only can we obtain
Cp(z;N) but that the final result takes an unexpectedly
simple form to all orders in the large-N expansion at
generic 7, containing all instanton contributions.

Exact solution for the SU(N) giant graviton integrated
correlator—For generic N and 7, as verified in many
nontrivial examples, integrated correlators of half-BPS
operators can be expressed in terms of a two-dimensional
lattice-sum representation [16,17]. This formulation man-
ifests several important properties of these correlators, in
particular, their modular structures. A consequence of the
lattice sum representation is that the SL(2,Z) spectral
decomposition of the integrated correlators is free of Maass
cusp forms and therefore takes the form [59,60]

Colr:N) = CN) + | 2 gn(5)(25 = 1V (i),

(10)

where C(N) = lim,_,; gy(s) is independent of z. The entire
dependence from the coupling is carried by the non-
holomorphic Eisenstein series E*(s;7) = E*(1 — s;7),

E*(s;7) = E(28)75 + E(2s — 1)z)™*

n Ze2nikrl 2\/1.—2|k|s—%gl_2s(k)KS_%(2ﬂ|k|Tz),
k20

(11)

where £(s) = 77%/?T'(s/2)¢(s) = &(1 — ) is the completed
zeta function, o4(n) = >_,, d* is the divisor sigma func-
tion, and K(z) denotes a modified Bessel function of the
second kind. The kth Fourier-mode corresponds to a k-
instanton contribution. Equation (10) makes manifest the
SL(2,Z) invariance and contains all perturbative and
instanton contributions. Importantly, the spectral overlap
gy(s) is reflection invariant, i.e., gy(s) = gy(1 —s), and
can be determined by comparing (10) with the purely
perturbative expansion of the integrated correlator obtained
from the supersymmetric localization matrix model, which
takes the form

Cp(7;N)

| _N3C(3)/1_[3N(N+1)2+2
pert =T 2 N(N +1)
(N? = 1)(N +2)] 15¢(5)A?
N(l—(—N)N“)] 3274

(12)

where 2 = Ngi,. We see that the two-loop result naturally
splits into two parts, one of which is proportional to 1/[1 —
(=N)N*+1] and is therefore exponentially suppressed in the
large-N expansion. We have verified that the same structure
persists at higher orders [61].

In view of this structure (12) (and its higher-order
analogy), we express the spectral overlap as the sum of
two contributions,

an(s) = g (s) + g3 (s). (13)

Using (11), we evaluate the perturbative expansion of the
spectral integral (10) and identify g](y(s) and g,(?)(s)
respectively as the parts of the spectral overlap responsible
for the rational contribution in N and the term proportional
to 1/[1 — (=N)"*!] in the expansion (12).

By exploiting the matrix model (8), we obtain an exact
result for gg\})(s) = fn(s) + hy(s), where

fN(S):Sirll\gizS)3F2(l_N’l_s’s;2’2;l)’ (14)
,F, (—N s N - s ) (N+>
sin(zs)(1 —2s>(1 _'_#)s
+(S<—> l—s)' (15)

hy(s) =

Note that fy(s) = fy(1 —s) so that the partial spectral
overlap is reflection invariant gg\,l) (s) = 5\})(1 — ). For
s €N, we find that gﬁ)(s) has the following structure:

9 (s) =

(N=-D(N +2)(N +1)* 3Sz_:gc.(s)N", (16)

1- (_ N)NH par
where gf\?)(2) = 0. While it is straightforward to compute
91(3) (s) for a given s €N, a general closed-form expression
remains out of reach. Nevertheless, the key observation is
that gl(\f)(s) is responsible for producing the factor 1/[1 —
(=N)N*1] as in (12), rendering it exponentially suppressed
at large N—precisely the regime relevant for giant grav-
itons analyzed in the next section.

We have verified (10) through 12 loops in perturbation
theory using Z;_j,,, via the “full algebra method” [62], and
at the one-instanton level for all N <10 using the one-
instanton partition function, which can be found in

Supplemental Material [51].
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As emphasized, the result imposes exact integral con-
straints on the giant graviton correlator. Applying these
using the perturbative expansion (12), together with addi-
tional OPE constraints coming from the LL and HH
channels, we determine the reduced correlator to two-loop
order for general N [63]:

A 1/ 2\2
TN(U, V3 7)|pen = Nx{3x3, L_ﬂzf(n(xi) -3 (4_,,2>
x (£ 0) = 17 ()
cemf) | +ow)

where the color factor ¢(N) contains the nonplanar and
exponentially suppressed contributions

C3N(N+1)+2

(N?=1)(N +2)
‘W) =W

N[T = (=N

(18)

The f((f) (x;) are f-graph functions introduced in
Refs. [65,66]. In Supplemental Material [51], the reader
can find explicit expressions for the one-loop box integral
F (x;) and the two-loop double-box and squared one-loop
box integrals contained in f (12) (x;) and f <22) (x;). At large N,
¢(N) is suppressed and (17) agrees with Refs. [35,39].
Furthermore, for N =2 and N = 3 the result reproduces
the known correlators (0,0,0,0,) for SU(2) and
(030;0,0,) for SUB) [66,67]. We refer to
Supplemental Material [51] for more details.

Giant graviton integrated correlator at large N—We
now derive the large-N expansion of the integrated corre-

lator at fixed coupling 7. As discussed, ¢\’ (s) in (13) is
exponentially suppressed, and we omit its contribution in
this limit. Hence we focus our attention solely toward

gz(\}) (s). Using Egs. (14) and (15) we compute the large-N
expansions for the building blocks,

[Se]

fu(s) =D N fO(s) + (s > 1=s),  (19)

=0
hy(s) = SONEHO(s) 4 (s = 1=5), (20)
=0

where we find

tan(zs)[(s — 1)?

o H o (s N M + %)

_Is=1) 0
_(1—2s)sz

1O(s) = P7(s).  (21)

R (s)

(), (22)

with ng)(s), ng) (s) being simple polynomials in s, e.g.,

P === (@3

PV () =222 (24)

Note that, since the spectral integral (10) and the Eisenstein
series (11) are invariant under s <> 1 —s, we omit the
reflected part (s — 1 — ) in (19) and (20) and multiply the
terms presented by a factor of 2.

Substituting the large-N expansions (19) and (20) in
(10), we evaluate the spectral integral by closing the
contour of integration toward Res — +oco while collecting
residues using Egs. (21) and (22). We obtain in this way the
modular invariant large-N expansion for the giant graviton
integrated correlator,

Cp(r;N) ~ C(N) - E(1;7) - i N (2).  (25)
=1

Some further comments on the derivation of the above
result are in order. First, at any given order in large N we
find that the spectral overlap has finitely many poles
located at half-integer values of s. This leads to expansion
coefficients which are linear combinations of Eisenstein
series with half-integer indices,

4
1
@)=Y c,<f>E<k + §;T>, (26)

k=1

where E(s;7) = 2E*(s;7)/T(s), with E*(s;7) given in
(11). The coefficients c,(f) are rational numbers, with
examples given in Supplemental Material [51].

The residue at s = 1 has to be treated carefully. For
¢ =0, we find a double pole at s = 1 which leads to the
term E(1;7) in (25), which is a regularized version of the
singular Eisenstein series E(1;7), i.e.,

B(1is) = lim E(si7) =+ |

s—1

, 1
= % + 2y —log(4rnty) + 2262’”’”' Z —,
k#0 mlk mn

(27)

where y is the Euler-Mascheroni constant. For £ # 0, the
residue at s = 1 yields a coupling-independent constant
which, when combined with C(N) in (10), leads to the
large-N expansion of the coupling-independent part,
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C(N) =2N —1log(N) =2 + i% [% - (—1)’(} . (28)
k=1

where B, denotes the kth Bernoulli number.

These results have important holographic implications. At
large N and fixed 7, since 1/y/N ~ o', each term appearing in
(25) corresponds to stringy corrections to two-graviton
scattering in the presence of D3-branes in AdSs x S° and
provides constraints on the amplitudes. In particular, the
functions £(1;7) and E(3;7) are associated with the BPS
higher-derivative terms R*> and D?>R? and are in agreement
with EFT expectations due to supersymmetry [68—70]. The
leading term 2N of the coupling independent part C(N)
reproduces the tree-level supergravity contribution [40], while
the subleading terms warrant further holographic study.

We stress that the spectral integral (10) receives addi-
tional modular invariant contributions from the large-s
region, which are however exponentially suppressed in
N [71]. We find two different types of such nonperturbative
corrections, which at leading order are

. 1 1
Cp(7:N)|p = —2NimDy (4 ;T> + i4N:Dy (2;’[) 4o
(29)

The real-analytic modular function Dy(s;7) first intro-
duced in Ref. [43] (see also Ref. [72]) is defined as

6—4, [ Nae 75 [ (167)° (30)

Dy(s;7) = Int+m

(n.m)#(0.0)

The nonperturbative terms in (29) proportional to
Dy /4(s;7) give rise to the leading corrections, and they
originate from the large-s asymptotic of the spectral
integral for hy(s) as in (22). The subleading corrections
in (29) proportional to Dy (s; 7) instead come from £y (s) as
in (21). In Supplemental Material [51] we give higher-order
corrections to (29). The seeming +i ambiguity in (29)
reflects the non-Borel summability of the asymptotic
expansion (25), and the nonperturbative corrections (29)
are precisely the ambiguity-cancelling contributions
required for a well-defined resurgent completion [71].

The usual "t Hooft large-N expansion at fixed A is readily
extracted from (25) by using 7, = 47N /A and keeping only
the zero mode of the nonholomorphic Eisenstein series
(11). Explicitly, in the large-N ’t Hooft regime the giant
graviton integrated correlator is written as

Cp(t;N) ~Z(1) = i N'=1T)(2), (31)
=0

where the genus-Z contribution is given by

7O(3) = / B 05— 1201 (5)
C

Tl

T OER] C I

4%

The contour of integration C is chosen as to separate the poles
located at —s € N=!, whose contributions correspond to the
weak coupling expansion, from all remaining poles, located
at s=0 and s =k+ 1/2 with k€Z and k > —|¢/2],
which instead contribute to the strong coupling expansion.
The expression (32) provides the 't Hooft large-N expansion
of the giant graviton integrated correlator to all orders. In
particular, we reproduce the first two orders obtained in [42],
namely terms with £ = 0, 1. In Supplemental Material [51]
we present several new higher-order terms.

Importantly, from (22) we note that the integrand of (32)
proportional to 4(“)(s) is analytic for Re(s) > 2. Hence for
strong 't Hooft coupling, the corresponding contribution to
the Mellin representation (32) will produce only a finite
number of 1/4 corrections, and it will be otherwise respon-
sible for the leading nonperturbative corrections of the form

O(e‘\/z). These corrections have been studied at genus-zero
in [26] for a more general class of giant graviton correlators.

Such nonperturbative effects arise precisely by consid-
ering the 't Hooft limit of the modular invariant functions
Dy 4(s;7) appearing in (29). The integrand of (32) propor-
tional to f(“ )(s) is instead responsible for smaller non-

perturbative corrections of the form O(e‘zﬂ) which
coincide with the 't Hooft limit of the modular invariant
functions Dy(s;7) appearing in (29). Holographically,
these contributions appear to be related to (p, g)-string
world-sheet instantons [43].

Exact solution for the U(N) giant graviton integrated
correlator—We now consider the U(N) theory. Unlike
what we found for the SU(N) theory, the U(N) giant
graviton integrated correlator does not receive O(N~V)-
type contributions. This absence is what allows us to obtain
an exact closed-form solution valid for all N and .
Following the same procedure carried out for SU(N), we
derive a spectral representation identical to (10), with

spectral overlap given by
A|Ci) ()]

(2s = 1)sin(zs)

In(s) = fn(s) + (33)

where fy(s) was given in (14), and we note that the second
factor is again symmetric in s <> 1 —s. This simple
expression provides the complete result for the giant
graviton integrated correlator in the U(N) theory, and
we have explicitly verified the expression perturbatively
and at the one-instanton level.

The large-N expansion for the second contribution to
(33) is easy to derive:
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7(%1) c Ms—1)
: — l—s—¢ (©) s
(25— 1) sin(zs) ;N G-z @ (4

and it is precisely of the same form as that of &, (s) given in
(20)~(22). The polynomials P“)(s) with # =0, 1 in fact
coincide with the corresponding SU(N) results (24), and
furthermore, just as for the expansion of i1y (s) in SU(N ), we
note that at large N each order of (34) is analytic for
Re(s) > 1. As explained below (25), from the large-N
expansion of (33) we evaluate the analogous spectral overlap
integral (10) for the U(N) giant graviton correlator by closing
the s contour of integration to Re(s) — +oo. As a conse-
quence of these facts, we find that at large N the leading and
subleading orders of the SU(N) and U(N) theories are
identical, in agreement with the results of [42] in the large-N
’t Hooft expansion. At higher orders, the polynomials P(“) ()
generally differ between the two theories; however, these
differences affect only the coupling-independent constants
and exponentially suppressed terms.

In terms of 't Hooft expansions, this means that at any
given genus the SU(N) and U(N) giant graviton integrated
correlators are identical to all orders in the strong-coupling
expansion, up to A-independent constants. This suggests
that certain coupling-dependent dynamics of giant graviton
correlators are insensitive to the difference between SU(N)
and U(N) gauge groups, which constitutes another uni-
versal property of giant graviton integrated correlators,
analogous to those uncovered in [26,73].

Conclusion and discussion—In this Letter, we obtain
exact solutions in the Yang-Mills coupling 7 for the giant
graviton integrated correlator in AV = 4 SYM, to all orders
in the large-N expansion for gauge group SU(N) and for
arbitrary N in U(N), via the integral representation (10)
with spectral overlaps given in Egs. (14) and (15) for
SU(N) and in Eq. (33) for U(N). Despite the formidable
complexity of the underlying computation, the result takes
a remarkably simple form, making SL(2,Z) invariance
manifest. From our results, we determine at weak coupling
the giant graviton HHLL correlator to the two-loop order
for arbitrary N. We also reveal that the coupling-dependent
part of the large-N strong ’t Hooft coupling expansion is
universal between SU(N) and U(N) theories to all orders.
Holographically, our large-N analysis at finite 7 provides
exact constraints on two-graviton scattering from a D3-
brane in AdSs x S° at finite string coupling.

Our results open up several interesting directions for
future work. An immediate question is to determine the
O(N~N) contributions in the SU(N) case and, perhaps more
importantly, to understand their holographic interpretation.
This may be achievable by finding certain recursion relations
like Laplace-difference equations of Refs. [16,17], which
would also provide a pathway to rigorously prove the results
for any number of instantons following the ideas of
Ref. [43]. Another direction is to extend our analysis to

subdeterminant operators and dual giant gravitons for which
presently only the leading large-N ’t Hooft expansion is
known [26], and the associated modular functions have yet
to be understood. These results would also allow for
studying the intriguing relation between sphere giant grav-
itons and AdS giant gravitons via the map N < —N, as
found in Ref. [26], beyond the planar limit [74]. Moreover,
our all-orders results make it possible to investigate whether
the universality between the giant graviton integrated corre-
lators here discussed and those in certain N =2 SCFTs
[73,75], currently established at the first two orders at large
N, extends to higher orders. Finally, it would be interesting
to generalize our results to other gauge groups, where the
action of S duality on the correlators is even more nontrivial
[76]. In these cases, analogous lattice-sum representations
have been identified only for integrated correlators of light
operators [77,78], and it would be valuable to extend this
analysis to include giant gravitons.
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